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Abstract� In this paper the numerical solution of the Cauchy

problem for the ordinary di�erential equations of arbitrary order

is considered� In this regard� the k�step Obrechko��s method is

investigated� In a recent work� the maximal value degree for the

k�step Obrechko��s method was found and the natural conditions

on its coe�ecients were de�ned� Taking this result into account�

the convergence of the multi�step method depends on its stabil�

ity� Here we de�ne maximal value of the degree for stable and

nonstable k�step Obrechko��s method of explicit� implicit and

forward�jumping types� These results are developments of some

results due to G� Dahlquist� Iserles and Norest�
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Introduction�

As it is known� in solving many applied problems� usually there appears

the necessity of �nding the solution of the Cauchy problem for the ordi�

nary di�erential equations� For this aim either one or multi�step meth�

ods or their combinations are used� One of the basic questions for their

using is in determination of their accuracy� This question is answered in

the work of N�S�Bakhvalov� for the explicit stable k�step method with

the constant coe�cients for k � �	 
see ���
 and in Dahlquist�s work for

the implicit stable k�step method with the constant coe�cients and for

the stable explicit method� when k is arbitrary� As k�step method is

applied to the numerical solution of the �rst order ODE� but for the nu�

merical solution of ODE of second order usually it is used k�step method

with the second derivative� The maximal accuracy of the stable k�step

method with the second derivative is determined in ���� This result was

obtained in ��� by di�erent ways� Note that the k�step methode with

the second derivative� as the numerical method for the solution of the

ODE is investigated by many authors 
see� for example ���� ���
�

Works� devoted to the numerical solution of ODE of orders more

than � are considerably few� So the k�step Obrechko��s method which

can be used� as the numerical method for solving any order ODE is

investigated here�

The k�step Obrechko��s method with the constant coe�cients may

be written as�

kX
i��

�iyn�i �
rX

j��

hj
kX
i��

�
�j�
i y

�j�
n�i� 
�


This method for r � � was investigated in ��� and maximal value of the

degree for the A�stable methods is found there� It is evident that the

method 
�
 can be applied for determination of numerical solution of
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the problem����y
�j� � f

�
x� y� y�� � � � � y�j���

�
� 
j � �� �� � � � � r
�

y
x�
 � y�� y
�v�
x�
 � y

�v�
� 
v � �� � � � � j � �
�


�


It is easy to show� that if j � �� then for determination of the

numerical solution of the problem 
�
� any method of the type 
�
 can

be used and in this case it is necessary to de�ne the solution of the system

of the di�erence equations 
hence using some methods for the calculation

y�
x
� y��
x
� � � � � y�j���
x
 on the point xm
m � 	

� Convergence and

e�ectiveness of such methods are investigated in ����

In order to determine the maximal accuracy of the stable method�

which is obtained from 
�
 all over again� one can de�ne the maximal

accuracy of the method 
�
� regardless of its stability�

�� The maximal value of the degree of the k�step Obrechko��s

method�

Usually the concept of the accuracy of a multistep method is concerned

with the concept of its order�

De�nition �� The method 
�
 is said to have the degree p� if for

any smooth function y
x
�

kX
i��

���iy
x� ih
�
rX

j��

hj�
�j�
i y�j�
x� hi


�	 � O
hp��
� h� 	�


���


It is not di�cult to de�ne� that the maximal order of the accuracy for

the method 
�
� coincides with the maximal value of its degree p 
see�

for exam� ���� ���
� Therefore we shall make busy ourselves with the

determination of the maximal value of the degree p� both for stability

and for nonstability method� which is received from 
�
� Consider the

next lemma�
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Lemma� Let y
x
 be a su�ciently smooth function� Then for im�

plementing relation ������ the necessary and su�cient condition is the

following����
Pk

i�� �i � 	 �
Pk

i��
iv

v�
�i �

Pv
j��

Pk
i��

ij��

�j����
�
�v���j�
i � 
v � �� � � � � r
�Pk

i��
ir�l

�r�l��
�i �

Pr
j��

Pk
i��

ir�l�j

�r�l�j��
�
�j�
i � 
l � �� � � � � p� r
�


���


For the proof of this lemma� it is su�cient to use the following ex�

pansions in 
���


y
x� ih
 � y
x
 �
pX

v��


ih
v

v�
y�v�
x
 �O
hp��
�

y�j�
x� ih
 � y�j�
x
 �
p�jX
v��


ih
v

v�
y�v�j�
x
 � O
hp�j���
� 
j � �� �� � � � � p


and linear independence of the system �� h� h�� � � � � hp�

The number of equations in 
���
 is equal to p � �� but the number

of unknowns is equal to 
r� �

k� �
� In order for the system 
���
 to

have the non�trivial solution� it must be p� � � rk � r� k � �� Hence�

p � r
k � �
 � k � �� From here it follows that pmax � r
k� �
 � k � ��

But the methods with the maximal orders usually are nonstable�

De�nition �� The formula 
�
 is called stable� if the modulus of

roots of the polynomial

�
�
 �
kX
i��

�i�
i

does not exceed �� and that the roots of modulus � 
one
 are simple�

The method is called stable� if the corresponding formula is stable�

Prior to de�ning the maximal value of the degree for the stable

method� which is received from 
�
� we shall consider the natural condi�

tions� that we put on coe�cients of the formula 
�
� Suppose that the

coe�cients of the formula 
�
 satisfy the following assumptions every�

where�
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A� The coe�cients �i� �
�j�
i 
i � 	� � � � � k� j � �� � � � � r
 are real and

�k �� 	�

B� The characteristic polynomials �
�
 and

	j
�
 �
kX
i��

�
�j�
i �i� 
j � �� � � � � r


have no common factor�

C� The degree of formula 
�
 satis�es the condition p � r and

	r
�
 �� 	� if 	�
�
 � � � � � 	r��
�
 � 	� otherwise 	�
�
 �� 	 and

p � r �

The necessity of the condition A is evident� Consider� the proof of

the necessity of the assumptions B�

Assume that the polynomials 	j
�
 and �
�
 have a common factor�

degree of which is not less than � 
one
� Then we can write



E
 
��
E
yn �
rX

j��

hj	�j 
E
y
�j�
n 
 � 	� 
���


where �
�
 � 

�
��
�
� 	j
�
 � 

�
	�j 
�
� 
j � �� � � � � r
� but E is

the operator de�ned by

Eyn � yn�� or Ey
x
 � y
x� h
�

From 
���
 we have

��
E
yn �
rX

j��

hj	�j 
E
y
�j�
n � 
���


It follows from here� that the formula 
�
 as a di�erence equation

with the order k is equivalent to the di�erence 
���
 with the order

k�� where k� � k� i�e� to the di�erence equation with the lower order�

Consequently� for the determination of unique solution of the di�erence

equation 
�
� it is su�cient to assign the initial values on the �rst k�
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points� But� as it is known� in this case the solution of di�erence equation

of order k � k�� will be nonunique� The contradiction� which has been

obtained� demonstrates the necessity of the condition B�

Now let us prove the necessity of the condition C� Suppose� that the

method which is determined by the formula 
�
 is convergent� Then we

can write

jyn�i � y
x
j � 	 when h� 	 
x � x� � nh
� 
���


here y
x
 is exact and yn is approximate values of the solution of problem


�
� calculated by the method� which is determined from the formula 
�
�

If we substitute 
���
 in 
�
� then we will have

jy
x
j �


 kX
i��

�i


 � �

kX
i��

j�ij�O
h
� 
���


Taking this into account y
x
 �� 	 and going over to the limit in


���
 when h� 	� we obtain� �
�
 � 	� From the �
�
 � 	 we can write

�
�
 � 
�� �
��
�
� Then from 
�
 we receive

��
E

yi��� yi
� h	�
E
y
�
i � O
h�
� 
���


Summarizing 
���
 over i from 	 to n� we have

��
E

yn��� y�
 � 	�
E

nX
i��

hy�i �O
h
� 
���


Put Fn �
nP
i��

hy�i and consider yn�i � y
x
� yi � y
x�
�

Fn�i �

Z x

x�

y�
s
ds 
i � 	� �� � � � � k
�

Hence

��
�

�
y
x
� y�

�
� 	�
�


Z x

x�

y�
s
ds� 
���


Consequently ��
�
 � 	�
�
�
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For 

�
 � � taking into account in the correlation 
���


�
�
 � �
�
 � ��
�

�� �
 �
�

�
���
�

�� �
� � O

�

�� �
	

�
�

	�
�
 � 	�
�
 � 	��
�

�� �
 � O
�

�� �
�

�
�

	�
�
 � 	�
�
 � O
�� �
�

and �
�
 � 	� ��
�
 � 	�
�
� and also
yi�� � yi

h
� y�i �

hy��i
�
� O
h�
 we

can write

�

�
���
�


�
yi�� � yi��

h
�
yi�� � yi

h

�
� 	��
�

y

�
i�� � y�i
� h

�
	�
�
�

h

�
��
�


�
y��i � O
h�
�

Hence

���
�

y�i�� � y�i
� �	
�
�
�

y

�
i�� � y�i
� h

�
�	�
�
� 	�
�


�
y��i �

h

�
���
�

y��i�� � y��i 
 � O
h�
�

Summing up the last correlation over i from 	 to n� we obtain

�
���
�
� �	��
�


�

y�i�� � y��
 �

�
�	�
�
� 	�
�


� nX
i��

hy��i �
h

�
���
�

y��n�� � y��� 
 � O
h
�


���	


Going over to the limit in 
���	
� when h� 	� we have

�
���
�
� �	��
�


�

y�
x
� y��
 �

�
�	�
�
� ��
�


� Z x

x�

y��
s
ds� 
����


Hence

���
�
 � �	��
�
 � �	�
�
� 	�
�
� 
����


Taking into account that ��
�
 � 	�
�
� the correlation 
����
 can be

written in the next form�

���
�
 � ��
�
 � �	��
�
 � �	�
�
� 
����
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Using the expansion

�
�
 � �
�
� ��
�

�� �
 �
�

�
���
�

�� �
� �

�

�
����
�

�� �
	 � O

�

�� �



�
�

	�
�
 � 	�
�
 � 	��
�

�� �
 �
�

�
	��� 
�

�� �


� � O
�

�� �
	

�
�

	�
�
 � 	�
�
 � 	��
�

�� �
 �O
�

�� �
�

�
�

		
�
 � 		
�
 �O
�� �
�

y
�j�
i�� � y

�j�
i

h
� y�j���i �

h

�
y�j���i �

h�

�
y�j�	�i �O
h	
 
j � 	� �


in the next expression

�
E
yi� h	�
E
y
�
i� h�	�
E
y

��
i � h			
E
y

���
i � O
h

 
����


we receive

��
�

yi�� � yi
 �
h

�
���
�


�
yi�� � yi��

h
�
yi�� � yi

h

�
�
h�

�
����
�


�
yi�	 � yi��

h
� �

yi�� � yi��
h

�
yi�� � yi

h

�
�h	�
�
y

�
i � h	��
�

y

�
i�� � y�i
 �

h�

�
	��� 
�


�
yi�� � yi��

h
�
yi�� � yi

h

�
� h�	�
�
y

��
i � h�	��
�

y

��
i�� � y��i 
 � h			
�
y

���
i � O
h

�

If we use ��
�
 � 	�
�
 and correlation 
����
� then we can write

����
�
 � ����
�
 � ��
�
 � �	��� 
�
 � �	
�
�
�
 � �	

�
�
�
 � �		
�
�
����


Note� that by realizations of the correlations 
����
 and 
����
 we

can obtain p � � and p � �� respectively�

It is obvious� that if we continue this process� before using in 
����


the expansion of y�r�i � then we will receive correlation similar to 
����


and 
����
� from which the relation p � r will follow�

Note� that for the receiving of above mentioned correlation we can



On the maximal degree of ��� �

use

�
�

ln�
�� �
�
�


�� �

�X
i��

Ci
�� �

i�

	�
�
 �
r��X
j��

	j
�

ln�

j �

�
�


�� �

p��X
j��

Cj
�� �

j �O

�

�� �
p

�
� �� ��

here

Cm �
mX
i��


��
i��
Cm�i

i� �
�

If the last condition is satis�ed then the formula 
�
 will have the

degree equal to p�

The second part of the assumption C� is concerned with the fact that

if 	�
�
 �� 	 and 	�
�
 � 	� then as it is obvious from the 
���
� method

will be divergent� which contradicts to the assumption�

But if we consider the case 	�
�
 � 	� 	�
�
 �� 	� and 	�
�
 � 	 then

as it is obvious from 
����
 convergence of the considered method will be

absent� since values of the function y�
x
 are involved into the method�

Other cases may be explained by analogy�

Note� that when the second part of the assumptions C is not realized�

then the method will be nonstable� what proves validity of the above

given reasons�

Frequently there arises the necessity to �nd relation between k and r�

i�e� between order of the k�step method 
�
 and order of the derivatives

of the function y
x
� used in 
�
� For the determination of the relation

between k and r� the formula can be written in the next form�

kX
i��

�iyn�i �
rX

j��

�jh
j

kX
i��

�
�j�
i y

�j�
n�i� 
����


here �j
j � �� � � � � r
 takes values 	 
zero
 or � 
one
�

It is clear that if �� � 	� then the method� which is determined by

the formula 
����
 cannot be stable� Therefore the notion of l�stability

introduced by G�Dahlquist will be used 
see �� p����
� for �� � �� � � � � �

�l�� � 	 and �� � ��
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De�nition �� Formula 
����
 is said to be l�stable� if the roots of

polynomials �
�
 are located within or on the unit circle and there is

not multiple root on the unit circle� except � � � multiplicity to l�

The method is called l�stable� if the corresponding formula is l�stable�

Relation between k and r may be written in the next form�

rX
j��

�jk � r or k �
rPr
j�� �j

�

If we consider the case �� � 	 and �� �� 	 then we receive well�

known method of Shtermer� In this case k � �� Now� we can consider

the maximal value of degree for the stable methods� received from the

correlation 
�
�

�� The maximal value of degree for the stable k�step

Obrechko��s method�

For the investigation of the maximal value of degree for the stable k�

step Obrechko��s method� consider in general form� i�e� not taking into

account property of explicitly of the considered method� which imposes

some limitation on coe�cients �
�l�
k 
l � �� � � � � r
� In general� property

of explicitly for formula 
�
 depends on its application� In particular� if

the formula 
�
 is applied to numerical solution of problem 
�
� then for

j � r formula will be explicit by �
�r�
k � 	 but for j � � formula will be

explicit by �
�l�
k � 	� 
l � �� � � � � r
�

Suppose� that j�
���
k j� j�

���
k j� � � �� j�

�r�
k j �� 	 and we shall now prove

a theorem� by which relation between p� k� and r can be determined�

Theorem �� Suppose� that the formula ��� has the degree p� stable

�k �� 	� Then

p �

���
k � �
r � � by even k and odd r�


k � �
r by odd k and even r�
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There exists stable formula with the degree p � 
k� �
r� � in the case�

when k is even and r is odd� but with the degree p � 
k��
r in the other

cases� for arbitrary k�

Proof� Taking into account condition of theorem �� we can write

�
E
yn�
rX

j��

hj	j
E
y
�j�
n � Chp��y�p���n 
h� 	
� 
���


Consider the special case and we put y
x
 � exp
x
 
see ���
� Denote

by the 
 � exp
h
� Then correlation 
���
 may be written in the next

form�

�


�
rX

j��

	j



ln 


j � C

 � �
p�� 

 � �
� 
���


Replacing by


 �

z � �



z � �

� z �



 � �




 � �

�

To use the next notation

R
z
 �

�
�

�

z � �


�k
�


 �

kX
i��

aiz
i�

Sl
z
 �

�
�

�

z � �


�k
	�


 �

kX
i��

b
�l�
i � zi 
l � �� � � � � r
�

in 
���
 we have� that

R
z
�
rX

j��

Sj
z


�
ln
z � �

z � �

�j
� C

�
�

z

�p�k��
� z �	�

From here we can write

R
z


�
ln
z � �

z � �

���
� S�
z
�

rX
j��

Sj
z


�
ln
z � �

z � �

�j��
� C

�
�

z

�p�k
� z �	�


���


Considering the following equalities�
ln
z � �

z � �

���
�

z

�
�

�X
i��

��i��z
���i��� 
��i�� � 	
� ln

z � �

z � �
� �

�X
i��

z���i���

�i� �
�
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in 
���
� then we have

