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DIFFERENTIAL POLYNOMIAL RINGS OF
TRIANGULAR MATRIX RINGS

H. GHAHRAMANI AND A. MOUSSAVI*

ABSTRACT. Let R,S be rings with identity and M be a unitary
(R, S)-bimodule. We characterize homomorphisms and derivations
R
0
angular representation of the differential polynomial ring T[0; d].

of the generalized matrix ring 7" = ]\g ) , and provide a tri-

1. Introduction

Throughout the paper all rings are assumed to have identity and all
modules are unitary. The additive map ¢ : R — R is called a derivation,
if for each a,b € R, §(ab) = ad(b) + 6(a)b. For an element = € R, the
mapping I, : R — R, given by I,(a) = ax — za, for each a € R, is called
an inner deriation of R.

We denote R[f;d] to be the differential polynomial ring whose ele-
ments are the polynomials over R, the addition is defined as usual and
the multiplication is subject to the relation fa = af+4d(a) for any a € R.

Derivations of the algebra of triangular matrices and some class of
their subalgebras have been the object of active research for a long time
[1, 4, 5, 7-9]. Coelho and Milies provided in [4] a description of the
derivations in 7T}, (R), the upper triangular matrices over R. They proved
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that every derivation is the sum of an inner derivation and another one
induced from R. Jondrup in [7] gave a new proof of this result. A similar
result for full matrix rings appears in [5], and the special case where R
is an algebra over a field, with char(R) # 2,3 and n > 2, is given in [1].
The case of upper triangular matrix rings over a simple algebra finite
dimensional over its center appears in [5].

Here we give a description of homomorphisms and derivations of gen-
R

0 S
and M, other than the existence of the identity element. We shall show
that they are obtained in a very natural way. Analysts have studied
these derivations in the context of algebras on certain normed spaces.
Many widely studied algebras, including upper triangular matrix alge-
bras, nest algebras and triangular Banach algebras, may be viewed as
triangular algebras.

A large class of ring extensions which have a generalized triangular
matrix representations is investigated by Birkenmeier et al. in [3].

Let g : R — R and dg : S — S be derivations. The additive mapping
T: M — M is called a generalized derivation with respect to (dg,ds),
on M, if 7(rm) = dr(r)m + r7(m), 7(ms) = 7(m)s + mds(s), for each
re Rise Sandme M.

If d: T — T is the derivation induced by the generalized derivation
7 with respect to (g, d0g).i.e,

d( rom ) = ( Or(r) T(m) ),foreachreR,seSandmeM,

0 s 0  ds(s)
then we provide a triangular representation of the differential polynomial
ring T'[0; d] in terms of the triangular matrix ring. Indeed, we prove the
isomorphism:

eralized matrix rings T := assuming no restrictions on R, S

o [ Blzsdr] Mlz,y;7]
Ti6:d] = 0 S[y; 0s] >
where R[x;dr| and S[y;dgs] are the differential polynomial rings over R
and S, and M|z, y; 7] is an (R[z;dr], Sly; ds])-bimodule.
We denote E;; for the matrix units, for all 4, j.
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2. Generalized module homomorphisms

In order to describe homomorphisms of the generalized matrix rings,
first we introduce and study the notion of generalized module homomor-
phisms.

Definition 2.1. Let R, R’,S and S’ be rings, M an (R, S)-bimodule,
N an (R',S")-bimodule, ¢1 : R — R’ and ¢3 : S — S’ be ring homo-
morphisms. Then an additive mapping T': M — N is called a general-
ized module homomorphism related to (¢1,p2), if T(rm) = p1(r)T(m),
T(ms) = T(m)pa(s), for each r € R, s € S and m € M.

Lemma 2.2. Let M be an (R, S)-bimodule, N be an (R',S")-bimodule
and
T : M — N be a generalized module homomorphism related to (¢1,p2).

/
Then, the mapping ¥ : ( ? ]\g ) — < ]g g\c ) , given by

rm Y\ [ ¢i(r) T(m) ‘ . ‘
U < 0 s ) = < 0 oa(s) )’ 1 a Ting homomorphism.

Proof. Clearly V¥ is additive. We have,
rom " m/

\IJ[<O s><0 s >]

p1(r)pa(r’)  o1(r)T(m') + T (m)es(s')
0 p2(5)p2(s’)

r m o m/
:‘I’<o s>‘1’<o S,). 0

Theorem 2.3. Let R, R',S and S’ be rings with identity, M be a
unitary (R, S)-bimodule and N be a unitary (R',S’)-bimodule. If ¥ :

(5 5)

/
— ](%) g s a mapping, then the followings are equivalent:
rom\ _ ( ¢i(r) T(m) : / :
I.W(O s)_< 0 o (r) , where o1 : R — R and @3 :

S — 8" are ring homomorphisms and T : M — N is a generalized
module homomorphism related to (p1,p2).
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I1. 9 is a ring homomorphism such that V(RE11) C R'Eq1, and
\I’(SEQQ) C S/EQQ.

Proof. (I = II). The proof clearly follows from Lemma 2.2.
(II = I). The mappings 1 : R — R’ and @5 : S — S’ are defined by

U(rE1) = ¢1(r)E1 and ¥(sEa) = ¢a(s)Eag. By considering the effect

r—+r 0
of\Ifon< 0 st s

/ /
\I/(rg Sg,>:\11<62>111<g g,).Sowehave,
pi(rr’) 0 > _ ( p1(r)er(r) 0

0 pass) 0 P2(s)p2(s')
Hence, we have,

we see that 1, @2 are additive, and

p1(rr’) = @1(r)e1(r') and @a(ss’) = wa(s)pa(s’), and 1,2 are ring

homomorphisms.

a(m) T(m) : /
0 3(m) , for some o : M — R/,

T:M — N and 8 : M — S’. Then, for each m € M, we have,

U(mE2) = V(EnnmE2) = ¢1(1)En ( a(m) Tgm) ) . So,

Now, assume that V(mFE3) =

0 B(m)
a(m) T(m Da(m DT (m
< (0) ﬂ((mg):<<m()0( ) ‘Pl()o( )>
and hence
B(m) = 0. So, U(mEyy) = U(mEj3Eg) = < O‘%n ﬁg%) )@2(1)1‘122-

Thus, we have,

(5 Bom )= (0 Boments) )

and so a(m) = 0, for each m € M.

