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SwrwB wD � �� �ys� Qi
l� SwrwB wD 
�y�	i �xDUQ w l� QDt 
�ys� Qi � � �xDWQ u�� ���DQ� w

�OwW�t �UQQ� hrOv�r

%Ov�xOW p�UQ� �� xOW xDiQ�PB A�J 
�Q� u�W�� �xr�UQ R� Q� R 
�yxr�kt

Q�vt�U u�tyOQ�yJ

u� 
�yOQ� Q�m w ���� Q R�r�v�

w ���� Q R�r�v� Q�v�tU u�tyOQ�yJ �v�� R�t xm CU� Q�NDi� Ea��
u�Q�� CavY w sra x�oWv�O ���� Q �xOmWv�O �xOyaQ� u� 
�yOQ� Q�m
Q�RoQ� ���� p�U x�t uty� �! w � M� Q�D QO Q�v�tU u�� �OW���t
���� Q R�r�v� xv�tR QO sQDLt u�kkLt �x�rm R� xr�Uwv�O� �OW Oy�wN
p�ai Qw	L �� �D OwW�t CwaO C����� Q x� u�Ovtxkqa u�vJty w

�Ov��tQi 
Q�� �Q �t Q�v�tU u�� uOQm Q�RoQ� QDy� xJ Qy QO OwN
Q�v�tU ��yxt�vQ�

xk�kO  $ %u� waOt 
�y�v�QvNU
xk�kO �$ %�YYND 
�y�v�QvNU

���QH� �xD�tm ���a�
�
R�Q�W �DWy� QeY� �ra O�U QDmO �V�DQyW OtLtO�U QDmO
u��O�y QDmO �����QH� �xD�tm Q��O� VwvQi u�tLQ QDmO �
Q�Fm ���Qwv QDmO

�xO�R�t�t� QDmO w
�tra xD�tm ���a�

��v�LwQ 
QiaH O�Ry� QDmO ��Q�v�tU Q��O� xO�R�t�t� RwQy� QDmO
QDmO �VwvQi u�tLQ QDmO �u�e��Y OwaUt QDmO ��v�yWyW O�OQyt QDmO
xD�tm Q��O� u��O�y OwaUt QDmO w �Jr�kOt ��Q�ra QDmO �������ro OtL�

��tra
xr�kt u�wN�Qi

A��D CQwY x� �Q OwN �xr�kt �xO�mJ ��i�r xr�kt �x��Q� x� u�Ovtxkqa
�� w �UQ�i lD �Latex Q�Ri� sQv ��� �U�rov� w �UQ�i u�� R x� xOW
p�UQ� Q�v�tU �xv�NQ��O x�l�vwQDmr�CUB �� wCUB j� Q� R� �Word

�Ov��tv
�D�Qm �PtAlgebras� Groups and Geometries �xrHt ��ut�QO
QO �tra �xD�tm �UwD xO� RoQ� Cq�kt R� 
O�OaD xmCU� xOt� pta x�

�OvUQ� A�J x� xrHt u�
Q�v�tU xv�NQ��O TQO�

CavYw sra x�oWv�O���� Q �xOmWv�O # �����ltQ�v # u�QyD
u�Q��

l�vwQDmr� CUB
ma���	
iust�ac�ir



u	Q
	 ���
 Q utHv	 xt�vQ�N ��

�y�yo �

� �

� �

�					y				o �

��� � ��k x� �QU GvB ��ovQ QDUwB �QU xO
��v�HRw� �iwr�w�� ��vwQ�� u�L� Qw�� ��yt�v x� QDt�Dv�U
KDir�w�� u�Or�E��e ��tRQ�wN �Uwtu�OtLtxrr�O�aw��
��k x� �QU GvB w�v�W�mO�WtH u�Or�E��e w s��NQta
��q� u�QwO ��tqU� uOtD ��yt�v x� QDt�Dv�U�����
�
Tv�UvQ� ���Rwv w u�wv QYa �x�rw� ��yv�QwO �u�vw�
�xv�NQ��O QO C����� Q�v�yH p�U��rt O�DUC�Q�WDv� R�
������� QDUwB xO u�� ��y� �CU� OwHwt utHv�
u�� �CU� xOW u��aD ������ �yv� p�UQ� �xv� Ry w p�� Q
��yxv�N��Dm VN�Cv� R Ov�wD�t �wDLtQB w ��� R �xawtHt
�yv�DUQ��O ��yy�oWv�O ��ywQy�Q w �yk�D� ��yUqm ��yvr�U
�OW�� C����� Q ��yxv�N w �y�QUovyQi Q��v�at�Ht w
���kD sQDLt u�Q�Ot w uqw�wUt xS�wx� �u�Ovtxkqa R�
utHv� �xv�NQ��O ��T�iv �xawtHt u�� O� QNCyH OwW�t