R
z




z

�
�

�X
i��

��i��z
���i���

�
� S�
z
�

r��X
v��

�vAvSv��
z
 � C

�
�

z

�p�k
� z �	�


���


where

Av �

���
P�

s�l�� C
�l�
�s��z

���s��� for v � �l� ��P�
s�l C

�l�
�s z

��s for v � �l 
C�l�
m � 	� m � 	
�

Let the coe�cients of the formula 
�
 satisfy the condition A� B and

C� then we can write ak � 	� as �
�
 � 	�

If the condition of stability from the polynomial �
�
 carries over to

the polynomial R
�
� then we have�

�� R
z
 has not roots with the positive real parts�

�� R
z
 does not have the multiple roots on the imaginary axis

The coe�cient ak�� �� 	� as �
�
�
 �� 	�

It is clear� that the left�hand side of the relation 
���
 may be written

in the next form�

R
z




z

�
�

�X
i��

��i��z
���i���

�
� S�
z
�

r��X
v��

�vAvSv��
z
 �
�X
i��

Ciz
�i�


�


It is easy to determine� that to prove the theorem �� it will be nec�



On the maximal degree of ��� ��

essary to investigate consistency of the next system�

b
���
k �

�

�
ak���

b
���
k�� � �C

���
� b

���
k �

�

�
ak���

b
���
k�� � �C

���
� b

���
k�� � �

�C
���
� b

�	�
k �

�

�
ak�	 � ��ak���

b
���
k�	 � �C

���
� b

���
k�� � �C

���
	 b

���
k � ��C

���
� b

�	�
k�� � �

	C
���
	 b

�
�
k �

�

�
ak�
 � ��ak���


���


� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

b
���
� � � �

� �k���� ���X
v��

C
���
�v��b

���
�v�� � �

� �

� k� ���X
v��

C
���
�v��b

�	�
�v��

� �	 �

�
�k���

� ���X
v��

C
���
�v�	b

�
�
�v�	 � � � �� �

r�� �

�k�r

�X
v�� �r���� �

C
�� r� ��
�v b

�r�
�v � �

�
�k���

� ���X
v��

a�v����v��

with the following system C� � C� � � � � � C�r���k�r�� � 	�

The system 
���
 is received from the 


 by the comparison coe��

cients of the linearly independent system zj 
j � 	� � � � � k
�

Note� that the system 
���
 may be consistent� since the number of

the equations and unknowns are identical� 
It is not di�cult to prove�

that the system 
���
 is consistent
� Therefore we will investigate the

system C� � C� � � � � � C�r���k�r�� � 	� which can be written in the
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next form�

�

� k� �X
v��

C
���
�v��b

���
�v � �

�

� �k���� ���X
v��

C
���
�v��b

�	�
�v�� � �

	

� k� �X
v��

C
���
�v��b

�
�
�v � � � �

� � �� �r��

�k�r

�X
v� �r���

�

C
�� k� ��
�v��b

�r�
�v � �

� k� ���
���
kX

v��

a�v��v���

�

�k��� ���X
v��

C
���
�v�	b

���
�v�� � �

�

� k� �X
v��

C
���
�v��b

�	�
�v � �

	

� �k���� ���X
v��

C
���
�v�	b

�
�
�v�� � � � �

� � �� �r��

�k�r

�X
v� �r���

�

C
�� r� ��
�v��b

�r�
�v � �

� �k���� ���X
v��

a�v����v�	�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�

��k�l��
���
l

�

�X
v��

C
���

�v�l�����
l

b
���

�v�����
l

� ��

��k�l����
���
l

�

�X
v��

C
���

�v�l�������
l

b
�	�

�v�������
l

� � � �

� � �� �r��

��
�r�
k�l

��
���
l

�

�X
v��

C
�� r� ��

�v�l�����
l

b
�r�

�v�����
l

� �

�
�k��

���
l

�

� ������
l

�����
kX

v��

a�v�����
l

��v�l�����
l

�

� �

��
���
k�l��

��
���
l��

�

�X
v��

C
���

�v�l�������
l��

b
���

�v�����
l��

� ���

��
���
k�l��

����
���
l��

�

�X
v��

C
���

�v�l�������
l��

b
�	�

�v�������
l��

� � � �

� � �� �r�� �

��
�r�
k�l��

����
���
l��

�

�X
v��

C
�� r� ��

�v�l����
���
l��

b
�r�

�v�l��
���
l��

� �

�
�k��

���
l��

�

� ������
l��

�����
kX

v��

a�v�����
l��
��v�l�������

l��
�

The system which is received for k � �i may be divided upon two
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subsystems� The �rst of them can be written in the next form�

�

k
�X

v��

C
���
�v��b

���
�v � �

� �

�k���
�X

v��

C
���
�v��b

�	�
�v��� � � �

� � �� �r��

�k�r

�X
v�

�r���
�

C
�� r� ��
�v��b

�r�
�v � �

�k���
�X

v��

a�v��v��� 
���


� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�

k
�X

v��

C
���

�v�l�����r

b
���
�v � �

� �

�k���
�X

v��

C
���

�v�l�������r

b
�	�
�v�� � � � �

� � �� �r��

�k�r

�X
v�

�r���
�

C
�� r� ��

�v�l��
���
r

b
�r�
�v � �

�k���
�X

v��

a�v��v�l�������r
�

The second subsystem can be written in the next form�

�

�k���
�X

v��

C
���
�v�	b

���
�v��� �

��

k
�X

v��

C
���
�v��b

�	�
�v � � � �

� � �� �r��

�k�r

�X
v� �r���

�

C
�� r� ��
�v��b

�r�
�v � �

�k���
�X

v��

a�v����v�	� 
���


� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�

�k���
�X

v��

C
���

�v�l����
���
r

b
���
�v�� � �

�

k
�X

v��

C
���

�v�l����
���
r

b
�	�
�v � � � �

� � �� �r��

�k�r

�X
v� �r���

�

C
�� r� ��

�v�l����
���
r

b�	��v � �

�k���
�X

v��

a�v����v�l�������r
�
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where

�k�v �

���
�
v��
�

�
�
�
v��
�

�
� �

�
k��
�

�
� v � �j��

v��
�

�
�
�
v��
�

�
� �

�
k
�

�
� v � �j � ��

�
���
k�v �

���
�
v
�

�
�
�
v��
�

�
� �

�
k��
�

�
� v � �j � ���

v��
�

�
�
�
v
�

�
� �

�
k
�

�
� v � �j�

l � rk � k � r� �
�	�
j �

�
j � �

�

�
�

�
j � �

�

�
�

�
�
�
l�j �

����
�	�
l�j � r � �m 
	 � j � k
�

�� �
�	�
l�j � r � �m� ��

�
�r�
k�v �

����k�v� v � �n�

�
���
k�v� v � �n � ��

If we prove� that the system 
���
 or 
���
 is not consistent� then we shall

receive that the above mentioned system is not consistent�

Consider the �rst subsystem� In the system 
���
 number of the

equations will be equal to �ij � j � i � �� if we assume r � �j� It is

not di�cult to show� that in this case number of the unknowns will be

equal to �ij� j� i� It is easy to show� that the system for a�n � 	 
n �

	� � � � � k��
� will be consistent and in this case it has the trivial solution�

Now consider the second subsystem� In the considered case number

of the equations in the system 
���
 is equal to �ij � j � i� but number

of the unknowns is equal to �ij � j � i� �� If we consider� that ak�� �

a�i�� �� 	� then we shall receive� that the system 
���
 is not consistent�

Really� if we solve the system 
���
� then we have�

�	

�k���
�X
i��

a�i����i�	 � �


�k���
�X

i��

a�i����i�
 � � � �

� � �� �
l����

���
r

�k���
�X
i��

a�i����i�l�������r
� 	�

It should be noted that all the nonzero coe�cients ai 
i � 	� � � � � k�

�
 have identical sign�
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The received relation we write in the next form�

�k���
�X

i��

a�i���
i
 � 	�

here

�
i
 �

Z �

��
x�i��


l�������r

x


�
�� � ln�

� � x

�� x

���
dx�



l����

���
r

x
 � �	 � �
x

� � � � �� �
l����

���
r
xl����

���
r �

By the following notation

Fk
x
 � a�x
� � a	x


 � � � �� ak��x
k�

it can be writtenZ �

��
Fk
x

l�������r


x


�
�� ln�

� � x

�� x

���
dx � 	�

Hence� using parity of the integrant functions and the mean�value

theorem we haveZ �

�
Fk
x

l�������r


x
dx � 	 or Fk
�

Z �

��



l�������r


x
dx � 	�

If we denote by the

���
x
 � Fk
x

l�������r

x
� ���
x
 � 


l�������r

x


and consider Fk
�
 �� 	� then we shall have

��
�
 � 	� ��
�
 � ��
��
�

Then using Rolle�s theorem we obtain� that the polynomial 

l�������r


x


by ��
�
 �� 	 has l�����	�r roots� what is impossible� If ��
�
 � 	 then

granting ��
	
 � 	 we can writeZ �

�


l����

���
r

x
dx � 	�
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ThenZ �

�

�
Fk
x
� Fk
�

l�������r


x

�
dx �

Z �

�
F �
k
�k

x� �



l����
���
r

x
dx � 	�

Hence� it follows that �	
�
 �� 	 
��	
x
 �
�
x� �



l�������r

x


�
orZ �

�

x� �



l����
���
r

x
dx � 	�

If �	
x
 �� 	� then we have� that the function 
x� �


l�������r


x
 has

l�����	�r roots and consequently the system 
��
 is not consistent� But

if �	
�
 � 	� then using the relation Fk
x
 � Fk
�
 � F �
k
�

x � �
 �

F ��
k 
��



x� �
�

�
and above described procedure� then we can write

�

�
 �� 	 
�
�


x
 �

�
x��
�


l����
���
r

x


�
or

Z �

�

x��
�


l����
���
r

x
dx � 	�

Carrying on by the above�described scheme� we haveZ �

�

x� �
v


l�������r

x
dx � 	 
v � 	� �� �� � � � � k


or �k
�
 �� 	� Here ��k
x
 � 
x � �
k

l�������r


x
� If �k
�
 �� 	 then

system 
���
 is not consistent� But if �k
�
 � 	� then using the last

relation we can write Z �

�
�
x



l����
���
r

x
dx � 	�

where �
x
 polynomial of the degree which cannot be more than k�

Obviously� that the received correlation was put on any limitation

to coe�cients �j 
j � �� �� � � � � l � � � ��	�r 
 which inadmissible� since

they are determined by the solving system 
���
� Particularly� if r � ��

then we have l � � � ��	�r � k� Naturally in this connection we may

put �
x
 � 
k
x
� It is clear� that the received relation is not correct�

Obviously� that the functions Fk
x
 and �
x
 has the di�erent properties

and therefore they can not coincide� Consequently� the system 
���
 is

not consistent� Hence we received� that p�k � rk�r�k or p � r
k��
�
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But if we suppose� that a�i�� changes its sign� then maybe Fk
�
 � 	�

Naturally in this connection the system 
���
 may be consistent�

Suppose� that k � �i and r � �j � �� In this case number of the

equations in the systems 
���
 and 
���
 coincides and equals to �ij �

j � �i� It is clear� that the system 
���
 may has the trivial solution�

Hence one must they consistent it�

Therefore consider the second system� in which the number of the

unknowns is equal to �ij� j � �i� �� Consequently� the system 
���
 is

not consistent� since the number of the equation in that system is equal

to �ij � j � �i� Thus we received

p� k � l� � � rk � r � k � � or p � r
k� �
 � ��

Note� that in the case k � �i and r � �j the last equation in the

system 
���
 received as the coe�cient z��l���� since l is even� Therefore

the indicated equation can be written in next form�

�C���
l��b

���
� � �C���

l�	b
���
� � � � � �

In this case the last equation of the system 
���
 can be written in

the following form�

�C���
l��b

���
� � �C���

l�	b
���
	 � � � � �

Now consider the case� when k � �i� �� that is k is odd� Suppose�

that r � �j� Then the number of the equations in the system 
���
 will

be equal to �ij� i��� But number of the unknowns is equal to �ij� i�

Taking into account� that a�r�� �� 	 can be predicated� then the system


���
 is not consistent� In this case we may show� that the system 
���


will be consistent� Consequently�

p� k � l or p � 
k � �
r�

Using above mentioned scheme we can prove� that also in the case�

when k � �i� � and r � �j � �� the system 
���
 is not consistent� but
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the system 
���
 is consistent� Consequently�

p � 
k � �
r�

After the combination of all the above�mentioned cases� we receive

statement of the theorem�

Thus� we take for granted the theorem �� Now consider the case�

when �
�j�
k � 	 
j � �
�
r
� that is investigate the formula� used in

the problem 
�
� which is explicit for all the values of the parameter j�

The maximal value for the degree of the stable explicit method may be

established by the next theorem�

Theorem �� Suppose� that the formula ��� is stable for �
�j�
k �

	 
j � �� � � � � r
� has the degree p and �k �� 	� Then p � rk� There exist

stable formulas with the degree p � rk for the arbitrary k�

Proof� Taking here exactly the same way� as in theorem �� we receive

the systems similar to the systems 
���
 and 
���
�

It should be noted� that these systems can not have trivial solution�

since in this connection it is received� that the unknowns ��j�i 
i �

	� � � � � k � �� � � j � r
 for every �xed j can be determined from the

system� which consists of the k�� equations� It may be proved� that in

this case these systems will not be consistent� Consider the case k � �i�

Then the system similar to the systems 
���
 and 
���
 can be written
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in the next form�

�

k
�X

v��

C
���
�v��b

���
�v � �

�

�k���
�X

v��

C
���
�v��b

�	�
�v�� � � � �

� � �� �r��

�k�r

�X
v�

�r���
�

C
�� r� ��
�v��b

�r�
�v � �

�k���
�X

v��

a�v��v���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �


���


�

k
�X

v��

C
���
�v�l��b

���
�v � �

�

�k���
�X

v��

C
���
�v�l��b

�	�
�v�� � � � �

� � �� �r��

��
�r�
k�l��

��
���
l��

�

�X
v� �r���

�

C
�� r� ��

�v�l�������
l��

b
�r�

�v�����
l��

� �

�k���
�X

v��

a�v��v�l���

where l � 
r� �
k� The second system has the following form�

� �

�k���
�X

v��

C
���
�v�l��b

���
�v�� � �

��

k
�X

v��

C
���
�v��b

�	�
�v � � � �

� � �� �r�� �

�k�r

�X
v� �r���

�

C
�� r� ��
�v��b

�r�
�v � �

�k���
�X

v��

a�v����v���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �


���


� �

�k���
�X

v��

C
���
�v�l��b

���
�v�� � �

��

k
�X

v��

C
���
�v��b

�	�
�v � � � �

� � �� �r�� �

��
�r�
k�l

��
���
l

�

�X
v� �r���

�

C
�� r� ��

�v�l��
���
l

b�r�
�v��

���
l

� �

�k���
�X

v��

a�v����v�l���

In the system 
���
 number of the equations is equal to 
r � �
 i �

�� but the number of the unknowns is independent of the property of

parity of r and equals to 
r� �
i� Consequently� the system 
���
 is not

consistent�
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In the system 
���
 number of the equalities is equal to 
r� �
i� but

number of the unknowns equals to 
r��
i��� since one of the unknowns

is determined by the coe�cient z�� Hence� it follows that

p� k � l or p � kr
�
l � k
r � �


�
�

This theorem for k � �i�� is proved analogously to the case k � �i�

If we apply the theorem to formula 
����
� then we shall receive the

following theorem�

Theorem �� Suppose that the formula ����	� is stable� has the

degree p and �k �� 	� Then

p � 
k � �

rX

j��

�j � �� 
pmax � 
k � �

rX

j��

�j � �
�

There exists stable formula with the degree p � pmax for k � �i

and r � �v � �� but in other cases there exists stable formula with the

degree p � pmax � � and does not exist stable formula with the degree

p � pmax � ��

It is not di�cult to determine� that if there exists stable formula

with the degree p � 
k � �
r � �� then it must be in the class of the

forward�jumping formulas�

Really� if we consider forward�jumping formula in the next form�

k�mX
i��

�iyn�i �
rX

j��

hj
kX
i��

�
�j�
i y

�j�
n�i� 
���	


then the theorem � can be formulated in the next form�

Theorem �� Suppose� that the formula �
���� is stable� has the

degree p and �k�m �� 	� Then

p � 
k � �
r �m�

There exist stable forward�jumping formulas with the degree p � 
k�

�
r�m� � for k � �i � �m� r � �j and k �m � �v � ��
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In other cases there exist stable forward�jumping formulas with the

degree p � 
k � �
r �m for k � �m if the property parity of k and m

is identical and for k � �m� � if the property parity of k and m is not

identical�

Proof� Behaving here in exactly the same way� as in theorem � and

multiplying the polynomial �


 and 	l


 to
��
�

z � �


�k�m
� we receive

the next system� consistency of which is questionable

mX
v��

d���v �
���
k�m�v � �

�
�k�m�

� �X
v��

C
���
�v��b

���
�v��

�

�
�k�m���

� ���X
v��

C
���
�v��b

�	�
�v��� � � �

� � �� �r��

�k�m�r

�X
v� �r���

�

C
�� r� ��
�v��b

�r�
�v � �

�
�k�m�

� �X
v��

a�v��v���

mX
v��

d���v �
���
k�m�v � �

�
�k�m���

� ���X
v���

C
���
�v�	b

���
�v����

�

�
�k�m�

� �X
v��

C
���
�v��b

�	�
�v � � � �

� � �� �r��

�k�m�r

�X
v� �r���

�

C
�� r� ��
�v��b

�r�
�v � �

� �k�m���
� ���X
v��

a�v����v�	�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

mX
v��

d�l�v �
���
k�m�v � �

�k�m�l

�X
v�� �l���

�

C
���
�v�lb

���
�v��

�

�
���
k�m�l
�X

v�� �l���
�

C
���
�v�lb

�	�
�v � � � �

� � �� �r��

�
���
k�m�l

�X
v���l�r���

�

C
�� r� ��
�v�lb

�r�
�v � �

�
�k�m��

���
l

�

� ������
l

�����
k�mX

v��

a�v�����
l

��v�l�����
l

�

mX
v��

d�l���v �
���
k�m�v � �

�k�m�l��
�X

v�� l
�

C
���
�v�l��b

���
�v��

�

�
���
k�m�l��

�X
v�� �l���

�

C
���
�v�l��b

�	�
�v � � � �

� � �� �r��

�
���
k�m�l��

�X
v�� �l�r�

�

C
�� r� ��
�v�l��b

�r�
�v � �

�
�k�m��

���
l��

�

� ������
l����

���
k�mX

v��

a
�v��

���
l��
�
�v�l����

���
l��
�
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where l � �m�kr�k�r��� This system is divided into two subsystems�

The �rst of them for k � �i and r � �j can be written in the next form�

mX
v��

d���v �
���
k�m�v �

� �k�m�
� �X

v��

C
���
�v��b

���
�v��

�

� �k�m���
� ���X
v��

C
���
�v��b

�	�
�v�� � � � �

� � �� �r��
� �k�m�

� �X
v� r

�

C
�� r� ��
�v��b

�r�
�v � �

� �k�m�
� �X

v��

a�v��v���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �


����


mX
v��

d���v �
���
k�m�v � �

�
�k�m�

� �X
v�� �l���

�

C
���
�v�lb

���
�v��

�

�
�k�m���

� ���X
v�� �l���

�

C
���
�v�l��b

�	�
�v�� � � � �

� � �� �r��
� �k�m�

� �X
v�� l�r��

�

C
�� r� ��
�v�lb

�r�
�v � �

� �k�m�
� �X

v��

a�v��v�l�

Number of the equations in the system 
����
 is equal to �ij�i�j�m�

But number of the unknowns depends on parity k �m� If k �m � �n�

then number of the unknowns is equal to �ij � i� j �m�

Consequently� the system 
����
 may be consistent� But if k �m �

�n � �� then quantity of the unknowns in the system 
����
 is equal to

�ij � i� j � m� �� It is obvious� that the system 
����
 can not have

the trivial solution� since in this connection ����k�m�v � 	 
v � �� � � � � m
�

It may be proved� that the mentioned system has not trivial solution


which identically di�erent from zero
� Consequently� the system 
����


is not consistent� Then we have

p� k �m � �m� rk � k � r � � or p � 
k � �
r �m� ��

If we consider the case k � �i and r � �j� �� then the last equation

in the system 
����
 can be written in the next form�

mX
v��

d�l���v �
���
k�m�v � �C

���
� b

���
��l��� � � � � �
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In this case number of unknowns in the system 
����
 for k�m � �n

or for k �m � �n� � is equal to �ij � j � �i�m� �� but the number

of equation is equal to �ij � j � �i�m� ��

As it was proved above� here we can prove� that the system 
����
 is

not consistent� Consequently�

p� k �m � l � � or p � 
k � �
r �m�

Now consider the case k � �i and r � �j� when the system 
����


is consistent� In this case the second subsystem is written in the next

form�

mX
v��

d���v �
���
k�m�v �

� �k�m���
� ���X
v���

C
���
�v�	b

���
�v����

�

� �k�m�
� �X

v��

C
���
�v��b

�	�
�v � � � �

� � �� �r��
� �k�m���

� ���X
v� �r���

�

C
�� r� ��
�v�	b

�r�
�v�� � �

� �k�m���
� ���X
v��

a�v����v�	�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �


����


mX
v��

d�l���v �
���
k�m�v � �

� �k�m���
� ���X

v�� �l���
�

C
���
�v�l��b

���
�v����

�

� �k�m�
� �X

v�� �l���
�

C
���
�v�l��b

�	�
�v � � � �

� � �� �r��
� �k�m���

� ���X
v�� l�r��

�

C
�� r� ��
�v�lb

�r�
�v�� � �

� �k�m���
� ���X
v��

a�v����v�l���

Number of the equations m the system 
����
 for k�m � �n is equal

to �ij�j�i�m� but number of the unknowns is equal to �ij�j�i�m���

We can prove� that the system 
����
 in this case is not consistent�

Hence� it follows that

p � 
k � �
r �m�

Now consider the case� when the systems 
����
 and 
����
 are consis�

tent� In order for the consistency of the systems 
����
 and 
����
 to be

followed by consistency of the initial system� the unknowns ����k�m�v
v �
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�� � � � � m
� found from these systems� must be equal to each other� in gen�

eral this question depends on parity k and m� If k and m are even or

odd simultaneously� then degree of the stable forward�jumping formula

has the maximal value for k � �m otherwise for k � �m� ��

Consider the case� when in the system 
����
 �� � 	� It is clear� that

the formula 
����
 can not be stable� Because in this case we use the

notation of ��stability� If to consider the case �� � �� � � � � � �l�� � 	

and �l �� 	� then we use the notation of l�stability� It is not di�cult

to prove� that there exists l�stable method determined by the formula


����
� For this aim consider the next theorem�

Theorem �� Let the formula ����	� has the degree p� is l�stable�

ak �� 	 and �� � � � � � �l�� � 	� �� � 	� Then there exists l�stable

formula with the degree p � 
�l � � � �� �r

k � �
 � l in the case� when

k � �i� r � �j� l � �v or k � �i� r � �j��� v � �i��� In the other cases

there exist l�stable formulas with the degree p � 
�l�� � ���r

k��
�l���

Under solving some problems� it is useful to determine beforehand

the sign of the coe�cients ��j�k 
j � �� � � � � r
� and also the relation be�

tween them� For example� in using of two sided methods� just as in

construction of the new methods having Obrechko��s type there arises

the question on determination of the sign of some coe�cients� For this

aim consider the next theorem�

Theorem �� Suppose� that the formula ��� is stable� has the degree

p� which got a maximal value and �k � 	� Then

�
�j�
k � 
��
j��lj
lj � 	
� j�

�m�
k j � j��m���

k j 
m � �� � � � � r��� j � �� � � � � r
�

But if ��v�k �� 	� ��v���k � � � � � �
�v�s�
k � 	� �

�v�s���
k �� 	� then

�
�v�
k �

�v�s���
k � 	 and j��v�k j � j��v�s���k j�

Let ����k � �
���
k � � � �� �

�s���
k � 	 and �

�s�
k �� 	� Then �

�s�
k � 	�



On the maximal degree of ��� ��

As it is obvious from the formulation of the theorem �� here the

maximal value of the degree for formula 
�
 is taken� in every considered

cases� For example� pmax � � in the case r � �� k � � and �
���
k � 	�

Note� Below we reduced some concrete methods constructed by

author several times

yn�� �
��yn � h
fn�� � �fn�� � �fn


��

r � �� k � �� p � �


�
local trun� err�h
y�
�n ��� � O
h



�
�

yn�� �
�yn�� � ��yn

��
�
h
fn�	 � ��fn�� � ��fn�� � �	fn

��

r � �� k � �� p � �


�
local trun� err�� ��h�y���n ����	� O
h�


�
�

yn�� �

���yn�� � �	�yn


���
�
h
���fn�	 � �����fn�� � ����fn�� � ���	fn


�����

�
h�
��gn�	 � ��	gn�� � ����gn�� � ��gn


����

r � �� k � �� p � �


�
local trun� err��	�h��y����n ��������		�O
h��


�
�

here g
x� y
 � f �x
x� y
 � f �y
x� y
f
x� y
� y
� � f
x� y
�

It is noted� that there are concrete methods for which theorem � is

correct in the case� when the value of the degree of the stable methods

is less than maximal�

Obrechko��s method that is the formula 
����
� in more general form

was investigated for r � � and arbitrary k� in ����
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Abstract� It is shown that the quadratic graph Q�	��k� �con�

sisting of 	 cycles of length �k� has an ��valuation �a stronger

form of the graceful valuation� for every positive integer k� Fur�

thermore� additional results are obtained from the main theorem

of this paper�

�� BASIC DEFINITIONS

Let G � 
V�E
 be a graph with m � jV j vertices and n � jEj edges�

By the term graph� we mean an undirected �nite graph without loops

or multiple edges� All parameters in this paper are positive integers� A

graceful valuation 
or ��valuation
 of a graph G � 
V�E
 is a one�to�

one mapping � of the vertex set V 
G
 into the set f	� �� �� � � � � ng with
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this property� If we de�ne� for any edge e � fu� vg � E
G
� the value

��
e
 � j�
u
��
v
j then �� is a one�to�one mapping of the set E
G


onto the set f�� �� � � � � ng�

A graph is called graceful if it has a graceful valuation� An ��

valuation 
or ��labeling
 of a graph G � 
V�E
 is a graceful valuation

of G which satis�es the following additional condition� There exists a

number �
	 � � � jE
G
j
 such that� for any edge e � E
G
 with end

vertices u� v � V 
G
�min��
u
��
v
�� � � max��
u
��
v
��

The concept of a graceful valuation and of an ��valuation were intro�

duced by Rosa ���� Rosa proved that� if G is graceful and if all vertices

of G are of even degree� then jE
G
j � 	 or � 
mod �
� This implies

that if G has an ��valuation and if all vertices of G are of even degrees�

then jE
G
j � 	 
mod �
 
G is bipartite
� In ��� it is also shown that

these conditions are also su�cient if G is a cycle� The symbol Cm will

denote a cycle on m vertices� Abrham and Kotzig ��� proved that Rosa�s

condition is also su�cient for ��regular graphs with two components�

A snake is a tree with exactly two vertices of degree �� In ���� it was

proved that every snake has an ��valuation� A snake with n edges will

be denoted by Pn�

A detailed history of the graph labeling problem and related results

appears in Gallian ������ One of the results of Abrham and Kotzig should

be mentioned here� If G is a ��regular graph on n vertices and n edges

which has a graceful valuation � then there exists exactly one number

x
	 � x � n
 such that �
v
 �� x for all v � V 
G
� this number x is

referred to as the missing value of the graceful valuation����

A quadratic graph Q
r� s
 is a graph with r components� each of which

is an s�cycle�

Here are some of the results published in the references�

�� A Q
�� s
�graph 
i�e� an s�cycle
 is graceful if and only if s � 	

or � 
mod �
� It has an ��valuation if and only if s � 	 
mod

�
 ����
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�� A Q
�� s
�graph has an ��valuation if and only if s is even and

s � � ����

�� A Q
�� �k
�graph has an ��valuation for each k � �� The

Q
�� �
�graph does not have an ��valuation but it is graceful

����

�� A Q
r� �
�graph is graceful if and only if r � �� A Q
r� �
�graph

is not graceful for any r ����

�� A Q
r� �
�graph has an ��valuation ����

�� TRANSFORMATIONS OF LABELINGOF A GRAPH

The transformations presented below are used extensively in this paper�

��� Transformation Type �

Lemma �	 
Abrham � Kotzig ���
 Let r be a non�negative integer and

let s be an odd integer� s � �k � �� Then Ps has an ��valuation � with

endpoints labeled w and z that satis�es the conditions z�w � k�� and

w � r�
w�l�o�g�� we assume that w � z��

Suppose that we have two series of vertex labels as follows where 	 �

n� n�k � �r and �r�� � m�m�k � �r�� and j�r���
m�n�k
j � ��

� � � � n n� � n� 
 � � � � � � n� k � 
 n � k� � n� k � � � 
r

� � � � � � � �

� � � � � � � �

�r�� � � � m�k m�k�� m�k�
 � � � � � � m�
 m�� m � � � 
r��

Figure �	 Arrangement of vertex labels in transformation type �

We apply the transformation type � to the vertex labels 
n� n � �� n �

�� � � � � n � k � �� n � k � �� n � k
 and 
m�m � �� m � �� � � � � m � k �

�� m� k � �� m� k
 by choosing the vertices w� and z� as end points in

the following steps�

Step�� First we modify the vertex labels as follows�
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�
 From each label 
n� n� �� n� �� � � � � n� k� �� n� k� �� n� k


subtract n�

�
 From each label 
m�m��� m��� � � � � m�k��� m�k��� m�k


subtract m� 
k � �


Step�� According to Lemma �� we construct an ��valuation for the snake

P�k�� on the new labels� with end vertices having labels w and z such

that 	 � w � k and k � � � z � �k� � and z � w � k � ��

Step�� Now if we modify again the new values to the original values

in the following way�

�
 Add n to each new label 
	� �� �� � � � � k� �� k � �� k
�

�
 Addm�
k��
 to each new value 
k��� k��� � � � � �k��� �k� �k�

�
�

Then the end vertices of P�k�� will be labeled w
� � w�n and z� � z�m�


k��
 and the edge values will be m�n�k�m�n�k��� � � � � m�n�k�

��� Transformation Type �

Lemma �	 
Abrham � Kotzig ���
 Let r be a non�negative integer and

let s be an even integer� s � �k� Then Ps has an ��valuation � with

endpoints labeled w and z that satis�es the conditions z � w � k and

w � r�
w�l�o�g�� we assume that w � z��

Suppose that we have two series of vertex labels as follows where 	 �

n� n�k � �r and �r�� � m�m�k��� �r and j�r���
m�n�k
j � ��

� � � � � � � n n � � n� 
 � � � � � � n� k� 
 n� k� � n� k � � � 
r

� � � � � � � �

� � � � � � �

�r � � � � � � m�k� � m�k�
 � � � � � � m�
 m�� m � � � 
r��

Figure �	 Arrangement of vertex labels in transformation type �
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We apply the transformation type � to the vertex labels 
n� n � �� n �

�� � � � � n�k��� n�k��� n�k
 and 
m�m��� m��� ����m�k���m�k��


by choosing the vertices w� and z� as end points in the following steps�

Step�� First we modify the vertex labels as follows�

�
 From each label 
n� n� �� n� �� � � � � n� k� �� n� k� �� n� k


subtract n�

�
 From each label 
m�m � �� m � �� � � � � m � k � �� m � k � �


subtract m� 
k � �


Step�� According to Lemma �� we construct an ��valuation for the snake

P�k on the new labels� with end vertices having labels w and z such that

	 � w � 
k��
 � z � k and z � w � k�

Step�� Now if we transform again the new values to the original val�

ues in the following way�

�
 Add n to each new label 
	� �� �� � � � � k� �� k � �� k
�

�
 Add m� 
k��
 to each new value 
k��� k��� � � � � �k� �� �k
�

Then the end vertices of P�k will be labeled w� � w � n and z� � z and

the edge values will be m� n � k�m� n� k � �� � � � � m� n� k � ��

�� BASIC THEOREM

Theorem �	 The quadratic graph Q�
��k� has an ��valuation for all

k � ��

Proof	 The missing value of the ��valuation of this graph is �k� Now

let us assume k � �� The vertices of the �rst C
k will be ��k� ��k� �k�

�� ��k� �� �k� �� ��k� �� � � � � �k� �� ��k� �� �k� �� ��k� �k� �� ��k�

�� � � � � �	k� �� �	k��� �	k� �	k� ��� this yields the edge values �k� �k�

�� �k � �� �k � �� � � � � �k � �� �k � �� �k� ���� �� �� �� Next we will describe

the labeling of the second C
k� The successive vertices will be labeled
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as follows�

���k��� �k� ��k� �k��� � � � � ��k��� �k��� ��k��� �k��� ��k� �k� � � � � ��k�

�� �k � �� ��k � �� �k � ��� The edge labels of this C
k will be then

�k � �� �k� �k� �� � � � � �k� �� �k� �� �k� �� �k� �� �k� �� �k� � � � � �k�

�� �k� �� �k� ��

The third C
k will be labeled in three stages as follows�

I� Form the snake 
�k� �� ��k��� �k� �� ��k��� �k� �� � � � � �k�

�� ��k� �� �k� �� ��k� �k� �� ��k� �� �k� �� ��k��� � � � � ��k�

�� �k � �� ��k � �� �k � �
� The values of the edges are then

�k��� �k��� �k��� �k��� � � � � �	k� �� �	k� �� �	k� �� �	k�

�� � � � � ��k� �� ��k� �� ��k� ��

II� Join the vertex labeled �k � � to the vertex labeled ��k � � to

generate the edge labeled �	k�

III� Form another snake in such a way that its vertices are labeled as

follows� 
��k��� �k��� ��k��� �k��� ��k� �k��
� The resulting

values of the edges of this snake are then ��k � �� ��k� ��k �

�� ��k� �� ��k� ��

Now we construct the fourth cycle C
k according to the following stages�

a
 The edge labels ��k�� and ��k�� are generated by joining the

following pairs of vertices respectively� �k and ��k � �� �k � �

and ��k� ��

b
 Apply transformation type � to the vertex labels 
�k � �� �k�

�� �k� � � � � �k � �� �k � �� �k � �
 and 
��k � �� ��k � �� ��k �

�� � � � � ��k� ��k � �
 by choosing the two vertices �k � � and

�k � � as end vertices� The corresponding edge values of this

transformation will be ��k��� ��k��� ��k��� � � � � ��k��� ��k�

��
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c
 The edges labeled ��k � � and ��k� � are obtained by joining

the following pairs of vertices respectively� �k� � and ��k� ��

�k and ��k� ��

d
 Construct the snake 
��k��� �k��� ��k��� �k��� ��k��� �k�

�� � � � � ��k� �k� ��k��� �k� �� ��k��
� The corresponding edge

labels will then be ��k��� ��k��� ��k��� � � � � ��k� ��k��� ��k�

�� ��k� ��

Finally the last cycle C
k will be constructed as follows when k � ��

and k �� ���

�� The edges labeled ��k��� �k��� �k�� and ��k�� are obtained

by connecting the following pairs of vertices respectively� k� �

and ��k��� �k and ��k��� �k and ��k��� k� � and ��k���

�� Construct the snake 
��k��� �k��� ��k��� �k��� ��k��� �k�

�� ��k � �� �k � �� ��k � �� �k � �
� This yields the edge labels

��k � �� ��k� �� ��k� �� ���� ��k� ���

�� The edge labeled ��k��� is obtained by joining the two vertex

labels �k � � and ��k� �� together�

�� Apply transformation type � to the vertex labels 
k � �� k �

�� � � � � �k � �� �k � �
 and 
��k � �� ��k � �� ��k � �	� ��k �

��� � � � � ��k � �� ��k � �
 by using the two vertices k � � and

��k��� as end points� This transformation generates the edge

labels ��k � ��� ��k� ��� ���� ��k� �� ��k� ��

�� Connect the following pairs of vertices to each other to obtain

the edges labeled ��k� � and ��k� � respectively� � and ��k�

�� k� � and ��k � ��

�� Construct the snake 
��k� �� k� �� ��k� �� k��� ��k� k� ��k�

�� k��
� The resulting values of the edges are then ��k��� ��k�

�� � � � � ��k� ��
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�� The edge labeled ��k�� is obtained by joining the two vertices

k � � and ��k � ��

�� Construct the snake 
��k� �� k� �� ��k� �� k� �� ��k� �� k�

�� ��k��� k��� ��k��
� The edge labels ��k��� ��k��� ��k�

�� � � � � ��k� �� are generated by this snake�

�� Connect the two vertices k � �� and ��k � � to each other to

generate the edge label ��k� ���

�	� Finally apply transformation type � to the vertex labels 
	� �� �� � � � �

�� � � � � k� ��� � � � � k� �
 and 
��k��� ��k��� � � � � �	k� �� �	k


by considering the two vertices � and k��� as end vertices� The

rest of the edge values will be generated by this transformation

and the last C
k will be completed�

The construction of an ��valuation of the last C
k when � � k � �� or

k � �� has been given in the Table � as follows�
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k The construction of the �fth cycle C
k in the graph Q
���k


� ���� ��� �� ��� �� ��� �� ��� �� ��� �� ��� �� ��� �� �		� 	� ��� �� ���

� ���� ��� �� ��	� 	� ���� �� ���� �� ���� �� ���� �� ��	� �	� ���� �� ���� �������� ����

�� �	��

� ���� ��� �	� ���� ��� ���� �� ��	� �� ���� �� ���� �� ���� �� ���� �� ���� 	� ��	� ���

���� �� ���� �� ���� �� ����

� ���� �	�� ��� ��	� 	� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ���� ��

���� ��� ��	� �	� ���� ��� ���� ��� ���� �� ����

� ���� ���� ��� ���� �� ���� �� ���� �� ���� �� ��	� 	� ���� �� ��	� �	� ���� �� ���� ��

���� �� ���� ��� ���� ��� ���� ��� ���� ��� ���� ��� ���� �� ����

�	 ��	� ���� ��� ���� �� ���� �� ���� �� ���� 	� �		� �� ���� ��� ���� ��� ���� ��� ����

��� ���� ��� ���� �� ���� �� ���� �� ���� �� ���� ��� ���� ��� ��	� �	� ���� �� ����

�� ���� ���� ��� ���� �� ���� �� ��	� 	� ���� �� ���� �� ���� �� ���� �� ���� �� ���� ���

�	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� �	� �		� �� ����

�� ��	� �	� ����

�� ��	�� ���� ��� ��	� �� ���� �� ���� �� ���� ��� ���� �	� ��	� ��� ���� ��� ���� ���

���� ��� ���� ��� ���� ��� ���� ��� ������ ���� �� ���� �� ��	� 	� ���� �� ���� ��

���� �	� ���� �� ���� ��� ���� ��� �	��

�� ����� ��	� ��� ���� �� ���� �� ���� �� ���� �� ��	� 	� ���� �� ��	� ��� ���� ��� ����

��� ���� ��� ���� ��� ���� �	� ��	� ��� ���� ��� ���� ��� ���� �� ���� �� ���� ��

���� ��� ���� �	� ���� �� ���� ��� ���� ��� ���� ��� ����

�� ����� ���� ��� ��	� �	� ���� ��� ���� �� ���� �� ���� ��� ���� ��� ���� ��� ���� ���

���� ��� ���� ��� ��	� 	� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ����

��� ���� �	� �		� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� ���� �	�

��	� ��� �	�� ��� �	�� ��� ���� ��� ���� ��� ���� ��� ���� ��� ���� ��� ���� ��� ����

��� ���� ��� ���� ��� ���� �	� ��	� ��� ����

Table �	 The construction of the �fth cycle C
k in the graph Q
���k
�

� � k � ��� k � ��
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For � � k � �� the successive vertices of each cycle of Q
���k
 will

be labeled according to the following table�

k The construction of an ��valuation of Q����k�

� ��� �
� �� ��� � ��� �	� �� ��� � ��� ��� 
� �
� � �	� ��� �� ��� � �
� ��� ��� ���

� ��� ��� �� ��� 
� �
� �� ��� � ��� �	� �
� ��� �� ��� �� �
� � �	� ��� �� ��� ��� ��� 
� ��� �

���� �
� ��� ��� ��� �	� ��� �
� � ��	� ��� ��� ��� �
� ��� ��� ���

� ��� 	�� �� ��� ��� ��� 	� ��� �� �
� �� �
� � ��� ��� ��� �
� 
� ��� 
� ��� �� ��� �� �	� �

���� ��� ��� ��� ��� ��� �	� ��� ��� �	� ��� �
� � ��
� ��� ��� ��� ��� �
� ��� �
� ���

��� �
� ��� � ���� �	� ��� ��� �	� ��� �
� ��� �
� ��� ��� ���

� ��� 
�� �� ��� �� ��� �	� ��� �� ��� �� �	� �� �
� �� �
� � �	� ��� �	� 	�� ��� 	
� ��� 	��

��� 	
� ��� ��� 
� ��� 
� ��� � ���� 		� ��� 	�� ��� �
� ��� �
� ��� 	�� �
� 	�� �
� 	��

��� 	�� � ���� ��� ��� �
� ��� ��� �
� ��� �
� ��� ��� ��� �	� ��� ��� �	� � ���� �
� ���

��� ��� �	� ��� ��� ��� ��� �
� ��� �
� ��� ��� ���

Table �	 The construction of an ��valuation of Q
���k
 for � � k � �

�� THE STANDARD VALUATIONS OF C�k

De�nition �	 The standard ��valuation of C
k are given by any of the

following sequence of values of the consecutive vertices of C
k�

a
 ��k� 	� �k� �� �� �k� �� �� � � � � k� �� �k� �� k� �� �k� k� �� �k�

�� k��� �k� �� � � � � �k��� �k� �� �k��� �k� with missing value

x � k�

b
 �	� �k� �� �k � �� �� �k � �� � � � � k � �� �k � �� k � �� �k � �� k �

�� �k� k � �� �k � �� � � � � �k � �� �k � �� �k� �k � �� with missing

value x � k�

c
 ��k� 	� �k� �� �� �k� �� �� � � � � k� �� �k� �� k� �� �k� �� k� �k�

�� � � � � �k� �� �k� �� �k� �k� �� with missing value x � �k�

d
 �	� �k� �� �k� �� �� �k� �� � � � � k� �� �k� �� k� �� �k� �� k� �k�

�� k��� � � � � �k��� �k��� �k��� �k� with missing value x � �k�



��valuations of specialclasses of ��� ��

In Figure � one of the standard ��valuations of C�� has been shown�

t

t

t t

t t

tt

t t

t

t

d

	 � � � � � �

����	����

Figure �	 A standard ��valuation of C��

If we suppose that k� � k� � � � �� kn � k and there is an ��valuation

for the graph C
k� � C
k� � � � � � C
kn then in a standard ��valuation of

C
k� we can replace C
k by C
k� �C
k� � � � � �C
kn with its ��valuation

and the resulting graph will again have an ��valuation� For example an

��valuation of C�� in Figure � is replaced by an ��valuation of �C� in

Figure ��
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t

d
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����	����

Figure �	 An ��valuation of �C�

De�nition �	 The graph C
k has a standard valuation 
or standard

labeling
 if the values of the vertices of C
k can be generated from a

standard ��valuation of C
k di�er by a constant factor�

For example C�� in the ��valuation of C�� � C�� shown in Figure �

has a standard valuation because it can be generated from a standard

��valuation of C�� that di�ers by a constant factor �	�

Figure �	 An ��valuation of C�� � C��
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If a graph C
k has a standard valuation it can be replaced by any