Therefore, U(mFE13) = T'(m)E12. We have U(rmE12) = ¥(rE1)¥(mEs),
and hence T'(rm)E12 = p1(r)T(m)E12. Thus, T(rm) = ¢1(r)T(m).
Similarly,

T'(ms) =T(m)pa(s).

Therefore, we have,
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(32)-(0 ).

and that o1, s and T satisfy the required conditions. O
. R M R . .
Proposition 2.4. If 0 S and 0 g have the identity el-
R M R N ) . .
ements and ¥ : < 0 S ) ( 0 g > s a Ting homomorphism

such that
V(E11) = E11 and V(FE9) = Eag, then VU satisfies the conditions I and
II of Theorem 2.3.

Proof. Let U(rEj;) = < agr) 58:; for some a: R — R, 3: R —

N and v: R — S'. We have, U(rEy;) = U(rE11)¥(E11). So
a(r) B(r) \ _ ( afr) B(r) _

(%550 )= () 50 ) o =awm

and hence 5(r) =0,v(r) = 0.

SO, \IJ(’FEH) = O[(’I“)Ell, and \IJ(REH) - R,Ell. We have,
_ ([ d(s) Bs)
\II(SEQQ) = ( 0 ’}//(8) )
where o/ : S — R/, : S — N and v/ : S — S’ are additive mappings.
But, \I/(SEQQ) = \I/<E22)\I](SE22), and

( O/(()s) B'(s) ) = Ex ( olls) Bl ) = 7(5)Ez, s0 d(s) = 0,

7'(s) 0 (s)
G'(s) = 0.
Thus, ¥(sF22) = v/(s)E22, and hence W(SEs) C S’'Es. Therefore, ¥
satisfies the condition I of Theorem 2.3. O

Example 2.5. The converse of Proposition 2.4 is not true, in gen-
eral. Let M be a unitary (R, S)-bimodule. Then, we make M a uni-
tary R x S-bimodule by defining (r, s)m := rm,m(r, s) := ms, for each
re RRme M and s € S.

Define ¢1 : R — R x S and ¢y : S — R x S, given by ¢1(r) = (r,0) and
wa(s) = (0,s), foreachr € R,s € S. Then, ¢ and y2 are ring homomor-
phisms. Let T'€ Hom(rMg,r Ms). Now we see that T is a generalized
module homomorphism related to (¢1, ¢2). Since T'(rm) = rT'(m), then
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() ()
given by
Tom)-( o)

is a ring homomorphism and we have,

\II(EH) = @1(1)E11 = (LO)EH, \I/(EQQ) = (0, 1)E22. Note that (1,0)
and (0, 1) are not the identity elements of R x S. O

Lemma 2.6. Let R,R',S and S’ be rings, M be an (R, S)-bimodule,
N be an (R',S’)-bimodule, and ¢1 : R — R',ps : S — S’ be ring
isomorphisms. LetT : M — N be a bijective generalized homomorphism
related to (¢1,¢2). Then, the mapping defined in Lemma 2.2 is a ring
isomorphism.

Proof. By Lemma 2.2, ¥ is a ring homomorphism. We have,

r om
\II<O s>_0’

and so ¢1(r) = 0,T(m) = 0,¢2(m) = 0. So 6

) = 0, and hence

/ /
¥ is injective. If < 6 ?, > € ( Jg g\c > and 1, 9,1 are surjective,

then there exist 7 € R, s € S and m € M, such that ¢1(r) =1/, ¢a(s) =
s" and T'(m) = n. So, we have,

(3 7)- (7 1) -4 5)

Therefore, ¥ is surjective and hence a ring isomorphism.

The mapping 7" in Lemma 2.6 is called a generalized module isomor-
phism related to (1, p2).

3. Derivations on generalized triangular matrix rings

Let R,S be rings with identity and M be an (R, S)-bimodule. In
this section we determine the derivations of the generalized triangular
matrix ring
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R M
ro (B,

in terms of derivations of R and S and some special mapping of M.

Definition 3.1. Let R, S be rings, M be an (R, S)-bimodule, g : R —
R and dg : S — S be derivations. The additive mapping 7: M — M is
called a generalized derivation with respect to (0r, dg), on M, if 7(rm) =
Or(r)m + rr(m) and 7(ms) = 7(m)s + mdg(s), for each r € R;s € S
and m € M.

Theorem 3.2. If d:T — T is a derivation, then d = d+ 14, where I4
is an inner derivation with A € T and d, is given by

(3 1)- (%0 1)

for derivations g : R — R,d6s : S — S and a generalized derivation
T: M — M.

Proof. It is enough to determine d on rFE11, mE1o and sEso, for each
re R, s€ S and m € M. Then, we have,
d(EH) = d(E%l) = End(En) + d(EH)EH. (*)

Let d(Ey) = ( !

0 2 ), for some r € R,s € S and b € M. From (%),

we have,

r b r b r b 2r b
(5 0)=m (5 0)+ (o 2)m=(T3)
So we have r = 0 and s = 0, and hence d(F11) = bE12. But,

d(En) + d(EQQ) = d(I) =0, so d(EQQ) = —bFE12. Now we have,
d(mElg) = d(EumElg) = Eud(mE12) + d(Eu)mElg. (**)
Assume that
Yy Y2

d(mEqs) = ,

(mErz) < 0 wys >
for some y; € R, y3 € S and yp € M. From (xx),
we have,

Yy Y2 _ Yy Y2 _ [ Y1 Y2 _
<0 y3>_E11<0 y3>+bE1sz12—(0 0>.Soy3—0.

