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ZARISKI-LIKE TOPOLOGY ON THE CLASSICAL
PRIME SPECTRUM OF A MODULES†

M. BEHBOODI∗ AND M. J. NOORI

Abstract. Let R be a commutative ring with identity and let M
be an R-module. A proper submodule P of M is called a classical
prime submodule if abm ∈ P for a, b ∈ R, and m ∈ M , implies
that am ∈ P or bm ∈ P . The classical prime spectrum Cl.Spec(M)
is defined to be the set of all classical prime submodules of M .
The aim of this paper is to introduce and study a topology on
Cl.Spec(M), which generalizes the Zariski topology of R to M ,
called Zariski-like topology of M . In particular, we investigate this
topological space from the point of view of spectral spaces. It is
shown that if M is a Noetherian (or an Artinian) R-module, then
Cl.Spec(M) with the Zariski-like topology is a spectral space, i.e.,
there exists a commutative ring S such that Cl.Spec(M) with the
Zariski-like topology is homeomorphic to Spec(S) with the usual
Zariski topology.

1. Introduction

All rings throughout this paper are associative commutative with
identity 1 6= 0 and modules are unital. Let M be an R-module. If
N is a submodule of M then we write N ≤ M and denote, the ideal
{r ∈ R : rM ⊆ N} by (N : M).
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In the literature, there are several different generalizations of the no-
tion of prime ideals to modules. For instance, a proper submodule P
of M is called a prime submodule if am ∈ P for a ∈ R, and m ∈ M ,
implies that m ∈ P or a ∈ (P : M). Prime submodules of modules
were introduced by J. Dauns [9] and have been studied intensively since
then (see for example, [2,5,7,14,16,17,18,22]). Also, a proper submodule
P of M is called a classical prime submodule if abm ∈ P for a, b ∈ R,
and m ∈ M , implies that am ∈ P or bm ∈ P . This notion of classi-
cal prime submodule has been extensively studied by the first author in
[3,4] (see also, [6], in which, the notion of “weakly prime submodule” is
investigated).

The classical Zariski topology on the spectrum of prime ideals of a
commutative ring is one of the main tools in Algebraic Geometry. Recall
that the spectrum Spec(R) of a ring R consists of all prime ideals of R
and is non-empty. For each ideal I of R, we set V (I) = {P ∈ Spec(R) :
I ⊆ P}. Then the sets V (I), where I is an ideal of R, satisfy the
axioms for the closed sets of a topology on Spec(R), called the Zariski
topology (see for example, Atiyah and Macdonald [1]). Also, the prime
spectrum Spec(M) is defined to be the set of all prime submodules of
M . If N ≤ M is an R-submodule, denote by V (N) the variety of N ,
which is the set consisting of all prime submodules of M that contain
N . The R-module M is called a Top-module, if the prime spectrum
of M has the property (true for the usual spectrum Spec(R)) that the
set of all varieties ξ(M) := {V (N) | N ≤ M} is closed under finite
unions, whence they constitute the closed sets in a Zariski-like topology
on Spec(M). In a series of papers (see for example, [13,15,19-21]), a
group of algebraists including mainly R. L. McCasland, M. E. Moore
and P. F. Smith carried out an intensive and systematic study of the
spectrum of prime submodules. For example, they showed in [19] that
in case RM is finitely generated, M is a Top-module if and only if M
is a multiplication module (i.e., any R-submodule N ≤ M is of the
form N = IM for a suitable ideal I of R); the paper included also
discussions of when Spec(M) = ∅ and of spectra of direct sums. In
[13], conditions on a finitely generated R-module M and on the ground
ring R are determined under which the Spec(M) satisfies various finite
generation conditions.

The classical prime spectrum Cl.Spec(M) is defined to be the set
of all classical prime submodules of M . In our work, we rely on the
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classical prime submodules, and then introduce and study a topology on
Cl.Spec(M) which generalizes the Zariski topology of rings to modules.

Let M be a nonzero R-module. For any submodule N of M we define
the classical variety of N , denoted by V(N), to be the set of all classical
prime submodules P of M such that N ⊆ P . Then,

(i) V(M) = ∅ and V(0) = Cl.Spec(M),

(ii)
⋂

i∈I V(Ni) = V(
∑

i∈I Ni) for any index set I,

(iii) V(N) ∪ V(L) ⊆ V(N ∩ L), where N , L, Ni ≤ M .

Now, we assume that C(M) denotes the collection of all subsets V(N)
of Cl.Spec(M). Then, C(M) contains the empty set and Cl.Spec(M),
and also C(M) are closed under arbitrary intersections. However, in gen-
eral, C(M) is not closed under finite union. These inspire the following
definitions.