��valuation of Ck� � Ck� � � � � � Ckn where k� � k� � � � �� kn � k by

considering the constant factor� For instance the standard valuation of

C�� in Figure � can be replaced by an ��valuation of �C� to form an

��valuation of �C��C�� if we increase the values of the ��valuation �C�

in Figure � by constant factor i�e� �	�

Figure �	 An ��valuation of C�� � C��

Theorem �	 The following graphs have ��valuations�

a

Sn
i��C
ki

S
Q
�� �k
 if k �

Pn
i�� ki and kn�kn��� � � ��ki���

ki�� � ki for i � �� �� �� � � � � n� ��

b

Sn
i�� �C
ki�Q
�� �k
 if k �

Pn
i�� ki and kn�kn��� � � ��ki���

ki�� � ki for i � �� �� �� � � � � n� ��

c

Sn
i��C
ki �

St
j��C
pj � Q
�� �k
 if k �

Pn
i�� ki �

Pt
j�� pj and

kn�kn���� � ��ki���ki�� � ki and pt�pt���� � ��pj���pj�� �

pj for i � �� �� �� � � � � n� � and j � �� �� � � � � t� ��

d

Sn
i��
C
ki�C
pj 
�C
kn �Q
�� �k
 if k � kn�

Pn
i��
ki�pi
 and

ki � �ki�� � pi�� for i � �� �� �� � � � � n� ��

Proof	 We know that in construction of ��valuation of Q
���k
� at

least two cycles C
k have standard ��valuation� In order to obtain the

di�erent parts of the theorem �� we replace these two standard valuations

with other graphs as follows�

a
 Consider one of the standard valuation of C
k� First we replace it by

C
k� � C
l� � l� � k�� k � k� � l�� Then since C
l� still has a standard



��valuations of specialclasses of ��� 	�

valuation ���� we are able to replace it again by C
k� �C
l� � l� � k�� l� �

k�� l�� In next stages we continue to replace each C
li by C
ki���C
li�� �

li�� � ki��� li � ki�� � li�� for i � �� �� � � � � n� �� kn � ln���

b
 We apply the replacement procedure of part 
a
 for both C
k which

have standard valuations in ��valuation of Q
���k
�

c
 The proof of this part is similar to part 
b
 except that each standard

valuation C
k has been replaced by di�erent disjoint unions of graphs in

such a way that their components are not necessarily isomorphic�

d
 Consider one of the standard valuation of C
k� First we replace

it by �C
k� � C
p�� k � p� � �k�� we know at least one of C
k� has

a standard valuation ���� Thus we replace C
k� in the next step by

�C
k� � C
p�� k� � p� � �k�� In next stages� we repeat the replacement

C
ki by �C
ki�� � C
pi�� � ki � pi�� � �ki��� i � �� �� �� � � � � n� ��

References

��� J� Abrham and A� Kotzig� Graceful valuations of ��regular graphs

with two components� Discrete Math�� ��� ��

	� �����

��� J� Abrham and A� Kotzig� On the missing value in graceful num�

bering of a ��regular graph� Cong� Numer�� 	� ��


� �	���		�

��� K� Eshghi� Existence and construction of ��labeling of ��regular

graphs with three components� Ph�D� Thesis� University of Toronto�

�

��

��� J� A� Gallian� A survey� recent results� conjectures and open prob�

lems on labeling graphs� J� Graph Theory� �� ��


� �
������

��� J� A� Gallian� A guide to the graph labeling zoo� Discrete Appl�

Math�� �
 ��

�� ������
�

�	� A� Kotzig� ��valuations of quadratic graphs with isomorphic com�

ponents� Utilitas Math�� � ��
��� �	����
�



�� Kourosh Eshghi

��� A� Rosa� On certain valuations of the vertices of a graph� Theory of

Graphs �International Symposium� Rome� July �
		�� Gordon and

Breach� New York and Dunod Paris ��
	�� ��
�����



Bulletin of the Iranian Mathematical Society

Vol� ��� No� �� pp ���
� �����	

EXTENDING FUNCTIONS IN THE MODEL
SUBSPACES OF H��R� to C

Javad Mashreghi

D�epartement de math�ematiques et de statistique Universit�e Laval Qu�ebec�

QC Canada G�K �P	�

Javad�Mashreghi�mat�ulaval�ca

Abstract� It is shown that each function f in a model subspace

K� of H��R� can be extended to C � The extension to the up�

per half plane is in H��C� � and the extension to the lower half

plane is in � H��C� �� We also show that f is analytic at each

point of the real line where � is analytic� Finally� we completely

characterize K� for ��x� � ei�x and for � being a meromorphic

Blaschke product�

�� Introduction

Let f be an analytic function in the upper half plane C� � fz � C � 


z � 	 g� Let k fy kp �

�Z �

��
jf
x�iy
jp dx

� �
p

and k f kp � supy�� k fy kp

for 	 � p � 	� The Hardy space Hp
C�
 consists of all f �s with
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k f kp � 	� The Hardy space H�
C�
 consists of all bounded analytic

functions in the upper half plane� In this case k f k� � supz�C� jf
z
j�

For 	 � p � �� Hp
C� 
 with the distance k f � g kpp is a complete metric

space� For � � p �	� Hp
C� 
� k � kp is a Banach space� In particular�

H�
C�
� k � k� is a Hilbert space� Finally� H
�
C� 
 is a Banach algebra

��� pages �	�����

For each f � Hp
C�
� and for almost all x � R� lim
z��x�

f
z
 ex�

ists� Denoting this limit by f
x
� we have f � Lp
R
� and furthermore�

k f kp � k f kLp�R�� In the preceding limit� z is required to tend to x

from within sectors of opening � ��	� having vertex at x� and symmet�

ric about the vertical line passing through x� We frequently say that

f
z
� f
x
 as z tends to x non�tangentially ��� page ���

�

�
x
�
�
�
�
�
�

A
A
A
A
A
A

p

p

p

p

p

p

p

p

p p

p

p

p

p

p

p

p

p

pp

Therefore� there is a canonical correspondence between Hp
C�
 and a

subspace of Lp
R
� denoted by Hp
R
� The space Hp
R
 can also be

independently de�ned as the set of all f � Lp
R
� with 
as a distribution

�f
x
 � 	 for x � 	� The two de�nitions are equivalent ��� page ����� The

Hardy spaces Hp
C�
 are de�ned similarly� The functions in Hp
C�


live in the lower half plane and the family of their boundary values� as

functions on R� is precisely the space Hp
R
� See also Chapter �� of ����

The function  � H�
R
 is said to be inner if j 
x
 j � � for

almost all x � R� For each inner function  � the set  H�
R
 is a closed

subspace of the Hilbert space H�
R
 ��� pages ����	�� Now we are able

to introduce our hero�

De�nition The model space K� is the orthogonal complement of
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 H�
R
 in H�
R
�

In this paper we study the model space K� corresponding to the

inner function  � In Section � we brie!y discuss the role of model

subspaces in operator theory� In Section � an analytic description of

K� is given� This new formulation� which is obtained using Hilbert

space characteristic of H�
R
� can be exploited to de�ne K� in the

Hardy space Hp
R
� This representation also enables us to extend each

function in K� to the whole complex plane� In Section � we extend an

f � K� to C � This extension has three fundamental properties� First�

lim
z��x�

f
z
 � f
x
 for almost all x � R� In these limit� z is allowed

to tend to x non�tangentially from either half plane� Second� f as a

function de�ned in the upper half plane is in H�
C� 
� Third� f as a

function de�ned in the lower half plane is in  H�
C� 
� Therefore� f

is at least analytic in the upper half plane and is meromorphic in the

lower half plane� Furthermore� in Section � we show that f is already

analytic wherever  is on the real line� Finally in Sections � and �

we completely characterize K� corresponding to  
x
 � ei�x and for  

being a meromorphic Blaschke product� In these two cases� and only for

them� each f � K� is analytic on the whole real line�

�� Link to operator theory

In this section we explain the origin of model subspaces of H�
R
� Let

f � H�
R
� By the Fourier�Plancherel theorem� if we write

�fN
�
 �
Z N

�N
e�i�t f
t
 dt�

then� as N �	� the �fN 
�
 tend in L�
R
 to a function �f
�
� called the

Fourier�Plancherel transform of f � We can characterize an f � H�
R


in terms of its Fourier�Plancherel transform� A function f � L�
R


is in H�
R
 if and only if �f
�
 � 	 for almost every � � 	 ��� page

����� Therefore� there is a canonical isomorphism between H�
R
 and
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L�
�

	�	


�
� Based on the preceding observation� a function f � L�
R


is in H�
R
 if and only if �f
�
 � 	 for almost every � � 	�

Let � � 	� Then the map T�

H�
R
 �� H�
R


f
t
 �� exp
i� t
 f
t
�

is called a forward shift operator on H�
R
� Since for each f � H�
R


�T�
f
 
�
 � �f 
�� �
� � � R�

T� shifts the spectrum of f forward by � units� Beurling in his classical

paper ��� characterized the invariant subspaces of H�
R
 for the forward

shift operators�

Beurling
s theorem	 A closed subspace of H�
R
 is invariant un�

der T�� for each � � 	� if and only if it is of the form  H�
R
 for some

inner function  �

The adjoint of a forward shift operator� T �
� � is called a backward shift

operator� By direct veri�cation� one veri�es that T �
� is de�ned by

�T �
� 
f

�
 �

�
f 
�� �
� if � � 	�

	� if � � 	

for f � H�
R
 ���� Therefore� T �
� shifts the spectrum of f backward by

� units� and then chops o� the negative part of what is thus obtained�

In a Hilbert space� a closed subspace M is invariant under a bounded

operator T if and only if M	 is invariant under T � ��� page �	�� There�

fore according to the Beurling�s theorem� A closed subspace of H�
R


is invariant under T �
� for each � � 	 if and only if it is the orthogo�

nal complement of  H�
R
 for some inner function  � Therefore� the

subspaces K� are precisely those which are invariant under T
�
� for each

� � 	� That is why some authors call the K� a coinvariant subspace of

H�
R
�
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�� Analytic description of K�

Let  be an inner function for the upper half plane� Then  H�
R
 is a

closed subspace of the Hilbert space H�
R
� According to the notation

introduced before� the orthogonal complement of  H�
R
 in H�
R
 is

denoted by K�� The following lemma gives an analytic description of

K� which can be used as the de�nition of it in all Hardy spaces H
p
R
�

	 � p � 	�

Theorem ���� For each inner function 

K� � H�
R
 �  H�
R
�

Proof� Uses the properties  � H� and   � �� By de�nition�

f � K� if and only if f � H�
R
 andZ �

��
f
x
  
x
 g
x
 dx � 	

for each g � H�
R
� Thus� f � K� if and only if f � H�
R
Z �

��

f
x


 
x

g
x
 dx � 	

for each g � H�
R
� This condition is equivalent to
f

 
� H�
R
� There�

fore f � K� if and only if f � H�
R
 and also f �  H�
R
�

�� Extension to upper and lower half planes

Let h � L�
R
� Then the Poisson integral formula

Ph
z
 �
�

�

Z �

��

j
zj

jz � tj�
h
t
 dt� z � C nR�

gives an extension of h to the upper and to the lower half planes� It

can be shown that h � H�
R
 if and only if Ph� as a function de�ned in

the upper half plane� is in H�
C� 
� Similarly� h � H�
R
 if and only if
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Ph� as a function de�ned in the lower half plane� is in H
�
C�
 ����� An

f � K� belongs in particular to H
�
R
� Therefore it has an extension

f
z
 to the upper half plane� belonging to H�
C� 
 and given there by

the formula

f
z
 � Pf 
z
 for z � C� �

An inner function  can be 
formally
 extended to the lower half plane

by putting

 
z
 �
�

 
"z


for z � C� � The extension of an f � K� to the lower half plane is indirect


depending on  
� For such an f we have  f � H�
R
 by Theorem ����

so� by the preceding observation�  f has an analytic extension to the

lower half plane� equal there to

�

�

Z �

��

j
zj

jz � tj�
 
t
 f
t
 dt � P� f
z
� z � C� �

We then de�ne the extension of f � K� to C� by putting

f
z
 �  
z
P� f 
z
 for z � C� �

with  
z
 de�ned as above in C� � This extension is at least meromorphic

in the lower half plane�

Remark	 We have lim
z��x�

 
z
 �  
x
 and lim
z��x�

f
z
 � f
x
 for al�

most all x � R� In these limits� z is allowed to tend to x non�tangentially

from either half plane�

With above de�nitions� Theorem ��� yields the following characteriza�

tion of K��

Theorem ���� The space K� consists precisely of the functions

f � L�
R
 with extension to the upper half plane belonging to H�
C� 


and whose extension to the lower half plane makes
f

 
� H�
C�
�

For further applications of this result see ����
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	� Analytic continuation along R

A function f � K� can be continued analytically across intervals of R

on which  is analytic� This result has important consequences in char�

acterizing elements of KB when B is a meromorphic Blaschke product�

Theorem ���� If  is analytic in a neighborhood of the interval


a� b
 � R then any f � K� is also analytic there�

Proof� By Theorem ���� f and
f

 
are respectively holomorphic in

the upper and lower half planes� Without loss of generality� suppose  is

holomorphic inside the rectangle f z � a � �z � b� �� � 
z � � g� Thus

f �  �
f

 
is also analytic inside that rectangle except possibly on 
�� �
�

and for almost all x � R� lim
jyj��

f
x� iy
 exists� Choose �� � � 
a� b
 such

that this is true for x � � and for x � ��

With � � 	� let us take the paths

# � ��� i� �� i�� ��� i� � � i� � �� � i� � � i� � �� � i� �� i��

#� � ��� i�� �� i��� ��� i�� � � i�� � �� � i�� � � i�� � �� � i�� �� i���

each oriented counterclockwise� For each point z inside #� let g
z
 �
�

��i

Z
�

f
�


� � z
d�� Then g is holomorphic inside #� By the Cauchy integral

formula�

g
z
 � f
z
 �
�

��i

Z
��

f
�


� � z
d�

for � � j
zj � �� Since f is bounded on the vertical segments through
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� and ��

lim
���

Z
���i����i��

f
�


� � z
d� � 	 and lim

���

Z
�	�i��	�i��

f
�


� � z
d� � 	�

On the horizontal segmentsZ
���i��	�i��

f
�


� � z
d��

Z
�	�i����i��

f
�


� � z
d� �

Z 	

�

�
f
t� i�


t� i�� z
�
f
t� i�


t � i�� z

�
dt�

Both
f
t � i�


t � i�� z
and

f
t� i�


t� i�� z
converge in L�
dt
 norm to

f
t


t � z
� as

�� 	� Thus

lim
���

Z
���i��	�i��

f
�


� � z
d� �

Z
�	�i����i��

f
�


� � z
d� � 	�

Hence g � f in the lower and in the upper part of the interior of #�

Therefore� f is holomorphic on 
�� �
� Since � and � can be taken as

close to a and to b as we want� f is holomorphic on 
a� b
�


� Paley�Wiener spaces as model subspaces

Let � � 	� Then�  
x
 � exp
i� x
 is an entire inner function� In this

case� the functions f
x
 � K� di�er by the factor e
i�x
� from those in a

Paley�Wiener space�

Theorem ���� Let � � 	� Then f � Kei�x if and only if f is an

entire function of exponential type� square integrable on the real line�

with

�� � lim sup
y���

log j f
iy
 j

y
� 	 and 	 � lim sup

y���

log j f
iy
 j

jyj
� ��

Proof� Since  
x
 � exp
i� x
 is analytic across R� each f � Kei�x

is also analytic there� Furthermore� f � H�
C�
 and
f

 
� H�
C�


imply that f is analytic on C� and also on C� � that f � L�
R
� and

besides that the support of the Fourier�Plancherel transform of f is a

subset of �	� ��� Thus �f � L�
R
 � L�
R
� and for each z � x � R�
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f
z
 �
Z �

�

�f
t
 eizt dt� By the uniqueness theorem for analytic func�

tions� equality holds everywhere� Therefore f is an entire function of

exponential type with the indicated growth conditions on the imaginary

axis� The if part is an easy consequence of the celebrated Paley�Wiener

theorem�

The following Corollary is an immediate consequence of the Paley�Wiener

representation of entire functions of exponential type and the preced�

ing theorem� The indicated representation� by itself� shows that each

f � Kei�x is an entire function of exponential type which is square inte�

grable on the real line� The representation� moreover� restricts the rate

of growth of f along the imaginary axis�

Corollary ���� Each f � Kei�x has the representation

f
z
 �
Z �

�

�f
t
 eizt dt

� where �f � L�
	� �
�

�� The model space KB

Let fzkgk
� be a sequence of complex numbers in the upper half plane

C� � Let bk
z
 � ei�k �
z � zk
z � "zk

� where �k is so chosen that e
i�k �

i� zk
i� "zk

�

	� The rational function BK �
KY
k��

bk is called a �nite Blaschke product

for the upper half plane� BK is analytic at each point of the real line

and jBK
x
 j � � for x � R� The relation
�X
k��


zk
j zk � i j�

� 	 is a

necessary and su�cient condition for the uniform convergence of BK

on compact sets� disjoint from the closure of f "zk � k � � g� to a non�

zero analytic function B �
�Y
k��

bk � lim
K��

BK � and we call B an in�nite

Blaschke product for the upper half plane ��� page ��	�� Furthermore�

jB
z
 j � � for z � C� � Therefore� by Fatou�s theorem ��� page ����
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for almost all x � R� lim
z��x�

B
z
 exists� Denoting that limit by B
x



wherever it exists
� one has jB
x
 j � � almost everywhere ��� page ����

A Blaschke sequence in the upper half plane� fzkg� has no accumulation

point on the real line if and only if lim
k��

jzkj � 	� Here� since the zk

stay away from zero� a necessary and su�cient condition for the uniform

convergence of BK to B on compact sets disjoint from f"zk � k � �g is

that
�X
k��


zk
jzkj�

�	� In this case� B is a meromorphic function with poles

at the "zk� For this reason� it is called a meromorphic Blaschke product�

The function B is analytic at each point of R� and jB
x
 j� � for x � R�

Let us multiply B by a constant of modulus one to get B
	
 � �� Then

for each z di�erent from all the "zk�

B
z
 �
�Y
k��

�
"zk
zk

�
z � zk
z � "zk

�
�

To emphasize legitimacy of repetition� let fzkgk
� be a distinct sequence

in the upper half plane with zk � 	 and let fmkgk
� be a sequence

of positive integers� Suppose that
�X
k��

mk 
zk
jzkj�

� 	� Then B
z
 �

�Y
k��

�
"zk
zk

�
z � zk
z � "zk

�mk

is a meromorphic Blaschke product�

Theorem ���� The space KB consists precisely of the meromorphic

functions f with poles of order at most mk at the "zk� such that f �

H�
C�
 and also
f

B
� H�
C�
�

Proof� Let f � KB� Then by Theorem ���� f and
f

B
are respectively

analytic in the upper and lower half planes� Hence f � B �
f

B
is a

meromorphic function in the lower half plane� with poles of order at

most mk at the "zk� Finally� by Theorem ���� f is analytic at each point

of the real line� If� on the other hand� f � H�
C� 
 and
f

B
� H�
C�
�

then at least f � L�
R
� Thus f � KB by Theorem ����

The following result is an easy consequence of Theorem ���� It can also
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be shown that KB is actually the closed subspace of H
�
R
 generated

by the elements
�


x� "zk
�k
with � � �k � mk and k � ��

Corollary ���� For each �k� � � �k � mk and k � �� we have
�


z � "zk
�k
� KB�

The following result gives a complete description of KB when B is a

�nite Blaschke product�

Corollary ���� Let B be the �nite Blaschke product

B
z
 �
KY
k��

�
z � zk
z � "zk

�mk

�

Then KB consists precisely of the linear combinations of the simple frac�

tions
�


z � "zk
�k
� where � � k � K and � � �k � mk� Thus f � KB if

and only if

f
z
 �
P 
z
QK

k��
 z � "zk 

mk

�

where P is a polynomial of degree m� � � � ��mK � ��

Every meromorphic Blaschke product can be represented as

B
z
 �
E
"z


E
z

for z � C �

where E is an entire function with zeros at the "zk ����� The order of "zk

as a zero of E is the same as its order as a pole of B� In the general case�

E is not necessarily of exponential type� In the following we write E�
z


for E
"z
� This observation enables us to give another characterization

of KB�

Theorem ��� The space KB consists precisely of functions of the

form
f

E
� where f is an entire function with both

f

E
� H�
C� 
 and

f

E�
� H�
C�
�
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Proof� Let g � KB� Then by Theorem ���� g is a meromorphic

function with poles of order at most mk at the "zk� Hence g E is an

entire function� where E is the entire function furnished by before� Put

f � g E� Then
f

E
� g � H�
C� 
� and

f

E�
�

g

B
� H�
C�
� On the

other hand� if f satis�es these conditions� then
f

E
� KB by Theorem

����

The preceding result enables us to characterize the minimal majorant

forKB when B is a meromorphic Blaschke product with zeros in a Stoltz

domain ����
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Abstract� This paper considers simultaneous estimation of mul�

tivariate normal mean vector using the extended re�ected nor�

mal loss function �Spiring ����� It is shown that the sample mean

X � � �X�� � � � � �Xp�
� is admissible when p � 
� but for p � ��

we obtain a class of estimators similar to James�Stein estimators

which dominate the sample mean in terms of risks�

�� Introduction

Let X � 
X�� � � � � Xp
� be a normal vector with mean vector � �


��� � � � � �p
� and covariance matrix ��I � where �� is known� We use

the notation

X � Np
�� �
�I
� in this article� We consider the simultaneous estima�

tion of � � 
��� � � � � �p
� by using a random sample X�� � � � � XN from

Np
�� ��I
 under the extended re!ected normal loss function� given by

L
�� �
 � K
�
�� expf�
� � �
�#��
� � �
g

�

���
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where K � 	� # is a constant positive de�nite matrix� In practice

the maximum loss can be a function of many things 
e�g�� Production

resources� cost of identi�cation� rework and liabilities
 but generally it is

�nite� As a result the quadratic loss function� with its in�nite maximum

loss� is often inadequate in describing the loss function associated with

a product and has been criticized by some researchers 
e�g�� Tribus and

Szonyi ����� Leon and Wu ���
� The bounded loss function 
���
 was

introduced by Spiring ��� for the �rst time� This loss is a bounded and

increasing function of the quadratic loss�

To estimate � with N � � and � � �� Stein ��	� showed that X is

inadmissible when p � � under squared error loss� James and Stein ���

showed that the following estimator� known as J�S estimator�

�
X
 �

�
��

p� �Pp
i��X

�
i

�
X

has uniformly smaller risk than X � for all �� Strawderman ����� Efron

and Morris ���� and Casella and Hwang ��� studied the problem of esti�

mating multivariate normal mean vector under quadratic loss function�

Brandwein and Strawderman ��� provided minimax estimators for the

mean of a spherically symmetric distribution with concave loss� Chung

and Kim ��� investigated the admissibility of the sample mean "X under

balanced loss function� 
see Zellner ����


In section � of this paper� using the limiting Bayes method� we show

that "X is admissible when p � � under the loss 
���
� In section �� we

obtain an estimator similar to J�S estimator under the loss 
���
 when

p � �� in the following form

��
 "X
 �

�
��

c�

"X �#�� "X

�
"X

and we show that �� dominates the usual estimator "X � �
N

PN
i��Xi �


 "X�� � � � � "Xp

�� where Xi � 
Xi�� � � � � Xip


� and "Xj �
�
N

PN
i��Xij� j �

�� � � � � p�



Estimation of the multivariate ��� ��

�� Admissibility of �X when p � �

In this section� we consider the admissibility of "X when p � � and ��

We show that "X is admissibile� using the standard Blyth�s technique ����

Let X�� � � � � XN be a random sample from Np
�� I
 with the prior

normal distribution �a
�
� where � has the mean vector zero and covari�

ance matrix �
a
I � It is easy to show that the Bayes estimator of � w�r�t�

�a
�
 under the extended re!ected normal loss function is

�a
 "X
 �
N "X

N � a

with the risk function�

R
�� �a
 � K

�
��E

�
exp

�
�


N "X

N � a
� �
�#��


N "X

N � a
� �


���

� K��� 

��

N

�

p

�

Z
expf�


Nx

N � a
� �
�#��


Nx

N � a
� �


�
N

�

x� �
�
x� �
gdx�

Now using the fact that for any matrices C� and C� of appropriate

dimensions�


C� � C�

�� � C��

� � C��
� 
C

��
� � C��

� 

��C��

� 
���


it follows that the risk function of the estimator �a is equal to

K��� 

��

N

�

p

� 

N � a

N

p
Z
exp��

�

�
f
y � �
�
�#�� �


N � a
�

N
I

y � �


�

a

N � a

���


�

�
# �

N


N � a
�
I
���g�dy�

or

K

�
��


N � a
p

Np
�
j�#�� �


N � a
�

N
I j�

�
� exp

�
�
�

�



a

N � a

���


�

�
# �

N


N � a
�
I
���

��

���
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where � is a function of ��

Theorem ���	 "X � 
 "X�� � � � � "Xp

� is admissible under the loss �����

when p � �� �� where "Xj �
�
N

PN
i��Xij� j � �� � � � � p �

Proof	 Suppose "X is dominated by some estimator �
 "X
 of �� Using

the continuity of the risk function in � for an estimator �
 "X
� it follows

that there exists some ��� � � 	 and � � 	 such that

all R
�� �
 � R
�� "X
� � for �� � �� � � � �� � ��

where � � 
�� �� � � � � �
��

Let ra� r
�
a� r

��
a be de�ned as follows�

ra � Bayes risk of the Bayes solution �a w�r�t� �a�

r�a � Bayes risk of
"X w�r�t� �a�

r��a � Bayes risk of � w�r�t� �a�

Then the di�erence of Bayes risks of "X and � is

r�a � r��a �
Z �����

�����

�
R
�� "X
� R
�� �


�
�a
�
d�

�
Z �����

�����
�
��
�

p

� j
�

a
I j�

�
� exp
�

a

�
���
d�

� ca
p

�

The last inequality holds for all a � �� where c is a positive constant not

depending on a�

Also� using 
���
� the di�erence of Bayes risks of "X and �a is

r�a � ra � Kf

N � a
p

Np
�
�j�#�� �


N � a
�

N
I jj

a


N � a
�


�

�
# �

N


N � a
�
I
�� � I j��

�
�

� N
p
� jNI � �#��j�

�
� g

� Kf

N � a
p

Np
�
j

a

N
� �

�#�� �


N � a
�

N
I
�

a
N � a
�

N�
I j�

�
�

� N
p

� jNI � �#��j�
�
� g

� K
n

N � a
p
�j�#�� � 
N � a
I j�

�
� �Np
�jNI � �#��j�

�
�

o
The second equality is carried out by using the relation 
���
� It can

easily be veri�ed that for p � �� the ratio r�a�r
��

a

r�a�ra
tends to in�nity as
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a � 	 and for p � �� this ratio tends to a positive constant as a � 	�

Hence� there exists an a � 	 such that r��a � ra which contradicts the

fact that �a is a Bayes solution with respect to �a� Therefore "X is for

p � �� ��

�� Inadmissibility of �X for p � �

In this section� we consider estimation of � � 
��� � � � � �p

� from the

model of section � under the loss 
���
 and �nd a class of estimators

which have uniformly smaller risk than "X for p � ��

Lemma ���	Let X � 
X�� � � � � Xp

� be distributed as Np
�� I
� If

h � �p � � is an almost di�erentiable function with Ekrh
X
k � 	�

then

E�rh
X
� � E�
X � �
h
X
�

� where rh
x
 �
�

h�x�

x�

� � � � � 
h�x�

xp

��
�

Proof	 See Stein �����

Theorem ���	Let the positive values �� � �� � � � � � �p be the

eigenvalues of the matrix #� If the estimator �c is de�ned as

�c
 "X
 �

�
��

c
"X �#�� "X

�
"X

where 	 � c � c� �c� � �
hPp

i��
�

��N�i
� �

��N��

i
�then �c
 "X
 dominates

"X in terms of risks under the extended re�ected normal loss function

����� for p � �� when c� � 	�

bf Proof� For any estimator �
 "X
� we de�ne a function g as

g
�� �
 � E
�
exp

�
�
�
 "X
� �
�#��
�
 "X
� �


��
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and show that for all �� g
�� �c
 � g
�� "X
� We observe that

g
�� �c
 � E

�
e��

�X�������� �X���e�
c�

	X�
�� 	X
��c� �X���� 
�� 	X

	X�
�� 	X

�
� E

�
e��

�X�������� �X���

�
��

c�

"X �#�� "X
� �c
 "X � �
�

#�� "X
"X �#�� "X

��


���


This inequality follows using the fact that

e�x � �� x �x � �

Now by de�ning $�� � �#�� � NI�A � �aij�p�p � $�
�#��$�
�� Y �


Y�� � � � � Yp

� � $�

�
� "X and � � $�

�
� �� the inequality 
���
 reduces to

g
�� �c
 � g
�� "X
�N
p

� j$j
�
�

�
E

�
c�

Y �AY

�
� �cE

�

Y � �
�

AY

Y �AY

��

���


where Y is distributed as Np
�� I
�

Note that by using lemma ���� it follows that

E

�

Y � �
�

AY

Y �AY

�
� E

�
pX
i��

�

�Yi

Pp
j�� aijYjP

i

P
j aijYiYj

�

� E

�


P

i aii


P

i

P
j aijYiYj
� �

P
i

P

j aijYj

�



P

i

P
j aijYiYj


�

�

� E

�
tr
A


Y �AY
�
�Y �A�Y


Y �AY 
�

�
and

�E
h

c�

Y �AY

i
� �cE

�

Y � �
� AY

Y �AY

�
� E

�
Y ��
�c� � �ctr
A

A� �cA��Y


Y �AY 
�

�

���


We know that A is a positive de�nite matrix and is diagonable as

U �AU � T �diagft�� � � � � tpg� where the positive values t�� � � � � tp are

the eigenvalues of A� Now� we have U �A�U � T � �diagft��� � � � � t
�
pg and
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therefore 
���
 reduces to