We also have,
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d(’l’)’LElz) = d(mE12E22) = mE12d(E22) + d(mE12)E22.
So,

yioy2 Y _ (0 w2

0 ys 0 w3 )

Thus, we have y; = 0 and that d(mE12) = yaF12 = 7(m)E12. So,
T: M — M is a mapping.
To determine d(rEj;) for each r € R, assume d(rE2) = < zZ1 22 )7

0 z3
with z1 € R, z3 € S and z5 € M. We have,

T‘Ell = E11TE11 = TE11E11, SO d(TEll) = d(’l”Ell)En + TElld(Ell),
for each r € R. So,

21 22\ _( 21 rb
0 =23 | 0o 0 )
Hence zo = rb and z3 = 0.

Now define g : R — R given by dr(r) = z1. Then we have,
J b
d(rE) = < Rér) 7'0 )

Now we determine d(sFa) for each s € S. Assume that d(sFa2) =

< u(})l 52 ), with w; € R, wg € S and wy € M. We have, d(sE2) =
3

0 —b
d(E228E2) = d(E22)sEx+Esnd(sE). So, ( u())l Zi ) = ( 0 w; ) )
and hence we = —bs and wy; = 0. Now we define dg : S — S given by

ds(s) = ws. So, d(sEa2) = < 8 (5;?:99) ) Now by the above computa-

)0 i)

tions we get,
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Now we show that dr and dg are derivations of R and .S respectively
and 7 is a generalized (dg, dg)-derivation.
For each r,7" € R, we have d((r + ') E11) = d(rE11) + d(r'E11). So
Or(r+1") =0dr(r) + dr(r).

/ /

Now, d(rr'E11) = 5R(6“7°) 7"7(“)1) , and
d(TT’EH) = d(rEHr’EH) = d(?“Eu)?"lEu + TEHd(TIEH)
_ Or(r)r' +rér(r") rr'b
a 0 0
Thus, we have dg(rr’) = dg(r)r’ + rdr(r’) for each r,7’ € R, and hence
OR is a derivation of R. Similarly, dg is a derivation of S.

Next, we have that 7 is an additive mapping of M. We have,
d(TmElg) = d(’l“EllmElg) = d(rEH)mElg + T’Elld(mElg). SO,

0 7(rm) \ [ 0 dr(r)m+rr(m)
0 0 ~\ 0 0 '

Thus, for each r € R and m € M, 7(rm) = r7(m) + ér(r)m.

Similarly, 7(ms) = 7(m)s +mds(s), for each s € S and m € M. There-

fore, 7 is a generalized derivation, and d = d + 14, where

(5 0)=("" 50, :

Now, we show that for every given derivations dp : R — R and
ds : S — S, every generalized derivation 7 : M — M with respect to
(0R,0s), induces a derivation d on the formal triangular matrix ring 7.

Proposition 3.3. Let M be a unitary (R, S)-bimodule. If d is a map-
ping of < ](? ]\5/{ >, then the followings are equivalent:

I.d= < 56% 62 >, where p : R — R, g : S — S are derivations

and 7 : M — M is a generalized derivation related to (dg,dg).

1. d is a derivation of ( § ]\5{ > such that d(RE11) C REq;.
II1. d is a derivation of ( g ]\54, > such that d(Eq1) = 0.
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IV. d is a derivation of g ) such that d(SFE22) C SEas.
V. d is a derivation of < ]O% > such that d(E22) = 0.

S

Proof. (I= II). Since dg, dg, and 7 are additive, then d is also additive.
So, we have,
rom rom/
a5 0 ) (0 %)
rop(r’) + or(r)r’ rr(m’) + dr(r)m’
0 sds(

r m rm/ r m
(O s>d<0 s’>+d<0 s

So, d is a derivation. We have d(rFE1;
SO d(REH) g REH.

~

= dgr(r)E1; for each r € R, and

(II= III). By Theorem 3.2, we have,

rm\ _ ([ dr(r) 7(m) rom .
Cl(o s >—< 0 55‘(3) + Iy, 0 s with b € M. We
have, d(EH) = bE12. Since d(REH) g RE11, then b = 0. SO, d(EH) =
0.
(III = IV). We have,

(5 %) ="
(

r m '\ [ 6r(r) 7(m)
Wehaved(o s>_< 0 5s(s) )’
d(SEQQ) = 55(8)E22, and so d(SEQQ) g SEQQ.

> + (T’b — bS)Elg, d(Ell) =0. SO7 b=0.

(IV=- V). It is similar to (II= III).
(IV=-1I). We have,

d( 0y ) = < Or(r) 7(7(73 )—l—(rb—bs)Elg, and 5o d(Eg) = —bE1s.

_ r-m \ _ ([ dr(r) 7(m)
Thus, b= 0, andhenced(o s >—< 0 5s(s) )
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By the above result we see that any generalized derivation 7 induces a

.. = R M
derivation d on ( 0 S

>, which satisfies one of the above equivalent

R
0o S

derivation and a derivation d induced by 7.

conditions; and every derivation on < >, is a sum of an inner

Proposition 3.4. Let M be a unitary (R, S)-bimodule. If d is a map-
ping of ( ]0% JSW >, then the followings are equivalent:
I. d = Iyg,,, where 0 #be M.
. L R M R 0
II. d is a nonzero derivation of < 0 S > , d< 0 9 > C MEs
and d(mE12) =0, for each m € M.