Definition 1.1. An R-module M is called a classical Top-module if
C(M) is closed under finite unions, i.e., for every submodules N and L
of M there exists a submodule K of M such that V(N)∪V(L) = V(K),
for in this case, C(M) satisfies the axioms for the closed subsets of a
topological space.

Definition 1.2. Let M be an R-module. For each submodule N of
M , we put U(N) = Cl.Spec(M) \ V(N) and B(M) = {U(N) : N ≤
M}. Then, we define T(M) to be the collection of all unions of finite
intersections of elements of B(M). In fact, T(M) is the topology on
Cl.Spec(M) by the sub-basis B(M). We say that T(M) is the Zariski-
like topology of M .

Remark 1.3. Let M be an R-module. We can see easily that the set,

{U(N1) ∩ · · · ∩ U(Nk) : Ni ≤ M, 1 ≤ i ≤ k, for some k ∈ N},
is a basis for the Zariski-like topology of M , and for a ring R, the
Zariski-like topology of RR and the usual Zariski topology of the ring R
coincide.

Definition 1.4. A spectral space is a topological space homeomorphic
to the prime spectrum of a commutative ring equipped with the Zariski
topology. By Hochster’s characterization [12], a topology τ on a set X
is spectral if and only if the following axioms hold:
(i) X is a T0-space.
(ii) X is quasi-compact and has a basis of quasi-compact open subsets.
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(iii) The family of quasi-compact open subsets of X is closed under finite
intersections.

(iv) X is a sober space; i.e., every irreducible closed subset of X has a
generic point.

In Section 2, we study classical Top-modules and also consider some
relationships between Top-modules and classical Top-modules. In par-
ticular, it is shown that if M is a finitely generated or an Artinian
R-module, then M is a classical Top-module if and only if M is a Top-
module. In [13, Theorem 6.5 and Corollary 6.6], it is shown that for
each finitely generated multiplication R-module M , Spec(M) with the
Zariski topology is a spectral space. In Section 3, we show that for each
Noetherian (or Artinian) R-module M , the aforementioned four axioms
of a spectral space hold for Cl.Spec(M) with the Zariski-like topology.
Thus, by applying Hochster’s characterization of spectral spaces, we
conclude that Cl.Spec(M) is a spectral space. Finally, in Section 4, we
provide some comments on the paper entitled “The Zariski topology on
the prime spectrum of a module” by Chin-Pi Lu (see [13]). In fact, it is
shown that the Proposition 5.2 (3) and Proposition 6.3 of [13], are not
true in general. Moreover, a correct version of [13, Propositions 5.2 (3)]
and also a correct version [13, Proposition 6.3] are given.

2. Classical top-modules

The following two evident propositions offer several characterizations
of classical prime submodules and prime submodules respectively (see
also [3] and [5]).

Proposition 2.1. Let M be an R-module. For a submodule P � M ,
the following statements are equivalent:

(1) P is classical prime.
(2) For every 0 6= m̄ ∈ M/P , (0 : Rm̄) is a prime ideal.
(3) {(0 : Rm̄)| 0 6= m̄ ∈ M/P} is a chain (linearly ordered set) of prime

ideals.
(4) (P : M) is a prime ideal, and {(0 : Rm̄)| 0 6= m̄ ∈ M/P} is a chain

of prime ideals.
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Proposition 2.2. Let M be an R-module. For a submodule P � M ,
the following statements are equivalent:

(1) P is prime.
(2) For every 0 6= m̄ ∈ M/P , (0 : Rm̄) is a prime ideal and (0 : Rm̄) =

(P : M).
(3) (P : M) is a prime ideal and the set {(0 : Rm̄) : 0 6= m̄ ∈ M/P} is

singleton.

A submodule C of an R-module M will be called semiprime (resp.
classical semiprime) if C is an intersection of prime (resp. classical
prime) submodules. A prime (resp. classical prime) submodule P of M
will be called extraordinary if whenever N and L are semiprime (resp.
classical semiprime) submodules of M with N

⋂
L ⊆ P then N ⊆ P or

L ⊆ P . Let N be a proper submodule of an R-module M . Then, the
prime radical (resp. classical prime radical) p

√
N (resp. cl

√
N) of N (in

M) is the intersection of all prime (resp. classical prime) submodules
of M containing N or, in case there are no such prime (resp. classical
prime) submodules, p

√
N (resp. cl

√
N) is M . Note that N ⊆ cl

√
N ⊆

p
√

N and that p
√

N = M (resp. cl
√

N = M) or p
√

N (resp. cl
√

N) is a
semiprime (resp. classical semiprime) submodule of M . Clearly V(N) =
V( cl

√
N). Also, for any module M , we define radR(M) = p

√
(0) (resp.

cl.radR(M) = cl
√

(0)); this is called prime radical (resp. classical prime
radical) of M . Thus, if M has a prime (resp. classical prime) submodule,
then radR(M) (resp. cl.radR(M)) is equal to the intersection of all
the prime (resp. classical prime) submodules in M , but if M has no
prime (resp. classical prime) submodule, then radR(M) = M (resp.
cl.radR(M) = M).