�OvQ�o� T�tD

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

	�							y			o �


�w�L u�Q������ Q utHv� �xv�y�tV��tyVQ�Ro p�w� OrH
uqUQ� QDmO ��k� ��vH VWwm �� �i�YwD �xr�kt �
xNUv Qy ��y� �OW QWDvt �UQ�i u�� R x� u�tO�W
xOW u��aD p�� Q " � u� p�UQ� �xv� Ry w p�� Q !� �
��yxQwO u��wHWv�O xS�w x� �u�Ovtxkqa R� �CU�
x� QWv u�� O� QNCyH OwW�t ���kD�r�tmD Cq�YLD

�OvQ�o� T�tD utHv� �xv�NQ��O ��

�� Metric and Complete metric �� frames�

M� Vojdani Tabatabaee and M� Mehdi

Ebrahimi� Applied Categorical Struc�

tures� Vol ��� 
���� ��������


� Metric �� frames versus metric Lindelof

spaces� M� Vojdani Tabatabaee and M�

Mahmoudi� Southeast Asian Bulletin of

Mathematics� Vol� 
�� 
��
� ��� � ����

�� Metrizability of �� frames� M� Vojdani

Tabatabaee� M� Mehdi Ebrahimi and M�

Mahmoudi� To appear in Cahiers du

Topologie et Geometrie Diferentielle Cat�

egoriques�

�� Uniform completion of k�frames� M� Vo�

jdani Tabatabaee� M� Mehdi Ebrahimi

and M� Mahmoudi� Submitted�

�� Cauchy completion of k�frames� M� Vo�

jdani Tabatabaee� M� Mehdi Ebrahimi

and M� Mahmoudi� Submitted�
� �

� �

�x�yD ��Q� u�wN�Qi
C����� Q �xyO u�twO QDUwB

���� u��� �$ �r� �

QO C� ��� � Q hrDNt ��yx�vH uO v�U� vW hOy � �
u��� syO �D pw� �u�Q�� ���� Q utHv� �QD��Uw �L�U
xOQm �Q�Pot�v C����� Q xyO u�wvaCLD �Q p�U Qy x�t
�R� Qxt�vQ� �hOy u�� jkLD ��Q� �Q ���yC�r�ai wCU�

�CU� xOQm
R� �Oa � p�U C� ��� � Q xyO sqa� QDUw B x�y D ��Q �
w Qm� ��yKQ� w �yxO�� s���tv�t CwaO u�Ovtxkqa
�Q C����� Q ���� R ��yx�vH Ov�wD� xm �Q OwN ��O�
xv�NQ��O x� �Ovm u��� QDUwB �r�k QO uWwQ �DQwYx�

�Ov��tv p�UQ� u�Q�� ���� Q utHv�
���������� ��yO�yvW�B Ci�� QO Cryt u� QN�

C����� Q xyO xD�tm



�� ���� x�tQP� �� �xQ�tW ��� p�U

u�Q�� ���� Q utHv� sQDLt u�oOv��tv xHwD p��k
�D �	
��

 �xQwO ��Q� �k�kL ���a� C�w�a

��
��
�


Qy x�tu��� w Qyt QO ��DOta 
Q�ow	a O� Q�O Q�	LDU� xm xvwou�ty
���kD sQDLt u�oOv��tv R� Qt� u�� p�yUD CyH �OwW�t s�Hv� p�U