Proof. (I= II). It is clear. (II= I). We have,

d( 6 Z’L ) _ ( 5R(§r) géz; ) + (rb — bs) E19, with b € M.
We see that dgp = 0, since otherwise, if for some r € R, dr(r) # 0,
then d(rFE11) = 6r(r)E12 + rbE12 ¢ M E12, which contradicts the as-
sumption.

Similarly, g = 0. We also have 7 = 0, since otherwise, if for some
m # 0, 7(m) # 0, then d(mFE12) = 7(m)E12 # 0. So,

rom rom
d( 0 s )Z(?“b—bS)E12=[bE12(O s >
Since d # 0, we have b # 0. g

By the following example we can not weaken the condition II in Propo-
sition 3.4.

Example 3.5. If 0 # T € Hom(gpMg,gr Mg), then T is a generalized
(1o, Ip)-derivation. Since T'(rm) = rT(m) = rT(m) + Iy(r)m,

T(ms) =T (m)s = T(m)s+mly(s), and the mapping A on < lg ]\g >,

given by

Al ™) =0 My (o ™)
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is a derivation. So, we have, A(E11) = bE12 # 0 and Am(FE2) =
T(m)Elz.

But, Ijp,,mE12 = 0, with m € M. So, this contradicts the fact that A
is of the form of Ijg,,.

Let g : S — S be a nonzero derivation with dg(S) C anngM. Then,

. R M R M .
themappmgA.(O S>—><0 S),glvenby

T m T m
A 0 s > = (55(8)E22+IbE12 0

We have A(EH) = bE12 7& 0, and A(REH) - ME12, A(mElg) = 0. But,

, b#£ 0, is a derivation.

A # I, , since A(sEg) = ( 8 5S(b55) ) . We also have Iyg,,(sFE2) =
*dSElg, as ASEQQ g ME12 and IdEIQ(SEQQ) - ME12. ]

Let a € R and b € S be fixed elements. Define the mapping (4 :
M — M given by 7, ) (m) = am —mb for each m € M. Then, 7, is a
generalized derivation with respect to (I_,,I_p), on M, where I_,, I,
are the inner derivations.

For each r € R and m € M, we have,

T(ap)(rm) = arm — rmb = arm + ram — ram — rmb =
(ar —ra)m +r(am —mb) = I_o(r)m + r7(4p) (m).

Similarly, we have 7,5 (ms) = 7(q)(m)s +ml_4(s), for each s € S
and m € M.

We call 7(,4) the generalized inner derivation on M.

Lemma 3.6. The induced derivation of 7(,p on T with respect to
(I_q,1_p) is an inner derivation.

Proof. It is clear.

We notice that the notion of the generalized derivation defined on a
module is a generalization of the notion of the derivation defined on a
ring. If R is a ring, d : R — R a derivation and R is considered as
an (R, R)-bimodule, then d is a (d, d)-generalized derivation on R, and
every inner derivation I, of R is the inner generalized derivation 74 q)
on R.

IfT:M — M is an (R,S)-bimodule homomorphism, that is 7" is
an additive mapping and T'(rm) = rT(m),T(ms) = T(m)s, for each
r€ R,m € M, and s € S, then T is a generalized derivation with respect



Differential Polynomial Rings of Triangular Matrix Rings 83

to (I, Io) on M. So, the generalized derivation is a generalization of
bimodule homomorphisms.

Lemma 3.7. If 7 is a generalized derivation with respect to (Or,0s) on
M, then we have the Libnietz formula as follows:

) = 5o () ok,

rms) = Sy ) 7 Rk,

for each r € R,s € S and m € M.

Proof. 1t is clear. O

Now, we provide another proof of the main result due to Coelho and
Milies [4], which is different from the one due to Jondrup [7]. This is a
corollary and an application of Theorem 2.2.

Theorem 3.8. Let R be a ring with identity. Every derivation /\ on
Tn(R), with n > 2, is of the from: A(rij)i; = (8(rij))i; + La(rij)ij,
where § : R — R is a derivation and 4 is the inner derivation induced
by A.

Proof. We first consider the case n = 2. Let T5(R) = ( ? g ) 7

and A : ( i)% g > — < ]g g ) be a derivation. We have,

s(a )= (00 5 ) (52

and 7 : R — R is a generalized derivation related to (9,9’). We have,
7(r) =7(rl) =r7(1) + 6(r) = ra+ §(r), with a = 7(1), and r € R. So,

7(r) =7(r) = 7(1)r+ 8 (r) = ar + §'(r), and ra + 6(r) = ar 4+ §'(r).
Hence 6(r) = ar —ra + 6'(r). So,

Al T2 o(r1) 7(re) — roa + roa o rL 7o
0 rs B 0 5/(7“3) — Ia(Tg) + Ia(T‘g) bE12 0 rs

_ < o) ggg ) + Lamas < 0o > + by, < oo )
= < o) ggg ) T ( o >

)
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So, A satisfies the required conditions.

Now, we prove the theorem by induction on n, for n > 2. Assume
inductively that the result holds for n. Now, we have the ring isomor-
phism

tea(®)= (§ i )

with R” = R X --- x R, where multiplication on R" is given by
r(ri, - ,rp) = (rri,- -« ,rry), with r,rg, -+ ;7 € R, and multiplication
by T,,(R) to R™ is the matrix multiplication. The derivation A on

R R"

0 Tu(R)
. (6T
is A = 0 5
derivations and 7’ : R™ — R™ is the generalized derivation. By the hy-
pothesis,

/

+ I, where 01 : R — R, 63 : Tp(R) — T,(R) are

(52(7’1‘]')1'7]‘ = ((52(7’1‘]‘))1‘7]' + IA(T‘Z‘]‘), Ace Tn(R), we have,

51 7'/
A= Ip.
<0 (52)ij+IA>+ B

Since I is an inner derivation on T;,(R) , then 7o 4) is a generalized

derivation with respect to (lo,I4) and ( 8 T(IO’A) ) is an inner deriva-
A

. R R"
tion on < 0 T.(R) ) So, we have,
o T —1 0 T
A (0,4) ) < (0,4) > I
< 0 @Gy JT\o 1, )tE

where 7 = 7/ —7(g 4 is the generalized derivation related to (d1, (d2)(j))-

We determine the structure of the derivation < %1 ((;_2) > in terms of
61. We have,