�E
h

c�

Y �AY

i
� �cE

�

Y � �
� AY

Y �AY

�
� E

�
Y �U �
�c� � �ctr
A

T � �cT ��U �Y


Y �AY 
�

�
According to 
���
� we complete the proof by showing that the matrix


�c���ctr
A

T��cT � � diagfct�
�c��tr
A
��t�
� � � � � ctp
�c��tr
A
��tp
g


���


is positive de�nite when 	 � c � c��

It can be veri�ed that ti �
�

N�i��
� i � �� � � � � p� where the values �� �

�� � � � � � �p are the eigenvalues of #� Hence� the diagonal elements of

the diagonal matrix 
���
 is positive when

	 � c � �tr
A
�
�

N�i � �
i � �� � � � � p

This condition is equivalent to 	 � c � c� with c� � �
hPp

i��
�

��N�i
� �

��N��

i
�

Corollary ���	 Let the estimator ��
 "X
 be given as

��
 "X
 �

�
��

p� �


N � �
 "X � "X

�
"X

Now� ��
 "X
 dominates "X under the loss function ����� with # � I� for

p � �� This estimator is similar to J�S estimator�

Conclusions ���	 Let the estimator ��
 "X
 be given as

��
 "X
 �

�
��

p� �


N � �
 "X � "X

�
"X

Now� ��
 "X
 dominates "X under the loss function 
���
 with # � I� for

p � �� This estimator is similar to J�S estimator�
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Abstract� In this manuscript we generalize of the notion of

polygroup in an arbitrary category E� which is also a generaliza�

tion of the notion of group object� We then de�ne the category�

PGrp�E�� of polygroup objects in E� and we investigate some of

its properties such as having limits and colimits� We also show

that PGrp�E� is a concrete category over the categoryMon�E� of

monoid objects in E� and that it has free objects and is geometric

and essentially algebraic as such� Finally the preservation and

re�ection of epimorphism and monomorphism by the forgetful

functor from PGrp�E� to Mon�E� is investigated�

�� Introduction

The hyperstructure theory was introduced by F� Marty in ���� ��� at

the �th Congress of Scandinavian Mathematicians�
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Bonansinga and Corsini used this structure and introduced the no�

tion of quasicanonical hypergroup ���� called polygroup by Comer ����

which is a generalization of the notion of a group�

The theory has found applications in many branches of mathematics

such as analysis� algebra� geometry� automata and fuzzy set� In this pa�

per we give a generalization of the above notion by categorical methods�

having two goals in mind� One is to embed the category of polygroups

in a complete category� as limits have not been computed in the cate�

gory of polygroups yet� Another is to give the hyperstructure theory a

categorical organization� Having established these goals� we have come

up with several other results� such as those mentioned in the abstract�

First we give some notions that are needed in the sequel�

De�nition ��� Let E be a category with �nite products� We call

the triple 
P� 
� E
 a monoid object in E if�


a
 
 � P � P � P is a morphism in E such that the following diagram

commutes�
P 	 idP���� P �


 � idP � � 


P � �
�� P


b
 E � � � P is a morphism in E such that the following diagram

commutes�

P
hidP �E�P i
�� P �

hE�P � idPi � � idP � 


P � �
�� P

i�e�� idP 
 E�P � E�P 
 idP � idP � where �P � P � � is the unique

morphism from P to the terminal object �� We call E the identity�

If 
P� 
� E
 and 
P �� 
�� E
�

 are two monoid objects in E � a morphism

of monoid objects f � 
P� 
� E
 �� 
P �� 
�� E
�

 is a morphism f � P � P �

in E such that f
 � 
�f�� and fE � E
�
�

Proposition ��� Let 
P� 
� E
 and 
P �� 
�� E
�

 be monoid objects in
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E and f � 
P� 
� E
 � 
P �� 
�� E
�

 be a morphism� If E � E�P and

E� � E
�
�P � � then fE � E�f �

Proof	 Straightforward�

Theorem ��� The collection of monoid objects in E together with

morphisms forms a category� which is denoted by Mon
E
�

Proof	 The proof is obvious�

Notation In the special case� where E � Set is the category of sets

and

functions� we denote the category Mon
Set
 by Mon�

Theorem ��� Let f
P�� 
�� E�
g��I be a collection of objects in

Mon
E
� If E has products then 
%P��%
��%E�
 is a product of f
P�� 
�� E�
g

in Mon
E
� In particular Mon
E
 has �nite products�

Proof	 Straightforward�

De�nition ��� 
see ���� Page ��
 Let E be a category with �nite

products� We call the quadruple 
H� 
� e� i
 a group object in E if�


a
 
 � H �H � H is a morphism in E such that the following diagram

commutes�

H	 ���
�� H�


 � � � � 


H� �
�� H


b
 e � � � H is a morphism in E such that the follwoing diagram

commutes�

H
h��e�

H
i

�� H�

he�
H
� �i �

�

� � 


H� �
�� H


c
 i � H � H is a morphism in E such that the following diagram
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commutes�

H
h��ii
�� H�

hi� �i �
e�
H

� � 


H� �
�� H

We denote the quadruple 
H� 
� e� i
 by �H �

If �H and �H � are two group objects in E � A morphism of group objects
�f � �H �� �H � is de�ned by a morphism fH � H � H � in E such that

fH
 � 
�fH �

Theorem ��� The collection of group objects in E together with

morphisms forms a category� which is denoted by Grp
E
�

Proof	 Straightforward�

Notation In the special case� where E � Set� we denote the category

Grp
Set
 by Grp�

Theorem ��� 
see ���� pp �������
 If G is a group object in E� then

each hom�set HomE
X�G
 has the structure of a group� natural in X�

Conversely� a group structure on HomE
X�G
 for each object X of E�

natural in X� gives G the structure of an internal group� Equivalently

G is a group object in E if and only if HomE
�� G
 is a group object in

SetE
op

�

De�nition ��� A hyperstructure is a nonempty set H together with

a map


 � H �H �� P �
H


which is called hyperoperation� where P �
H
 denotes the set of all non�

empty subsets of H �

Remark ��
 A hyperoperation 
 � H�H �� P �
H
 yields an oper�

ation � � P �
H
�P �
H
 �� P �
H
� de�ned by A�B �
S
a�A�b�B a
b�

Conversely an operation on P �
H
 yields a hyperoperation onH � de�ned

by x 
 y � fxg � fyg�
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De�nition ���� A hyperstructure 
H� 

 is called a polygroup if it

satis�es the following conditions


a
 x 
 
y 
 z
 � 
x 
 y
 
 z� for all x� y and z in H 
associative law



b
 there exists e � H � such that e 
 x � x 
 e � fxg� for all x � H


identity element



c
 for all x � H � there exists a unique element x� of H such that

e � x 
 x� � x� 
 x 
inverse element



d
 for all x� y and z in H we have

z � x 
 y � x � z 
 y� � y � x� 
 z 
reversibility property


A morphism from 
H� 

 into 
H �� 

 is de�ned by a map f � H � H �

such that f
x 
 y
 � f
x
 
 f
y
�

Remark ���� In De�nition ���	 
c
 the uniqueness of x� is not

necessary� in fact we can obtain this property from the other conditions�

provided that we replace condition 
d
 by z � x 
 y � �y�� x � z 
 y� �

�x�� y � x� 
 z�

Theorem���� The collection of polygroups together with morphisms

forms a category� which is denoted by PG�

Proof	 Straightforward�

De�nition ���� 
see ���� Page ��
 Let E be a category with �nite

products� and r � A � B� be a monomorphism in E 
that is r is a

relation on B
� Let �� � � X � B be morphisms in E � We say that

� �r � if there exists a morphism h � X � A in E such that rh � h�� �i�

De�nition ���� 
see ���� Page ��
 Let r � A � B� be a monomor�

phism in E � Then we say that r is


a
 re!exive if for every morphism � � X � B in E we have � �r ��


b
 transitive if for every morphisms �� � and � � X � B in E � � �r �

and � �r �� implies that � �r ��


c
 a preorder if it is re!exive and transitive�
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The background category in the de�nition of a polygroup is the cat�

egory Set� In order to generalize the notion of a polygroup we need to

replace the category Set by an arbitrary category E � To achieve this we

need to free the de�nition of a polygroup from element taking� so we

make the following observations�

Given a polygroup 
H� 

� by Remark ���� we have an operation on

P �
H
� It can be easily veri�ed that this operation is associative if and

only if the given hyperoperation on H is associative�

The element e � H yields the function E � P �
H
 � P �
H
 taking

each set A to the singleton feg� Observe that this function factors

through the terminal object� Also we have a function e � H � H taking

each element x to e� If s � H � P �
H
 is the singleton function� that is

the function that takes x to fxg� then it can be easily seen that Es � se�

Let us also notice here that the singleton function satis�es the condition�

sx � sy � x � y�

The existence of a unique inverse yields a function i � H � H � To

interpret e � x
x� in an arbitrary category� we replace it by feg � x
x��

and since feg and x
x� are elements of P �
H
� we observe that we have a

relation &�& on P �
H
 and that feg is related to x
x�� In other words we

have the relation R � f
A�B
 � A � Bg� the inclusion r � R� P ��
H
�

and that 
feg� x 
 x�
 � R�

So we have a multiple 
H�P �
H
� R� s� r� 
� E� i
 satisfying conditions


a
�
d
 of De�nition ���	� rewritten appropriately�

Using these observations we arrive at our de�nition of a polygroup

object in an arbitrary category that is given in the next section�

�� Category of polygroup objects

De�nition ��� Let E be a category with �nite products� A polygroup

object in E is a multiple 
H�P�R� s� r� 
�E� i
 where H � P and R are

objects in E and s� r� 
�E and i are morphisms in E such that� s � H � P

is a monomorphism and r � R � P � is a preorder on P � Moreover for
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all morphisms �� � � B � H in E if s� �r s�� then � � � and�


a
 
 � P � � P makes the following diagram commutative�

P 	 ���
�� P �


 � � � � 


P � �
�� P

and hence we say that 
 is associative�


b
 E � P � P makes the following diagram commutative�

P
h��Ei
�� P �

hE� �i �
�

� � 


P � �
�� P

That is� � 
 E � E 
 � � �� and also Es factors through s� i�e�� there

exists a morphism e � H � H in E such that Es � se� Moreover there

exist morphisms "E � �� P and "e � �� H in E such that E � "E�P and

e � "e�H � We call E the identity�


c
 i � H � H satis�es Es �r � 
 i and Es �r i 
 � where � 
 i � 
s�h�� ii

and i 
 � � 
s�hi� �i� We call i an inverse�


d
 For all morphisms �� � and � � B � H in E we have the following

implications�

s� �r s� 
 s� � s� �r s� 
 si� � s� �r si� 
 s�

In this de�nition we denote the multiple 
H�P�R� s� r� 
�E� i
 by �H �

Theorem ��� Let �H � 
H�P�R� s� r� 
�E� i
 be a polygroup object

in E and � � H� � H be a morphism in E such that s� � 
s�� Then


H� �� eH� i
 is a group object in E�

Proof	 It is enough to show that � � i � e� From De�nition ���
c
 it

follows that Es �r s
��i
 and so se �r s
��i
� Thus ��i � e� Similarly

i � � � e�

Theorem ��� Let 
H� 
� e� i
 be a group object in E� Set H �

P � R and let r � ' � h�� �i be the diagonal morphism from H
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into H�� and s � idH be the identity morphism on H in E� Then


H�H�H� idH�'� 
� e� i
 is a polygroup object in E�

Proof	 Straightforward�

Proposition ��� Let �H be a polygroup object in E� then the following

statements hold�

�i� Es � se � E�H

�ii� se � E�

�iii� � 
E�P � ��

�iv� i� � ��

�v� ie � e�

�vi� ie � ei � e�

�vii� E� � E� and

�viii� E 
E � E�

Proof	 Straightforward�

Notation Let E be a category and A be an object in E � We denote

the functor Hom
�� A
 � Eop �� Set by A and if f � A � B is a

morphism in E we denote the natural transformationHom
�� f
 � A
�

��

B� by f �

Lemma ��� Let r � R � P � be a monomorphism in E� For all

objects F and morphisms f� g � F
�

�� P in SetE
op

we have

f �r g �� �A � E � �x � F 
A
� fA
x
 �r gA
x
�

Proof	 Let f �r g� so there exists a morphism h � F
�

�� R in SetE
op

such that rh � hf� gi� Thus we get hA
x
 � A �� R� so fA
x
 �r gA
x
�

for all A � E and x � F 
A
� Thus fA
x
 �r gA
x
�

Now suppose for all A � E and x � F 
A
 we have fA
x
 �r gA
x
� So

there exists a morphism hA�x � A� R such that rhA�x � hfA
x
� gA
x
i �A �

E and x � F 
A
� Now de�ne hA � F 
A
 �� Hom
A�R
 by hA
x
 �

hA�x� It easily follows that h � F � R is a natural transformation and


rh
A
x
 � hf� giA
x
� so f �r g�
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Lemma ��� Let r � R� P � be a monomorphism in E� Then for all

morphisms �� � � B � P in E we have� � �r � �� � �r ��

Proof	 First suppose that � �r �� So there exists a morphism

h � B � R such that rh � h�� �i� If A � E and x � A � B is a

morphism in E � so we get 
rh
A
x
 � rA
hA
x

� Thus � �r ��

Now suppose � �r �� Then there exists a morphism h � B
�

��

R in SetE
op

such that rh � h�� �i� By Yoneda lemma we have h �

Hom
�� h
� where h � hB
�
� So we have 
rh
B
�
 � h�� �i� thus

rh � h�� �i� Therefore � �r ��

Remark ��� Let f � � A � B be a morphism in SetE
op

� By Yoneda

Lemma we get f � � f �where f � f �A
�A
�

Theorem ��� Let H�P�R� s� r� 
�E� i be as in the statement of Def�

inition if �H � 
H�P�R� s� r� 
� e� i
 is a polygroup 
��� Then �H �


H�P�R� s� r� 
�E� i
 is a polygroup object in E if and only object in

SetE
op

�

Proof	 Follows from Lemmas ��� and ����

Remark ��
 Theorem ��� is the generalized version of Theorem ����

De�nition ���� Let �H and �H � be polygroup objects in E � A

morphism �f � �H � �H � is a triple 
fH � fP � fR
 where fH � H � H ��

fP � P � P � and fR � R� R� are morphisms in E such that


a
 fP s � s�fH �


b
 f�P r � r�fR�


c
 fP 
 � 
�f�P �


d
 fPE � E�fP �

Theorem ���� If �f � 
fH � fP � fR
 � �H � �H � is a morphism� then�

�i� fHe � e�fH �

�ii� fH i � i�fH �

Proof	 
i
 Straightforward�
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ii
 We know that Es �r � 
 i� thus�

E�H �r � 
 i � by Proposition ���
i


� fP se�H �r fP 
 s
�h�� ii � by Proposition ���
ii


� s�fHe�H �r fP 
 s
�h�� ii � by De�nition ���	
a
 and Proposition ���
i


� E�s�fH �r fP 
 s
�h�� ii � by Theorem ����
i
 and Proposition ���
i


� E�s�fH �r 

�
s�fH


�h�� ii � by De�nition ���	
a
and
c


� s�e��H �r s
�fH 
 s

�fH i � by Proposition ���
i
�
ii


� s�fHi �r s
�i�fH 
 s

�e��H � � by Proposition ���
ii
�
iii


Hence fH i � i�fH �

Lemma ���� Let �H and �G be two polygroup objects in E and �f �
�H � �G be a morphism� If �H � H � � is an epimorphism then fHe � e��

Proof	 Straightforward�

Theorem ���� The collection of all polygroup objects in E together

with polygroup morphisms forms a category� which is denoted by PGrp
E
�

Sketch of proof	 For �f � �H � �H � and �g � �H � � �H ��� the com�

position �f � �g is de�ned by 
fH � gH� � fP � gP � � fR � gR�
� The identity

morphism �id � �H � �H is de�ned to be the triple 
idH� idP � idR
� where

idH � idP � and idR are the identities on H�P and R respectively in E �

Notation In the special case� where E � Set� we denote PGrp
Set


by PGrp�

Remark ���� By Theorems ��� and ���� the category Grp
E
 can

be embedded in the category PGrp
E
� i�e� Grp
E
 � PGrp
E
� It then

follows that

Mon � Grp � PG � PGrp

Theorem ���� Let f �H�g��I be a collection of objects in PGrp
E
�

where
�H� � 
H�� P�� R�� s�� r�� 
�� E�� i�
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If E has products then