The next result should be compared with [19, Lemma 2.1].

Lemma 2.3. For an R-module M , the following statements are equiv-
alent:

(1) M is a classical Top-module.
(2) Every classical prime submodule of M is extraordinary.
(3) V(N)

⋃
V(L) = V(N

⋂
L) for every classical semiprime submodules

N and L of M .

Proof. If Cl.Spec(M) = ∅, then the result is clearly true. Suppose that
Cl.Spec(M) 6= ∅.
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(1)⇒ (2). Let P be a classical prime submodule of M and let N and L be
classical semiprime submodules of M such that N

⋂
L ⊆ P . By hypoth-

esis, there exists a submodule K of M such that V(N)
⋃

V(L) = V(K).
Now, N =

⋂
i∈I Pi, for some collection of classical prime submodules

Pi(i ∈ I). For each i ∈ I, Pi ∈ V(N) ⊆ V(K), so that K ⊆ Pi. Thus,
K ⊆

⋂
i∈I Pi = N . Similarly, K ⊆ L. Thus, K ⊆ N

⋂
L. Now,

V(N)
⋃

V(L) ⊆ V(N
⋂

L) ⊆ V(K) = V(N)
⋃

V(L). It follows that
V(N)

⋃
V(L) = V(N

⋂
L). But P ∈ V(N

⋂
L) now gives P ∈ V(N)

or P ∈ V(L), i.e., N ⊆ P or L ⊆ P .
(2)⇒ (3). Let G and H be classical semiprime submodules of M .
Clearly, V(G)

⋃
V(H) ⊆ V(G

⋂
H). Let P ∈ V(G

⋂
H). Then, G

⋂
H ⊆

P and hence G ⊆ P or H ⊆ P , i.e., P ∈ V(G) or P ∈ V(H) . This proves
that V(G

⋂
H) ⊆ V(G)

⋃
V(H) and hence V(G)

⋃
V(H) = V(G

⋂
H).

(3)⇒(1). Let S and T be two submodules of M . If V(S) is empty, then,
V(S)

⋃
V(T ) = V(T ). Suppose that V(S) and V(T ) are both non-empty.

Then V(S)
⋃

V(T ) = V( cl
√

S)
⋃

V( cl
√

T ) = V( cl
√

S
⋂ cl
√

T ), by (3). This
proves (1). �

Proposition 2.4. Every classical Top-module is a Top-module.

Proof. Let M be a classical Top-module. By Lemma 2.3, every classical
prime submodule of M is extraordinary. Since every classical prime
submodule of M is a prime submodule, every prime submodule of M is
also extraordinary. Now, by [19, Lemma 2.1], M is a Top-module. �

We have not found any example of a Top-modules M which is not a
classical Top-module. The lack of such counterexamples together with
the fact that the two concepts Top and classical Top are equivalent for
certain classes of modules like finitely generated modules and Artinian
modules (see Theorem 2.7 and Proposition 2.8), motivates the following
conjecture.

Conjecture 2.5. Let M be an R-module. Then, M is a Top-module if
and only if M is a classical Top-module.

An R-module M is called a multiplication module if for each sub-
module N of M , there exists an ideal I of R such that N = IM . For
example, cyclic modules and projective ideals are multiplication mod-
ules (for more information about multiplication modules see for example
[10,19,23]). Here, we shall show that any finitely generated R-module
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M is a classical Top-module if and only if M is a Top-module and if
and only if M is a multiplication module. Here, we show that every
multiplication module M is a classical Top-module.

Proposition 2.6. Every multiplication module is a classical Top-module.

Proof. Let M be a multiplication R-module. Then, by [19, Theorem
3.5], M is a Top-module. On the other hand by [6, Proposition 3.2], the
classical prime submodules and the prime submodules of a multiplication
module coincide. Thus, M is a classical Top-module. �

Now, we are in a position to show that Conjecture 2.5 is true for all
finitely generated modules.

Theorem 2.7. Let M be a finitely generated R-module. Then, the fol-
lowing statements are equivalent:

(1) M is a classical Top-module.
(2) M is a Top-module.
(3) M is a multiplication module.

Proof. (1) ⇒ (2), by Proposition 2.4.
(2) ⇒ (3), by [19, Theorem 3.5].
(3) ⇒ (1), by Proposition 2.6. �

In the following proposition, we show that Conjecture 2.5 is also true
for all Artinian modules.