7—(0’... JTiy e 70) :7—[(07... JTiy ’O)eii] —

T(Oa ey Ty 70)eii + (O) ey gy 70)(62(1)622)

If 7(0,--- ,7iy--+,0) = (ug, -+ ,uy), then we have,

(ula'” )un) = (ulv'” 7un)€7j7j = (07 s Ujy ot 70)

So for each j # 4, u; = 0, and hence 7(0,---,75,---,0) =
(0,---,7i(ri),---,0). By the definition, , : R — R is additive, for
i=1,---,n. We have,
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7(0,- - -

’/r"r'g’.--
7-[7'(0’... ’7"7,;,...

,0)]

:7‘7’(0’...77" )+51(T)(0,"',7‘2,"',0).

So, (0, ,7(rr ) ,0)=(0,--- ,rr(r}) 4+ 01(r)r}, - -+ ,0), and hence
7'1(7“7“) = rr;(r}) + 51( )ri. Thus, 7;(r) = 7(rl) = rr;(1) 4+ 61(r). We
have,

7'(0,--- ey ,0) =70, 7}, -+, 0)re;], and

0, 7 (rhr), -+ ,0) = (0, ,7i(rh), -, 0)res+(0, -+ 7l -, 0)da(r)es
=(0,--- ,7(r))r +1ri02(r), - ,0). So 7i(rir) = 7i(rl)r 4+ rida(r )

Hence, 7;(r) = 7;(1r) = 7;(1)r + d2(r). Therefore, 7; is a (1, 02) general-

ized derivation of R. For each r € R, (r,0,---
and hence 7[(1,0, - -
771.(7”)7 .
77-i(7»)7 .
7; are equal. Assume that 7;(1) = a. So,
;1) = (T1(r1), -

,rp)aly, + (01(r1), -

0, --
(0, --

i,
= (T17...

yT1(rn)) =

”r” o oe.
,0)e1; +
0). So 7i(r) = 71 (r). Hence, all

,0)e1;] = 7(0,- -
70) = (7’1(7”),0,--'
70) — (07 ’7-1(7-)’... ,

(ria+01(r1),---
,01(7p)). So, we have,

70)61i = (07 y Ty e
,0). So, we have,
(r,0,---,0)d2(1)eq;. Thus,

70)7

, T'n@ + 51 (Tn))

71(r) = ra+ 61(r) = ar + d2(r). Hence, d2(r) = ra — ar + 41(r). Thus,

da(r11) 92(7r1n) ari
0 52(7“7m) 0
ria 1 61(r11)
- +
0 Trnd 0
r11 T1in 11
= —al, : +
0 Tnn 0
e, (61T
Soifd= < 0 (5) > , then we have
11 (7”12, T 7T1,n+1)
722 T2 n+1
d 0 . =

o - Tn+1,n+1

arin

aTnn

01(71n)

(51 (Tnn>
T'in

aIn + ((51(7’1']')1'7]‘).

T’VLTL
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d1(r11) T(r12, ", T1n41)
da(re2) -+ Sa(ramt1)
0 - : B
0 coo 0(Tng1mt)
< 01(r11)  (riz, -+, rin) A+ (61(r12), -+ 01(r1nt1)) ) _
0 BA — AB + (81(rij)i ;)
01(r11) (01(r12), -+, 01(T1,041))
d1(ra2) -+ 01(ramt1)
0 - :
0 0(rnsint1)
7 < rin (r12,c 0, Ting) >
( 0 0 ) 0 B ’
0 A
T2t T2ntl
where A = al, and B = : . Thus, we have,
0 - Totinsl
01(r11) (01(r12), -+, 01(r1mt1))
A(C) = 01(r22) 51(T2.,n+1) N
0 oo 01(Tng1ng1)
I< 0 0 >(C) + < 8 T(IOAA) > (C) + Ip(C), where
0 A
11 (r12, -, "1n41)
T2 ot T2nql
C= 0
0 Tugimil

So, by the mentioned isomorphism, the derivation A on T}, 1(R) is given

by:

A(riz)ig = (01(ri5))ig + Ip(rij)ig,
with 61 : R — R a derivation. So the result follows. O
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4. Differential polynomial rings of triangular matrix rings

In this section, we study the differential polynomial extension of gen-
eralized matrix rings.

In [3], Birkenmeier and Park studied the condition of having a gen-
eralized triangular matrix representation to pass between a ring R and
some of its ring extensions.

If R and S are rings and M is an (R, S)-bimodule, then we provide a
triangular representation of differential polynomial ring T'[; d].

Lemma 4.1. Let 0 be a derivation of R and S = Rlx;J].

(I). We consider the ring T and ring homomorphism ® : R — T , so
that for each r € R and an element y € T, y®(r) = ®(r)y + (5(r)).
In this case, there exists a unique ring homomorphism ¥ : S — T, such
that U |p= @, and ¥(x) = y. Indeed, we have ¥(Z;riz’) = >, ®(r;)y".

(I). If 8" = R[a';6], then there exists a unique ring isomorphism
U:S — S with V(x) =12' and ¥ |g is the identity map on R.

Proof. [6, page 10, Exercise 1H].

Proposition 4.2. Let R be a ring, 61,1, and § be derivations on R
such that § = 01 + I,. In this case, we have R[x;d1] = R[6;0]. Indeed,
we have R[0; 5] = R[0 + a; d1].