�Ov��tQi xHwD Q� R C�mv x� OwW�t

w	a ����� �xQwO QO xm �v�Um C� w	a O�OtD CyH ��
�i�m Ov�xOQm Ci�� QO C� w	a CQ�m w Ov�xOw� utHv�
xOW A�J� �k�kL 
�	a� C� w	a O�OtD sQi CU�
x� �w� Qt �r�tDL� C�Q��eD w p�tmD �Q �
 xt�vQ�N QO
uwDU QO �Q u�W�B �xOW p�tmD sQi QO GQOvt C�aq��
! �xQ�tW AJCtU skQ wO� �O���tQi GQO C�L��wD

��CU� �� �� �$ C� w	a CQ�m �tkQ
�v�Um X�N �k�kL C� w	a CU�wNQO sQi p�tmD ��
�Ov�xOQmvCi�� QO �Q�����xQwOC� w	aCQ�m xmCU�
��CU� xOW GQO 
 xt�vQ�N QO sQi u�� R� 
�xNUv�
�$�$�
Q�H��UL x� �Q�Di�� QO
�yD� w	ajL��i�r ��
utHv� s�v x� �!��
�� Om �O���CHy� �x�aW Crtlv��
xOW p�tmD 
�ytQi w �mv�� O�UQ w R� Q�w �u�Q�� ���� Q

�O���tQi p�UQ� utHv� �xv�NQ��O �v�Wv x� �Q
w u D rw � �i � m w �t m 
� k DQ� QO u�Q� m ty w OwN ��
x � �w � Qt Q� �N� w O�Wwm � ��� � Q �xW �O v�wnvyQi
�O�DUQi� xv�NQ��O x� �Q OwN �oOv��tv pLt 
�yD�r�ai
�tW xS � w x � �	a� Ovt DQOk CUO QO utH v� paWt
u�� 
�Q� �O� R�U dwQi QB �Q u� �CU� sQDLt u�oOv��tv
�D�� QWv p�UQ� w utHv� 
�	a� O�OaD uOQ� q�� Qw
vt

�CU� R�UQ�m u�v� 
�Q� �wDLtQB

�U�wvxr�kt �xk��Ut u�wN�Qi
u�Q�� ���� Q utHv�
u�wH u�ywSB���� Q 
�Q�

�p�U Qy u��� syO �D sm� �C����� Q �xyO�

u�Q�� ���� Q utHv� C�Q�WDv� R� ���� Q �xW�Ov� w nvyQi �xrHt
VQ�ov 
�Q� �Q 
�xk��Ut �C����� Q �xyOC�U�vt x� xr�U Qy OQ�O OYk
QwWm 
�yy�oWv�O u�� wHWv�O �x�rm u�� QO ���� Q �i�YwD Cq�kt
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�k�kL sQDLt ���a� xHwD p��k
���� x�tQyt xQwO 
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QO xOW A�J� ��k�kL C� w	a CU�wNQO sQi QO GQOvt C�aq��
C� w	a jL R� Q�w R� TB �CU� xOQmv Q��eD �
 �xQ�tW xt�vQ�N
Om O���CHy� x�aW u�QyDCrtlv�� �$�$� �mv�� ��UL x� Q
vOQwt
x�aW CQ�HD lv�� �
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�CU� xOW �wQW
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OrwD M� Q�D �

�� Ovv�wD�t Ov�xOw�v utHv� w	a Q�N� p�U wO QO xm 
O�Qi� ��vt�
Z�k �� x�Qty �O�OH� �k�kL C� w	a CU�wNQO sQi p�UQ� w p�tmD

�Ov��tQi s�Ok� Q
vOQwt dr�t �mv�� O�UQ

� � � �
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Oyt
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���� Q w �IMS� u�Q�� ���� Q utHv� wO O�OQ�Qk u�� �Hwt x�
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Q�mty OvQ�wO�t� �SMF� xUv�Qi
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� �xO�t
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�Q� w OwW�t �QH� �$$� p�U x� wv�S pw� R� O�OQ�Qk u�� ���
O�OHD OQwt Ov�wD�t O�OQ�Qk u�� �COt u���B QO �OQ�O Q��Da� p�U GvB
u�ty x� OUQv 
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� �xO�t
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���DQD x� 
R��wH xk��Ut u�� swU �D pw� 
�yx�DQ x� 
Q�H p�U QO
���� Q utHv� Q�OkD Kwr �xwqax� �
O�R� Q�y� �xmU s�v w �l� �s�vwl�
h�m w sm x� xDU� �swU �D pw� 
�yx�DQ O�OaD �OOQo�t �Oy� �u�Q��

�OvW�� OOaDt Ovv�wD�t �xO�UQ Cq�kt

�O��� xk��Ut u�� ��Q� �r�UQ� Cq�kt

����� Q u� w�va w C�aw�wt R��m��U� w KQW ut� ��
�OyO x��Q� R�v �Q EL� j��wU R� �WQ�Ro

�vi C���RH R� �sRq 
�yEL� w s�y�it KQ� u�a QO ��
�OwW R�yQB pYit �YYND w

�OW�� xOW x�yD xOW A�J ���vt x� xaH�Qt �� ��
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��xLiY � OwOL�
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�OW�� xO�mJ
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�OUQ� p�YLD
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�U� wvxr�kt �xk��Ut �u�Q�� ���� Q utHv� � u�QyD
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���� Q �� wHWv�O �xk��Ut 
Q�RoQ� 
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 �xO�t QO
Oy�wN Q�Qk CvQDv�� QO u�tRty Qw�x� xk��Ut Cq��wU xm CU� xOt�
s�D wRH xm �v�� wHWv�O u���t �Q xk��Ut u�� Ovv�wD� �yy�oWv�O �D CiQo
x�oWv�O QO xk��Ut xm R�v xDWPo p�U QO �Ovvm Q�RoQ� OvDU�v �t�Ra�
s�Ok� u�� �u�oOvvm Q�RoQ� 
Q�mty �� �OW Q�RoQ� u�Oty 
�v�U �raw�

�CiQo CQwY

Q��U� �u�tRty �xk��Ut� 
Q�RoQ� R�h� QW �DavY x�oWv�O QO �t �x� QHD
x� �t�Ra� s�D wO 
�	a� R� Qiv Q�yJ �Q� R �Ow� O�it w R�t�C�kiwt
Q�yJ w u�Oty x� �t�Ra� s�D 
�	a� R� �v�twQ QO �v�yH C�k��Ut
Qiv Q�yJ �OvOw� xOW ��NDv� �u�tRty �xk��Ut� QDQ� C�Qiv R� Qo�O Qiv
�x�DQ �OvOW xQkv p�Ot � w q� p�Ot l� �L�Y �v�twQ QO Q�N�
sWW �D swU R� h� QW �DavY x�oWv�O R� Qiv CWy u�� QO u�W��
Qo � Ov�xOWv s�Ra� xm �v�� wHWv�O x� xm OyO�t u�Wv x� QHD u�� )Ow�
OwN 
�yO�OaDU� sr�U C��kQ QF� QO �U� xJ OwW xO�O 
Qo�O Tv�W

�Ov��tv u��a �Q

u�tDiy w CU�� QO RvQ� w xQkv w q� ��yr�Ot u�oOvQ� s�v
��wHWv�O xk��Ut

�u�Oty� QO u�Q�� ���� Q utHv�

s��B �xO�RGQi OtLt �xO� QwW �ra �Q��D�i� QW uULt �q� p�Ot
s�i 
O�Qt Q�t� �
wQUN s� Qt ��rwUQ Q�yQ �xO�RuUL O�tL ��v�NOrw

��DHt �����L x�tU �u�� Ror O�HU ��v�� Qk s�y�Q�� �xQkv p�Ot
��t
a� OwQy�W ��r�mw Ow�O �
wUwt u�Or���HWO�U �u��ywmW

�xO�Rs� Qm x�tU �QwBCavY u�ULQ�t�


Oyt ��a��t u�Qyt ��
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Oyt �*�HQ �QwOv�B �O�Sv�tW�y x�Oyt �
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�	a� �xS� wC� w	a jL OQwt QO +�$h�iND �
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�IMS
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Q�OkD Kwr w xS� w 
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