Proposition 2.8. Let M be an Artinian module. Then,

Spec(M) = Cl.Spec(M).

Consequently, the two concepts Top and classical Top are equivalent for
M .

Proof. Let M be an Artinian module. It is clear that Spec(M) ⊆
Cl.Spec(M). Let P be a classical prime submodule of M . Then, M̄ :=
M/P is an Artinian classical prime R-module and so by Proposition
2.1, {Ann(m) | 0 6= m ∈ M̄} is a chain of prime ideals of R such that
Ann(M̄) =

⋂
0 6=m∈M̄ Ann(m). Clearly, for each 0 6= m ∈ M̄ , Rm is
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also an Artinian classical prime R-module. Since Rm ∼= R/Ann(m)
and R is commutative, then Rm is an Artinian prime module. Now,
by [5, Corollary 1.9], Rm is a homogenous semisimple R-module, i.e.,
Ann(m) = P is a maximal ideal. It follows that {Ann(m) | 0 6= m ∈ M̄}
is singleton. Thus, by Proposition 2.2, P is a prime submodule of M .
Therefore, Cl.Spec(M) ⊆ Spec(M) and so Spec(M) =Cl.Spec(M). �

Proposition 2.9. Let M be a classical Top-module. Then, every ho-
momorphic image of M is a classical Top-module.

Proof. Let N be a submodule of a classical Top-module M . Let
M ′ = M/N . Suppose that Cl.Spec(M ′) 6= ∅. Clearly, the classical
prime submodules of M ′ are precisely the submodules P/N , where P
is a classical prime submodule of M and N ⊆ P . Thus, any classical
semiprime submodule of M ′ has the form C/N , where C is a classical
semiprime submodule containing N . Now, apply Lemma 2.3. �

Corollary 2.10. Let M be an R-module. Then,

(i) M is a classical Top-module if and only if M/cl.radR(M) is a clas-
sical Top-module.
(ii) M is a Top-module if and only if M/radR(M) is a Top-module.

Proof. The proof is clear, using Proposition 2.9. �

Let M be an R-module. Recall that a proper submodule P of M is
called virtually maximal if the factor module M/P is a homogeneous
semisimple R-module, i.e., M/P is a direct sum of isomorphic simple
modules.

Lemma 2.11. Let M be an R-module. Then,

(i) M is an Artinian R-module if and only if every prime submodule of
M is virtually maximal and M/radR(M) is a Noetherian R-module.

(ii) M is Noetherian and every prime submodule of M is virtually max-
imal if and only if M/radR(M) is an Artinian R-module.

Proof. (i) Use [7, Theorem 2.7].
(ii) Use [7, Theorem 2.1]. �
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Theorem 2.12. Let M be an Artinian module such that Spec(M) 6= ∅.
Then, M is a (classical) Top-module if and only if M/rad(M) is a cyclic
R-module.

Proof. (⇒). Let M be a (classical) Top-module. By Proposition
2.8, Spec(M) = Cl.Spec(M) and hence rad(M) = cl.rad(M). By
Lemma 2.11(i), M/rad(M) is a Noetherian R-module. On the other
hand, by Corollary 2.10(ii), M/rad(M) is a finitely generated (classi-
cal) Top-module. Thus, by Theorem 2.7, M/rad(M) is a multiplication
R-module. Since M/rad(M) is an Artinian R-module, then by [10,
Corollary 2.9], M/rad(M) is a cyclic R-module.
(⇐). Since M/rad(M) is cyclic, then M/rad(M) is a homomorphic
image of R and so by [19, Corollary 2.2], M/rad(M) is a Top-module.
Now, apply Corollary 2.10, (ii). �

Corollary 2.13. Let M be an Artinian (classical) Top-module. Then,

Max(M) = Spec(M).

Proof. Let M be an Artinian (classical) Top-module. Then, by Theo-
rem 2.12, M/rad(M) is a cyclic Artinian R-module. It follows that every
prime submodule of M/rad(M) is maximal. Clearly, for each prime sub-
modules P of M , P/rad(M) is a prime submodule of M/rad(M). Thus,
Max(M) =Spec(M). �

3. Zariski-like topology of modules and spectral spaces

A topological space X is called irreducible if X 6= ∅ and every finite
intersection of non-empty open sets of X is non-empty. A (non-empty)
subset Y of a topology space X is called an irreducible set if the subspace
Y of X is irreducible. For this to be so, it is necessary and sufficient
that, for every pair of sets Y1, Y2 which are closed in X and satisfy
Y ⊆ Y1 ∪ Y2, Y ⊆ Y1 or Y ⊆ Y2 (see, for example [8, page 94]).