Proof. We consider the mapping ¢ : R — RI[0; 6], where ¢(r) = r and
y =60+ a € R[#;4]. In this case, we have, yo(r) = (0 + a)r = Or + ar =
rd + 0(r) + ar

=r0+01(r)+1,(r)+ar =r0+61(r)+ra—ar+ar =r(@+a)+01(r) =
o)y + H(01(r)).

So, by Lemma 4.1, there exists a unique ring homomorphism v : R[x; ] —
R[0;0], with ¢ |g= ¢. So, for each r € R, 9(r) = ¢(r) = r, and
D) =y = 0+ 0, P, riat) = X, ri(0 + 0’

Applying Lemma 3.1 on ¢ : R — R[z; 1], with ¢(r) =randy=x—a €
R[z; 1], we then have,

yo(r) = (x—a)r =axr—ar =rez+01(r)—ar =re+01(r)+ra—ra—ar
=r(z—a)+61(r) + La(r) = o(r)y + ¢(5(r)).

So, there exists a unique ring homomorphism ¢’ : R[6;0] — R[z;d1],
where ¢/(r) = ¢(r) =7, r € R, and ¥'(0) =y = x — a, /(3 rif") =
> ri(x —a).
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So, we have

Yoy (5, 10) = U(, il — a)) = X, 0(rile — o) = Yrilu(e -
@) =32, rif"

We have ¥(z — a) = 6 and ¢oy)’ = idgjg.s. Similarly, we get 1'oyp =
idRs;5,]- Therefore, we have R[z;d1] = R[¢;6]. Thus, ¢ is an isomor-
phism, and hence

RI[0; 6] = R[0 + a; 61]. O

If 6 = I, is an inner derivation on R, then § = Iy + I,, where Ij is the
zero derivation on R. By Proposition 4.2, we have R[0;0] = R[0+a; Iy] =
R[0 + a].

Now, let T' = ](? ]\g and d be a derivation of T'. Then, we have,
d = d+ 14, where d = ( 55; (ST > By Proposition 4.2, we have
S

T[0;d) = Tx;d].
Thus, to determine the structure of T[0;d], it is enough to take d the

derivation induced by a generalized derivation such as d = ( 562 67:9 )

If T is a ring with identity and e € T is an idempotent such that
e¢/Te = 0, where ¢/ = 1 — ¢, then R = Te and S = €¢'T are subrings of
T, and M = eT¢ is an additive subgroup of T' which is also an (R, S)-
bimodule. We have eT'e = Te, €'Te’ = ¢'T , e and ¢’ are the identity
elements of R and S, respectively.

Proposition 4.3. Let R, S, M, e and €' be as mentioned above. Then,
. R M . te ete
the mapping g : T — < 0 S ), given by g(t) = < 0 ot ), for

each t € R, is a ring isomorphism.

Proof. See [2, Proposition 1.3].

Following Birkenmeier and Park [3], we provide conditions of having
a generalized triangular matrix representation of the differential poly-
nomial rings.
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Theorem 4.4. Let M be a unitary (R, S)-bimodule and T = 0 S

be the generalized triangular matriz ring and d : T'— T be the derivation
induced by the generalized derivation T with respect to dg and dg; i.e.,

d< 6 ZL ) - < 5R(§T) gg@ >,f07“eachr € R,se S, ,andm € M.
In this case, we have the isomorphism,

L8] R[xa(SR] M[Z’,y;T]
rsa) = (R A ),

where R[x;dr] and S[y;dg] are differential polynomial rings over R and
S, and M{[z,y; 7] is an (R[x;dr], Sly; 0s])—bimodule which satisfying,

I. M(x,y; ] contains M as an (R,S)—subbimodule.

II. For each m € M, we have xm = my + 7(m).

III. Each element p € M|z, y; 7] is uniquely written as:
p = mg+m1y+m2y2+--~+mkyk, with mj € M, 1 < j <k and
y € Sly; os].

0 s )

Proof. We have T' C T'[0;4] and that e = Fyj1,e’ = Fa9, are idempo-
tents. For each < 8 ZL ) € T, and each positive integer n,

6’( 6 TZ >9n€ = 5E220nE11 = 8E22 ZZ:O < Z )dk(EH)Hn_k

== SEQQEllen =0.
So, for each p € T'[0;§], we have,

e'pe =€ (), < 78 T’;: ) 6 = o€ ( 78 ml ) Pte = 0.
So, we have,
€'T[0;6]e = 0, and by Proposition 4.3,

o~ TIO;dle eT[6;d]e
TWQ:( 0 e’T[e;d]>

So T'[#;d] is isomorphic to a generalized triangular matrix ring. Next,
we show that

T[0;d)e = R[z;dRr],e'T[0;d]) = Sly; ds].

We have the following computations:
fe = Ey11 € T[0;dle,n > 0;

0"e =>7_, < Z > d¥(E1)0" % = E110™ = ef™; and similarly,

ene/ — e/gn;
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rE11 = rEne € T0; de.

So, REy C T[0;d]e.

Now, the map ® : R — T'[f;d]e, given by ®(r) = rEj1, is a ring homo-
morphism. If y = fe, then we have,

y@(r) =0FE11rEy1 = 0rE1 = TE119+5R(T)E11 = T‘E11E119—|—5R(7‘)E11 =
TEHGEH + 5R(T‘)E11 = (P(T)y + (I)((SR(T)).

So, by Lemma 4.1, there exists a unique ring homomorphism,

U : R[z; 0] — T10;d]e

such that,
U(r) = rE, for each r,
U(z) = Oe,

Uy ') =, riEn(fe) = riEn 6.

Now, we show that W is a bijection.