Let Y be a closed subset of a topological space. An element y ∈ Y
is called a generic point of Y if Y = {y}. Note that a generic point of
the irreducible closed subset Y of a topological space is unique if the
topological space is a T0-space.
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Here, we will show that for each Noetherian (or Artinian) R-module
M , the four axioms (i), (ii), (iii) and (iv) of Definition 1.4 hold for
Cl.Spec(M) with the Zariski-like topology, i.e., Cl.Spec(M) is a spectral
space.

Lemma 3.1. Let M be an R-module, and let Y be a nonempty subset
of Cl.Spec(M). Then,

Y =
⋃

P∈Y

V(P ).

Proof. Clearly, Y ⊆
⋃

P∈Y V(P ). Suppose C is any closed subset of X
such that Y ⊆ C. Thus, C =

⋂
i∈I(

⋃ni
j=1 V(Nij)), for some Nij ≤ M ,

i ∈ I and ni ∈ N. Let Q ∈
⋃

P∈Y V(P ). Then, there exists P0 ∈ Y such
that Q ∈ V(P0) and so P0 ⊆ Q. Since P0 ∈ C, then for each i ∈ I there
exists j ∈ {1, 2, · · · , ni} such that Nij ⊆ P0, and hence Nij ⊆ P0 ⊆ Q.
It follows that Q ∈ C. Therefore,

⋃
P∈Y V(P ) ⊆ C. �

The following theorem shows that for any R-module M , Cl.Spec(M)
is always a T0-space.

Theorem 3.2. Let M be an R-module. Then, Cl.Spec(M) is a T0-space.

Proof. Let P1, P2 ∈ Cl.Spec(M). Then, by Lemma 3.1, {P1} = {P2}
and if and only if V(P1) = V(P2) and if and only if P1 = P2. Now, by
the fact that a topological space is a T0-space if and only if the closures
of distinct points are distinct, we conclude that for any R-module M ,
Cl.Spec(M) is a T0-space. �

Theorem 3.3. Let M be a Noetherian R-module. Then, Cl.Spec(M) is
a quasi-compact space.

Proof. Suppose M is a Noetherian R-module. Let A be a family of
open sets covering Cl.Spec(M), and suppose that no finite subfamily of
A covers Cl.Spec(M). Since V(0) = Cl.Spec(M), then we may use the
ACC on submodules to choose a submodule N maximal with respect
to the property that no finite subfamily of A covers V(N). We claim
that N is a classical prime submodule of M , for if not, then there exist
m ∈ M and a, b ∈ R, such that abm ∈ N , am 6∈ N and bm 6∈ N . Thus,
N $ N + Ram and N $ N + Rbm. Hence, without loss of generality,
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there must exist a finite subfamily A′ of A that covers both V(N +Ram)
and V(N + Rbm). Let P ∈ V(N). Since abm ∈ N , then abm ∈ P and
since submodule P is classical prime, then am ∈ P or bm ∈ P . Thus,
either P ∈ V(N + Ram) or P ∈ V(N + Rbm), and therefore,

V(N) ⊆ V(N + Ram)
⋃

V(N + Rbm).

Thus, V(N) is covered with the finite subfamily A′, which is a contra-
diction. Therefore, N is a classical prime submodule of M .

Now, choose U ∈ A such that N ∈ U . Thus, N must have a
neighborhood

⋂n
i=1 U(Ki), for some Ki ≤ M and n ∈ N, such that⋂n

i=1 U(Ki) ⊆ U . We claim that for each i (1 ≤ i ≤ n),

N ∈ U(Ki + N) ⊆ U(Ki).

To see this, assume that P ∈ U(Ki + N), i.e., Ki + N 6⊆ P . Thus,
Ki 6⊆ P , i.e., P ∈ U(Ki). On the other hand, N ∈ U(Ki), i.e., Ki 6⊆ N .
Therefore, Ki + N 6⊆ P , i.e., P ∈ U(Ki + N). Consequently,

N ∈
n⋂

i=1

U(Ki + N) ⊆
n⋂

i=1

U(Ki) ⊆ U.

Thus,
⋂n

i=1 U(K ′
i), where K ′

i := Ki + N , is a neighborhood of N such
that

⋂n
i=1 U(K ′

i) ⊆ U . Since for each i (1 ≤ i ≤ n), then N $ K ′
i, V(K ′

i)
can be covered by some finite subfamily A′

i of A. But,

V(N) \ [
n⋃

i=1

V(K ′
i)] = V(N) \ [

n⋂
i=1

U(K ′
i)]

c = [
n⋂

i=1

[U(K ′
i)]

⋂
V(N) ⊆ U,

and so V(N) can be covered by A′
i

⋃
A′

2

⋃
...