Assume that ¥(}", 72") = 0. So, Y, riE110% = 0, and thus we have,
> riE11E110" = 0, and hence > riE110° = 0. Thus, for each 1,
riF11 = 0 and hence r; = 0, for each i. Therefore ), rizt = 0, and
¥ is injective.

Next, let pe = (>, 78 i
element ¢ = >, 72’ € R[x;dg]. We have,

\I/(q) = W(Zl Tiajl) = ZZ riEnH’EH = pe.

Therefore, ¥ is onto and hence R[z;dgr] = T'[0; d]e. By a similar method
we can show that there exists an isomorphism ¥’ : S[y; ds] — €'T'[6;d],
given by W'(3°.s;97) = 3 5jF22607, and that S[y; ds] = €'T[0; d].

Next, we take eT'[0;d]e’ as M[x,y; 7|, and that eT'[f;d]e’ is an

(T'[0; dJe, €'T[0; d])—bimodule. So, by the above isomorphisms, M|z, y; 7]
is an (R[z;dR], S[y; ds])—bimodule, by the following operations:

(5 7529 )(epe') = (S, 7509) (epe’).

So, we have,

(S S () 096 = (5, mBnde)epe’) = cqepe’, and

(epe') (32 s57) = (epe) W' (3 8597).
So, we have, '
(epe’) (22, s5y7) = (epe’) (32 5jEn2e'0?) = epe'q'e,

where p = >, 78 ZLZ 0, q = Zj riEy167e and ¢ = Zj sngge’Hj.
(]

So, Mz,y; ] is an (R, S)-bimodule, and for each m € M we have,
emE19¢/ = mEj9 € M[z,y;T].
Since M E2 is an (R, S)-bimodule, and consider M as mF2, then it is

0")E1; € T[f;dle. Now, consider the
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an (R, S)-subbimodule of M|[x,y;7]. Now, we have,

xm = fem = OmE12s = mE960 + T(m)E12 = mE12F20 + T(m)Elg =
me'0 + 7(m) = my + 7(m).

Next, we show that each element p € Mz, y;7] can be written as
Zf:o m;y® with m; € M. We have,

ry Mmy; i
p=En(Xr, ( 0 s > 0") Eaz

= E?:o En < 78 TZZ > B!

(]

=38 ymiEl = Y8 miEiaFanb

= Yiomi(¢) = S miy'.
Now, to show the uniqueness, it is enough to see that, if Zf:o miy' =0,
then m; = 0 for each ¢. So, we have,
0= Zf:o m;E12(e'0) = Zf:o miFE120". So, we have, m;F12 = 0. Thus,
for each i, m; = 0. Therefore, each element p € M|z, y; 7| can be written
as E?:o m;y with m; € M. Now, if we consider the identity mapping
id: M[z,y;7] — MJz,y; 7], then we have,
id(qp) = qp = Y(q)p = ¥(q)id(p), with ¢ € R[x;0r],p € Mz, y;0].
We have id(pq’) = pq’ = p¥'(¢’) = id(p)¥'(¢’), with ¢ € S[y; ds]. But,
id is bijective, and so id is a generalized module isomorphism related to
(¥, ¥’) and satisfies Lemma 2.6. So, we have,
T~ Te eTe \ . ( R[z;0r] Mlz,y;7] )

0 €T 0 Sly; 0s] ’

and the result follows. O

Notice that, by the isomorphism mentioned in Theorem 4.4, the ele-

z 0 . fe O r om
ment <0 y) is mapped to (O e’0> and <O s) to

T‘EH mE12
0 SE22
orem 4.4, 0 is corresponds to

< x 2 ) and the isomorphism restricted to <

) . Therefore in the isomorphism mentioned in the The-

0 0o S

M > is the identity.
Theorem 4.5. Let M be a unitary (R,S)-bimodule, 0 : R — R,
ds : S — S be deriwations, T : M — M be a generalized derivation and
Mz, y; 7| be as in Theorem 4.4. Let N be a unitary (R[z;0R], Sy; ds])-
bimodule and ¢ : M — N be an (R, S)-homomorphism such that for
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each m € M, xdp(m) = ¢(m)y + ¢or(m). Then, there exists a unique
(R[x;dR], S[y; ds])-bimodule homomorphism ® : Mlx,y;7] — N such
that ® |M: (;5

Proof. Define ¢ : < ]gb ]\,5{ > — ( R[x(;)(SR} S[;Y&S] >,given by

@(6 ZL> = (8 ¢(:1>).Wehavethat¢:MﬂNisagen—
eralized module homomorphism related to ig : R — R|x;dg], and
is : S — S[z;0g] with ig(r) = ryig(s) = s, for each r € R and s € S.

So, ¢ is a ring homomorphism and ( g 2 > € < R[x(;)5R] 5[15?755] )
We have,

(5 3)e(50)=(53) (5 )-
ar xp(m) \ _ ( re +6r(r) ¢(m)y + ¢(7(m))
0 ys 0 sy +ds(s)

<6 ¢<;“>)(g 2>+¢<6Rér) gézg _

rom z 0 rom
(5 )5y ) e ),

where d is the derivation induced by 7 on g ]\,5{ and
alm ") = Or(r) T(m) So, by Lemma 4.1, and the isomo
0 0s | = 0 ss(s) )5 y Lemma 4.1, an isomor-

phism in Theorem 4.4, we have the unique ring homomorphism defined
as:

" ( R[z;0p] Mlz,y;7] ) B ( Rlz;65] N >

0 Sly; ds] 0 Sly; 5]
z 0 xz 0
such that 1 | R M :go,and@Z)(O y>:<0 y>.So,we
0o S
have,
romo\ rm Y\ _ (1 ¢(m)
1/)<0 s>_s0<0 s>_<0 s )’
and hence

Y(E11) = E11,9(F22) = Eg. So, by Proposition 2.4, ¢ can be given by:
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[ @
Qp(o S02)7

where ¢1 : R[x;0r] — Rx;dr| and @2 : S[y;ds] — S[x;ds]| are ring
homomorphisms and ® : Mz, y;7] — N is the generalized module ho-
momorphism related to (¢1,p2). We have,

Y(rEn) = ¢1(r)Enn = rEy and ¢(sE») = @a(s)Ea = sEx.