⋃
A′

n

⋃
{U}, contrary to

our choice of N . Thus, there must exist a finite subfamily of A which
covers Cl.Spec(M). Therefore, Cl.Spec(M) is a quasi-compact space. �

We need to recall the patch topology (see for example, [11,12] for
definition and more details). Let X be a topological space. By the
patch topology on X, we mean the topology which has as a sub-basis
for its closed sets the closed sets and compact open sets of the original
space. By a patch we mean a set closed in the patch topology. The patch
topology associated with a spectral space is compact and Hausdorff [12].
Also, the patch topology associated with the Zariski topology of a ring
R (R is not necessarily commutative) with ACC on ideals is compact
and Hausdorff (see, [11 Proposition 16.1]).
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Definition 3.4. Let M be an R-module, and let P(M) be the family of
all subsets of Cl.Spec(M) of the form V(N)

⋂
U(K), where N , K ≤ M .

Clearly P(M) contains Cl.Spec(M) and the empty set, since Cl.Spec(M)
equals V(0)

⋂
U(M) and the empty set equals V(M)

⋂
U(0). Let Tp(M)

be the collection U of all unions of finite intersections of elements of
P(M). Then, Tp(M) is a topology on Cl.Spec(M) and is called the
patch-like topology of M (in fact, P(M) is a sub-basis for the patch-like
topology of M).

Clearly, if M = R, R commutative, then the patch-like topology on
R as an R-module coincides with the patch topology of R as a ring.

Proposition 3.5. Let M be an R-module. Then, Cl.Spec(M) with the
patch-like topology is a Hausdorff space.

Proof. Suppose distinct points P , Q ∈ Cl.Spec(M). Since P 6= Q, then
either P * Q or Q * P . Assume that P * Q. By Definition 3.4, U1 :=
U(M)

⋂
V(P ) is a patch-like-neighborhood of P and U2 := U(P )

⋂
V(Q)

is a patch-like-neighborhood of Q. Clearly, U(P )
⋂

V(P ) = ∅ and hence
U1 ∩ U2 = ∅. Thus, Cl.Spec(M) is a Hausdorff space. �

The proof of the next proposition is similar to the proof of Theorem
3.3.

Proposition 3.6. Let M be a Noetherian R-module. Then, Cl.Spec(M)
with the patch-like topology is a compact space.

We need the following evident lemma.

Lemma 3.7. Assume τ and τ∗ are two topologies on X such that τ ⊆
τ∗. If X is quasi-compact (i.e., any open cover of has a finite subcover)
in τ∗, then X is also quasi-compact in τ .

Theorem 3.8. Let M be a Noetherian R-module. Then, for each n ∈ N
and submodules Ni (1 ≤ i ≤ n) of M , U(N1) ∩ U(N2) ∩ · · · ∩ U(Nn)
is a quasi-compact subset of Cl.Spec(M) with the Zariski-like topology.
Consequently, Cl.Spec(M) has a basis of quasi-compact open subsets and
the family of Zariski-like quasi-compact open subsets of Cl.Spec(M) is
closed under finite intersections.
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Proof. For each submodule N of M , V(N) = V(N)
⋂

U(M) is an
open subset of Cl.Spec(M) with the patch-like topology (see Definition
3.4). Thus, for each submodule N of M , U(N) is a closed subset in
Cl.Spec(M). Thus, for each n ∈ N and Ni ≤ M (1 ≤ i ≤ n), U(N1) ∩
U(N2)∩· · ·∩U(Nn) is also a closed subset in Cl.Spec(M) with patch-like
topology. Since every closed subset of a compact space is compact, then
U(N1)∩U(N2)∩ · · · ∩U(Nn) is compact in Cl.Spec(M) with the patch-
like topology and so by Lemma 3.7, it is quasi-compact in Cl.Spec(M)
with the Zariski-like topology. Now, by Remark 1.3,

B = {U(N1)∩U(N2)∩· · ·∩U(Nn) : Ni ≤ M, 1 ≤ i ≤ n, for some n ∈ N}

is a basis for the Zariski-like topology of M . On the other hand, if
U is a Zariski-like quasi-compact open subset of Cl.Spec(M), then U =⋃m

i=1(
⋂ni

j=1 U(Nj)). It follows that the family of Zariski-like quasi-compact
open subsets of Cl.Spec(M) is closed under finite intersections. �

Proposition 3.9. Let M be a Noetherian R-module. Then, every irre-
ducible closed subset of Cl.Spec(M) (with the Zariski-like topology) has
a generic point.

Proof. Let Y be an irreducible closed subset of Cl.Spec(M) (with the
Zariski-like topology). First, we show that Y =

⋃
P∈Y V(P ). Clearly,

Y ⊆
⋃

P∈Y V(P ). By Lemma 3.1, for each P ∈ Y we have V(P ) =
{P} ⊆ Y , and since Y = Y , then

⋃
P∈Y V(P ) ⊆ Y . Thus, Y =⋃

P∈Y V(P ). By Definition 3.4, for each P ∈ Y , V(P ) is an open subset
of Cl.Spec(M) with the patch-like topology. On the other hand, since
Y ⊆ Cl.Spec(M) is closed with the Zariski-like topology, then the com-
plement of Y is open by this topology. This yields that the complement
of Y is open with the patch-like topology, i.e., Y ⊆ Cl.Spec(M) is closed
with the patch-like topology. By Proposition 3.6, Cl.Spec(M) is com-
pact with the patch-like topology and since Y ⊆ Cl.Spec(M) is closed,
then Y is also compact. Now, since Y =

⋃
P∈Y V(P ) and each V(P )

is patch-like-open, then there exists a finite subset Y ′ of Y such that
Y =

⋃
P∈Y ′ V(P ). Now, since Y is irreducible, then Y = V(P ) for some

P ∈ Y ′. Therefore, we have Y = V(P ) = {P} for some P ∈ Y , i.e., P is
a generic point for Y . �

Now, we are in position to prove the main results of this section.
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Theorem 3.10. Let M be a Noetherian R-module. Then, Cl.Spec(M)
(with the Zariski-like topology) is a spectral space.

Proof. By Theorem 3.2, Cl.Spec(M) is a T0-space. Since M is Noether-
ian, then by Theorem 3.3, Cl.Spec(M) is quasi-compact. By Theorem
3.8, Cl.Spec(M) has a basis of quasi-compact open subsets and the fam-
ily of quasi-compact open subsets of Cl.Spec(M) are closed under finite
intersections. Finally, by Proposition 3.9, each irreducible closed subset
of Cl.Spec(M) has a generic point. Thus, by Hochster’s characterization,
Cl.Spec(M) is a spectral spaces. �

Theorem 3.11. Let R be a ring and M be an Artinian R-module. Then,
Cl.Spec(M) (with the Zariski-like topology) is a spectral space.

Proof. By Proposition 2.8, Cl.Spec(M) =Spec(M). Also, by Lemma
2.11 (i), M/radR(M) is a Noetherian R-module. On the other hand, one
can easily see that Cl.Spec(M) is homeomorphic to the prime spectrum
M/radR(M). Now, apply Theorem 3.10. �

4. Comments on the paper entitled “The Zariski topology on
the prime spectrum of a module” by Chin-Pi Lu

Let M be an R-module. For any prime ideal P of R, we define
SpecP(M) = {P ∈ Spec(M) : P = (P : M)}. As in [13], for any
submodule N of M we define the variety of N , denoted by Ṽ (N), to
be the set of all prime submodules P of M such that (N : M) ⊆ (P :
M). Assume that ζ̄(M) denotes the collection of all subsets Ṽ (N) of
Spec(M). Then, ζ̄(M) contains the empty set and Spec(M), and also
ζ̄(M), are closed under arbitrary intersections and finite unions and
under finite unions. Thus, it is evident that for every module M there
always exists a topology, say τ , on Spec(M) having ζ̄(M) as the family
of all closed sets. τ is called the Zariski topology on Spec(M). This
topology on Spec(M) is studied in [13]. Unfortunately, the Proposition
5.2(3) of [13] (which says that the set {P} is closed in Spec(M) if and
only if P is a maximal submodule of M with SpecP(M) = {P}, where
P = (P : M), and Proposition 6.3 of [13] (which says that for each R-
module M , Spec(M) is a T1-space if and only if Max(M) = Spec(M),
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where Max(M) is the set of all maximal submodules of M), are not true
in general (see the following example).

Example 4.1. Let R = Z and M = Q. It is easy to check that the zero
submodule is the only prime submodule of M , i.e., Spec(M) = {(0)} (see
also [5]). Thus, the Zariski topology on Spec(M) is the trivial topology
and so Spec(M) is trivially a T1-space. But, Max(M) = ∅. Moreover,
{(0)} is a closed subset of Spec(M), but (0) is not a maximal submodule
of M .

Fortunately, the Propositions 5.2(3) and 6.3 of [13] are true when the
R-module M is finitely generated. Moreover, using the proofs in [13], a
correct version of [13, Propositions 5.2(3)] and also a correct version [13,
Proposition 6.3] are as follows, respectively, while the converses are not
true in general (see Example 4.4 below). (We recall that a submodule
P of M will be called maximal prime if P is a prime submodule of M
and there is no prime submodule Q of M such that P ⊂ Q).