We have that ¢ : Rz;dr] — R[z;Jg] is a ring homomorphism such that
v1(R) € R and ¢1(z) = . So, by Lemma 4.1 and the uniqueness, ¢
must be the identity, and by a similar argument o9 : S[y; ds] — S[y; ds]
is also the identity. Hence, we have,

®(q1p) = 1(q1)®(p) = (1 ®(p), and D(pg2) = P(p)p2(q2) = P(p)ge, for
q1 € R[z;0R], g2 € S[y; ds] and p € M[z,y;7]. So, P is a

(R[z; dR], S[y; ds])-bimodule homomorphism and we have,

(mE12) = ®(m)Ey2. Therefore, @ |yy= ¢. Now if &' : M[z,y;7] — N
is an (R[z;dR], S[y; ds])-bimodule homomorphism such that & |y= ¢.
Then, we consider the following mapping,

" ( R[z; 6] Mz, y; 7] ) . ( R[z;6r] N )

0 S[y; 0s] 0 Sly;ds]
/
given by ¢/ a P _ (@ ¥ . In this case, 1/ is a ring ho-
0 ¢ 0 @

momorphism and
o m Y\ [ ¢(m) (0 (=2 O
¢<0 s)_<0 s >’¢<Oy N0 y /)
So, by the uniqueness of 1) we must have ¢’ = v, and hence ® = P.
Therefore, ® is unique. O

Corollary 4.6. Let M be a unitary (R, S)-bimodule, 6 : R — R, g :
S — S be derivations and T : M — M be a (6r,0s)-generalized deriva-
tion and M|x,y; 7], M[z,y;7]|" be (R[z;dr], Sly; Is])-bimodule satisfying
conditions in Theorem 4.4. Then, there exists a unique
(R[z;0R], Sy; d5])-bimodule isomorphism,

A M[z,y; 7] — M[x,y; 7] such that A |py= Ins, where Iny is the iden-
tity mapping of M.

Proof. Consider ¢ : M — M|z, y; 7]’, with ¢(m) = m for each m € M.
Then, ¢ is an (R, S)-bimodule homomorphism such that.

zp(m) = xm = my + 7(m) = ¢p(m)y + por(m).

So, ¢ satisfies the conditions of Theorem 4.5, and hence there exists a
unique
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(R[x;0R], S[y; ds])-bimodule homomorphism A : Mz, y; 7] — M|z, y; 7]
such that A [p;= ¢ so A(m) = m, for each m € M. Similarly, by The-
orem 4.5, there exists a unique (R[x;dg], S[y; ds])-bimodule homomor-
phism A’ : Mz,y; 7] — M|z, y; 7] such that A’ [pr/= ¢ so A'(m) = m,
for each m € M. We have,

Ao (p) = Ao (mg +may + -+ + may®) = Ay A (ma)y?) =
ALy miy') = iy Alma)y' = S miy'

So, AoA’ = I and similarly A’'oA = I. Therefore, A is a bimodule isomor-
phism such that A(m) = m, for each m € M. The uniqueness follows
from Theorem 4.5. 0

By the proof of Corollary 4.6, we observe that the bimodule isomor-
phism A is defined by:
A(mo +may + - +mpy®) = mo +miy + - - - + mpyF.
We also observe that the bimodule M|z, y; 7] in Corollary 4.6, is unique
up to isomorphism. Therefore, we can define the following definition.

Definition 4.7. Let M be a unitary (R, S)-bimodule, g : R — R,
0s : S — S be derivations and 7 : M — M be a (dgr, ds)-generalized
derivation. We define Mz, y; 7] as:

I. M[z,y;7] is a unitary (R[z;0g], S[y; ds])-bimodule, which contains
M as an (R, S)-subbimodule.

II. For each m € M, we have xm = my + 7(m).

III. Each element of p € M|z, y; 7] is uniquely written as:
p=mo+myy+ - +my*, with m; € M, y7 € Sy;65], 1 < j < k.

If the module M{z,y; 7| exists, then by Corollary 4.6, it is unique up
to isomorphism and is called the module of differential polynomials over
rMsg.

By Theorem 4.4, for each (R, S)-bimodule M and generalized deriva-
tion 7 on M, the module M [x,y; 7| exists.

Let R be a ring and § : R — R a derivation. Consider R as an
(R, R)-bimodule. Then, the differential polynomial module R[z, x;d], is
an (R[x;d], R[x;d])-bimodule, and satisfies the conditions in Definition
4.7. On the other hand, R[x;d] as (R[x;d], R[x;d])-bimodule, satisfies
the conditions in Definition 4.7, and so R|x, z; d] is isomorphic to R|x; ¢],
as (R[z;0], R[x;0])-bimodule, by Corollary 4.6.
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Some properties of the module of differential polynomials are similar
to those of the ring of differential polynomials, such as what follows next.

Lemma 4.8. Let Mlx,y;7] be the module of differential polynomials.
Then, for each m € M we have,

kN .
Fm = Zf:o ( ; ) i (m)yF,
for each 2* € R[x;6g], m € M, 7%(m) = m, and k > 0.

Proof. We proceed by induction on k. If K = 1, then zm = my+7(m) =
1\ .
Zil:O < 7 ) Tz(m)yl )

Assume that the result is true for £ < n. Now, we have,
2" Hm = 2"(am) = 2" (my + 7(m) = 2"my + 277 (m) =

(%o ( " > THm)y" )y + Yo ( ! ) Fi(r(m))y" Tt =
1
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