Proposition 4.2. Let M be an R-module and P ∈ Spec(M). If the set
{P} is closed in Spec(M), then P is a maximal prime submodule of M ,
and |SpecP(M)| ≤ 1, where P = (P : M). The converse is also true,
when M is finitely generated.

Proposition 4.3. Let M be an R-module such that Spec(M) is a T1-
space. Then, every prime submodule of M is a maximal prime submod-
ule, and |SpecP(M)| ≤ 1, for every P ∈ Spec(R). The converse is also
true, when M is finitely generated.

Example 4.4. Let R = Z and M = Z2⊕Q. Clearly, {Z2⊕(0), (0)⊕Q} ⊆
Spec(M). We claim that

Spec(M) = {Z2 ⊕ (0), (0)⊕Q}.

To see this, we assume that P is a prime submodule of M . Since 2(1, 0) =
(0, 0) ∈ P and 2M 6= (0), then (1, 0) ∈ P , and so Z2 ⊕ (0) ⊆ P . If
P ⊆ Z2 ⊕ (0), then P = Z2 ⊕ (0). Now, let P 6⊆ Z2 ⊕ (0). Then, there
exist nonzero elements m, n ∈ Z such that (k, m

n ) ∈ P , where either
k = 0 or k = 1. Thus, (0, 2m) = 2n(k, m

n ) ∈ P . It follows that for each
s
t ∈ Q, 2mt(0, s

t ) = (0, 2ms) = s(0, 2m) ∈ P . Since P is prime, then
either (0, s

t ) ∈ P or 2mtM ⊆ P . Clearly, 2mtM = (0) ⊕ Q. It follows
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that (0) ⊕ Q ⊆ P and so P = (0) ⊕ Q. Assume P1 = Z2 ⊕ (0) and
P2 = (0) ⊕ Q. Clearly, both prime submodules P1 and P2 are maximal
prime submodules of M and also (P1 : M) = (0) and (P2 : M) = 2Z.
Thus, |SpecP(M)| ≤ 1, for every P ∈ Spec(R). But, {P1} = Ṽ (P1) =
{P1, P2} and hence {P1} is not closed in Spec(M) and so Spec(M) is
not a T1-space. Thus, the converses Propositions 4.2 and 4.3 are not
true for M .

Acknowledgments
This work was partially supported by the Center of Excellence of Alge-
braic Methods and Application of Isfahan University of Technology.

References

[1] M.F. Atiyah and I. Macdonald, Introduction to commutative algebra, Longman
Higher Education, New York, 1969.

[2] M. Behboodi, A generalization of the classical krull dimension for modules, J.
Algebra 305 (2006) 1128-1148.

[3] M. Behboodi, A generalization of Bear’s lower nilradical for modules, J. Algebra
and its Appl. 6 (2) (2007) 337-353.

[4] M. Behboodi, On weakly prime radical of modules and semi-compatible modules,
Acta Math. Hungar. 113 (3) (2006) 239-250.

[5] M. Behboodi, O.A.S. Karamzadeh and H. Koohy, Modules whose certain sub-
modules are prime, Vietnam J. Math. 32 (3) (2004) 303-317.

[6] M. Behboodi and H. Koohy, Weakly prime modules, Vietnam J. Math. 32 (2)
(2004) 185-195.

[7] M. Behboodi, On the prime radical and Baer’s lower nilradical of modules, Acta
Math. Hungar. 122 (3)(2009) 293-306.

[8] N. Bourbaki, Algebra Commutative, Chap, 1.2, Hermann, Paris, 1961.
[9] J. Dauns, Prime modules, J. Reine Angew. Math. 298 (1978) 156-181.

[10] Z.A. EL-Bast and P.F. Smith, Multiplication modules, Comm. Algebra 16 (1988)
755-779.

[11] K.R. Goodearl and R.B. Warfield, An Introduction to Non-commutative Noe-
therian Rings (Second Edition), London Math. Soc. Student Texts 16, Cambridge
University Press, Cambridge, 2004.

[12] M. Hochster, Prime ideal structure in commutative rings, Trans. Amer. math.
Soc. 137 (1969) 43-60.

[13] C.P. Lu, The Zariski topology on the prime spectrum of a module, Houston J.
Math. 25 (3) (1999) 417-425.

[14] C.P. Lu, Prime submodule of modules, Math. Univ. Sancti. Pauli. 33 (1984)
61-69.

[15] C.P. Lu, Spectra of modules, Comm. Algebra 23 (1995) 3741-3752.



Zariski-like topology on the classical prime spectrum 271

[16] H. Man and P.F. Smith, On chains of prime submodules, Israel J. Math. 127
(2002) 131-155.
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