% �H� � 
%H��%P��%R��%s��%r��%
��%E��%i�


is a product of f �H�g in PGrp
E
� In particular GPGrp
E
 has �nite

products�

Proof	 Straightforward�

Theorem ���� Let E be a category such that for all objects H in

E� �H � H �� � is an epimorphism� If E has equalizers� then so does

PGrp
E
�

Proof	 Let �H � 
H�P�R� s� r� 
� E� i
and �G � 
G�P �� R�� s�� r�� 
�� E�� i�


be two polygroup objects� Given a pair of morphisms �f� �g � �H � �G in

PGrp
E
� let �K � K � H � �P �� � P �� � P � and �R�� � R�� � R be

equalizers of 
fH � gH
� 
fP � gP 
� and 
fR� gR
� respectively� Using the

fact that �K � �P �� � and ��P �� are equalizers� we obtain the morphisms

s�� � K � P ��� r�� � R�� � P ���� 
�� � P ��� � P ��� E�� � P �� � P ���

and i�� � K � K� It is straightforward though tedious to show that
�K � 
K�P ��� R��� s��� r��� 
��� E��� i��
 is an equalizer of �f� �g�

Corollary ���� Let E be a category in which for all objects H in E�

�H � H �� � is an epimorphism� If E has limits then so does PGrp
E
�

Proof	 Since E has products and equalizers� by Theorems ���� and

����� so does PGrp
E
� Therefore PGrp
E
 has limits�

�� Free Polygroup Objects

Proposition ��� There exists a faithful functor U� from PGrp
E
 into

Mon
E
� where U�
 �H
�f
� �H �
 � 

P� 
� E


fP�� 
p�� 
�� E
�


� that is PGrp
E


is concrete over Mon
E
�

Proof	 Let �H � 
H�P�R� s� r� 
� E� i
and �H � � 
H �� P �� R�� s�� r�� 
�� E�� i�


be two arbitrary objects in PGrp
E
 and �f � 
fH � fP � fR
 be a morphism

from �H into �H � in PGrp
E
� Then it is easy to see that U� � PGrp
E
�
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Mon
E
 is a functor� Now we show that U� is faithful� Let �f � �g � �H � �H �

be morphisms in PGrp
E
� such that U�
 �f
 � U�
�g
� Thus fP � gP �

From De�nition ���	
a
 we know that fP s � s�fH and gPs � s�gH � So

s�fH � s�gH and since s� is a monomorphism we get that fH � gH �

Also we have f�P r � r�fR and g�P r � r�gR� by De�nition ���	 
b
� so

r�fR � r�gR� Since r� is a monomorphism� thus fR � gR� Therefore
�f � �g� that is U� is faithful�

De�nition ��� Let 
P� 
� E
 be an object in Mon
E
 and ' � P �

P � be the diagonal morphism� Then 
�� P� P� E�'� 
� E�P � id�
 is an ob�

ject in PGrp
E
� We denote this object by �P ��

Theorem ��� The concrete category 
PGrp
E
� U�
 has free objects�

Proof	 Let 
P� 
� E
 be an object in Mon
E
� We claim that �P � is

a free object over 
P� 
� E
� For this reason we show that the identity

morphism

id�P���E� � 
P� 
� E
 �� U�
 �P
�
 � 
P� 
� E


is a universal arrow over 
P� 
� E
� Let �H � � 
H �� P �� R�� s�� r�� 
�� E�� i�


be another object in PGrp
E
 and g � 
P� 
� E
 �� U�
 �H
�
 � 
P �� 
�� E


be a morphism inMon
E
� Thus by De�nition ��� we have g
 � 
�g� and

gE�P � 
E
�
�P �
g� Since �H

� is an object in PGrp
E
 thus by De�nition

���
b
 we get e��H� � e� and we know that g �� g� thus there exists

a morphism g� � P � R� such that r�g� � hg� gi � g�'� It is easy to

check that �g �� 
e�� g� g�
 is a morphism from �P into �H � in PGrp
E
�

and U�
�g
 � g� which implies that U�
�g
 � id�P���E� � g� Now suppose

that �f � 
f�� f�� f	
 be an arbitrary morphism from �P into �H such that

U�
 �f
 � id�P���E� � g� Therefore we get U�
 �f
 � g � U�
�g
� Since U�

is faithful� thus �f � �g� So �g is a unique morphism such that U�
�g
 �

id�P���E� � g� Therefore �P � is a free object over
P� 
� E
�

Proposition ��� The mapping F� de�ned by

F�

P� 
� E

f
�� 
P �� 
�� E

�


 � 
 �P � �id��f�f�

�� �P �
�
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is a functor from Mon
E
 into PGrp
E
�

Proof	 Straightforward�

Lemma ���

�i� ��
�P���E

� � id�P���E� � 
P� 
� E
 �� U�F�
P� 
� E
 � 
P� 
� E
 de�nes

�� � IdMon�E� �� U�F� as a natural transformation�

�ii� For every object �H � 
H�P�R� s� r� 
�E� i
 in PGrp
E
� the mapping

�� �H
� 
e�� idP � h
 � F�U�
 �H
 � �P � � �H de�nes �� � F�U� � IdPGrp�E�

as a natural transformation� where h � P � R is a morphism in E such

that rh � hidP � idPi�

Proof	 Straightforward�

Theorem ��� Suppose that U�� F�� �� and �� as in Propositions

���� ��� and Lemma ��
 respectively� Then we have 
��� ��
 � F� � U� �


PGrp
E
�Mon
E

 is an adjoint situation�

Proof	 By Lemma ��� it is enough to show that U��� � ��U� � idU�

and ��F� � F��� � idF� � We only show the former� the latter is similar�

Let
�H � 
H�P�R� s� r� 
� E� i
 be an object in PGrp
E
� So we have


U��� � ��U�

 �H
 � U���
 �H
 � 
��U�

 �H


� U��� �H
� ��U�� �H�

� id�P���E� � id�P���E� � by Proposition ���

� U�
e� idP � h
 � id�P���E� � by Lemma ��� 
i


� idU�� �H��

So U��� � ��U� � idU��

Theorem ��� Let T� � 
T�� ��� ��
 be the monad associated with the

adjoint situation given in Theorem ��	� where T� � U�F�� Then T� is

the trivial monad�

Proof	 Let x be an object in the Eilenberg�Moore category 
Mon
E
T� � UT�
� 


�see ��� So we have x � T�
P� 
� E
� 
P� 
� E
� for some object 
P� 
� E
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in Mon
E
� that satis�es


a
 x � ��
�P���E�

� id�P���E�� and


b
 x � T�x � x � ��
�P���E�

�

By 
a
 and Lemma ��� 
i
 we have x � id�P���E�� Since T� � U�F�� so

we get T� � IdMon�E�� and by condition 
b
 we conclude that �� � idT� �

Thus we have �� � �� � idT� � Then the monad T� is trivial monad


IdMon�E�� idT�� idT�
�

Corollary ��� The Eilenberg�Moore category 
Mon
E
T�� UT�
� 
 is

concretely isomorphic to 
Mon
E
� IdMon�E�
�

Proof	 Straightforward�

Theorem ��
 Let 
��� ��
 � F� � U� � Mon
E
 � E be an ad�

joint situation and T� � 
T�� ��� ��
 be its associated monad� Then the

Eilenberg�Moore category 
ET� � UT�
� 
 is concretely isomorphic to the cat�

egory Mon
E
�

Sketch of Proof	 If x � T�P � P is a T��algebra� multiplication

in P is de�ned by 
 � x � U� 
� �lP � lP where lP � P � U�F�
P 
 is

an universal arrow and F�
P 
 � 
F�P� 
�� E�
 is a free object over P in

Mon
E
� And E de�ned by E � x � U�E�� Then 
P� 
� E
 is an object

in Mon
E
�

Let 
��� ��
 � F� � U� � 
PGrp
E
�Mon
E

 be adjoint situation as

in Theorem ���� Let U � U�U�� F � F�F�� � � U���F� � ��� � �

�� � F���U� and � � U�F � Since composition of adjoint situations is an

adjoint situations 
see Proposition ��������
� so we have 
�� �
 � F � U �


PGrp
E
� E
 is an adjoint situation� Suppose that T � 
T� �� �
 be its

associated monad� then we have the following theorem�

Theorem ���� The Eilenberg�Moore category 
ET � UT 
 is concretely

isomorphic to the Mon
E
�

Proof	 The proof is obvious by Theorems ��� and ����
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Proposition ���� If the category E has �nite products� then the

functor

F� �Mon
E
� PGrp
E
 given in Proposition ���� preserves �nite prod�

ucts�

Proof	 Let f
P�� 
�� E�
g��I be a �nite family of objects inMon
E
�

Then by Theorem ��� the object 
%P��%
��%E�
 is a product of the

above family in Mon
E
� Let ' � %P� � 
%P�

� be the diagonal mor�

phism� then Pr��' � '�Pr�� for all � � I � where Pr� � %P� � P� is the

canonical projection morphism� By Theorem ���� F 
%P��%
��%E�
 �d%P�� � 
��%P��%P��%E��'�%
��%E���P�� id�
 together with the canon�

ical projectiondPr� � 
id�� Pr�� Pr�
 is a product of the family fF 
P�� 
�� E�
 �cP�� � 
�� P�� P�� E��'�� 
�� E��P� � id�
g in PGrp
E
�

Proposition ���� Let E have equalizers� If the following diagram


P� 
� E

f
�� 
P �� 
�� E

�



g
��
��

h

P ��� 
��� E

��

 
�


is an equalizer in Mon
E
� then

F�
P� 
� E
 � �P �
�f��id��f�f�
�� F�
P

�� 
�� E
�

 � �P �

��g��id� �g�g���
��

�h��id��h�h�
F�
P

��� 
��� E
��

 � �P ��

�

is an equalizer in PGrp
E
�

Proof	 Since gf � hf � so �g �f � �h �f � Let �H� � 
H�� P�� R�� s�� r�� 
�� E�� i�


be an object in PGrp
E
 and �k� � 
kH� � kP�� kR�
 � �H� � �P �
�
be a mor�

phism in PGrp
E
� such that �g�k� � �h �k�� By Theorem ���� we have

gkP� � hkP� and gkR� � hkR� �

Since 
P�� 
�� E�
 is an object in Mon
E
 and the diagram 
�
 is an

equalizer inMon
E
� so we get the unique morphism tP� � 
P�� 
�� E�
�


P� 
� E
 in Mon
E
� such that ftP� � kP� � Let 
F�
R�
� 
�� E�
 be

the free monoid over R� in Mon
E
� so we have the unique morphism

h� � 
F�
R�
� 
�� E�
� 
P �� 
�� E
�

 in Mon
E
 such that U�
h

�
 � l � kR� �

where l � R� � U�F�
R�
 is a U��universal morphism in E � Thus we
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have h� � l � kR�
� Since g � 
P �� 
�� E

�

 � 
P ��� 
��� E

��

 is a mor�

phism in Mon
E
� then we get gh� � hh�� So by diagram 
I
 we

get a unique morphism t� � 
F�
R�
� 
�� E�
 � 
P� 
� E
 in Mon
E


such that ft� � h�� Now� de�ne tR�
�� U�
t

�
 � l� that is� tR�
�

t� � l� Since the concrete category 
Mon
E
� U�
 over E � has free ob�

jects� and f is a monomorphism in Mon
E
� then by Theorem ���� ����

we have U�
f
 � f is a monomorphism in E � Now it easily follows that

�t� � 
�H�
� tP� � tR�


 � �H� � �P is a morphism in PGrp
E
� Also �f�t� � �k��

and �t� is a unique morphism such that �f�t� � �k��

Theorem ���� If E has �nite limits� then the pair 
F�� U�
 where

F� � U� is a geometric morphism�

Proof	 The proof is obvious by Propositions ���� and ����� see also

page �� of ����

Remark ���� By Theorem ���� the concrete category 
PGrp
E
� U�


over

Mon
E
 has free objects� So by Theorem ���� ���� we get that U�

preserves and re!ects monomorphisms� and by Proposition ���� ���� U�

re!ects epimorphisms�

Example ���� We know that 
Z� 	� E
 and 
Q� 	� E
�

 are objects

in Mon� Let f be the inclusion homomorphism from 
Z� 	� E
 into


Q� 	� E
�

� i�e�� f
n
 � n for all n � Z� We have that f is an epi�

morphism� by some manipulation 
see Example ���	 
�
 of ���
� But

f � Z �� Q as a function in Set is not an epimorphism� We know that
�Z� and �Q� are objects in PGrp� and �f � 
id�� f� f
 � �Z� � �Q� is a

morphism in PGrp� It is easy to see that �f is an epimorphism in PGrp�

But U
 �f
 � f � Z �� Q� as a morphism in Set� is not an epimorphism�

Notation The full subcategory of PGrp whose objects are


�� P� R� s� r� 
�E� id�
 is denoted by P�Grp�

Theorem ���� If �f � 
f�� f�� f	
 � �P � �P � is an epimorphism in

P�Grp� then U�
 �f
 � f� is an epimorphism in Mon�
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Proof	 Let 
P� 
� E

f�
�� 
P �� 
�� E

�


g�
��
��

h�

P ��� 
��� E

��

 be a diagram in

Mon� such that g�f� � h�f�� We know that r
� � R� � P �� and r�
R�
 is

the set de�ned by f
p��� p
�
�
j�x � R�� such that r�
x
 � 
p��� p

�
�
g� Now let

R�� be the smallest preorder relation on the set

f
g�
p
�
�
� g�
p

�
�

j
p

�
�� p

�
�
 � r�
R�
g � f
h�
p

�
�
� h�
p

�
�

j
p

�
�� p

�
�
 � r�
R�
g

and r�� � R�� �� P ��� be the inclusion map� De�ne s�� � � � P �� by

s�� � g�s
�� Thus s�� is a monomorphism in Set� Since for any morphisms

�� � � B � � in Set� we have � � �� therefore if s��� �r�� s
���� then

� � �� Now de�ne �P �� � 
�� P ��� R��� s��� r��� 
��� E
��
�P �� � id�
� It is easy to

check that �P �� is an object in P�Grp
Set
� It can easily be checked that

�g � 
id�� g�� g
�
�r

�
 and �h � 
id�� h�� h
�
�r

�
 are morphisms in P�Grp from
�P � to �P ��� Therefore �h �f � �g �f � and since �f is an epimorphism in P�Grp

thus �h � �g� That implies g� � h�� so f� � 
P� 
� E
 � 
P �� 
�� E
�

 is an

epimorphism in Mon�

Proposition ���� Let �f � 
fH � fP � fR
 � �H � �H � be a morphism in

PGrp
E
� �f is an isomorphism in PGrp
E
 if and only if fH � fP and

fR are isomorphisms in E�

Proof	 Straightforward�

Remark ���� In Example ����� we showed that �f � 
id�� f� f
 �
�Z� � �Q� is an epimorphism in PGrp� Since the concrete category


PGrp� U
 over Set has free objects� so by Theorem ���� ��� we get �f is

also a monomorphism in PGrp� But �f is not an isomorphism in PGrp�

because if �f is an isomorphism in PGrp� then U
 �f
 � f � Z �� Q is an

isomorphism in Set� which is a contradiction� So the category PGrp is

not balanced� and so it is not a topos�

�� Essentially Algebraic Property

We start this section by assuming that the forgetful functorU� �Mon
E
�

E is 
generating� Mono�source
�factorizable� For example� we know that
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the forgetful functor U� � Mon � Set is an adjoint� and so by Propo�

sition ���� ���� it is 
generating��
�factorizable� hence it is 
generating�

Mono�source
�factorizable�

Throughout this Section we use U � U�U� � PGrp
E
 � E � where

U� and U� are the functors introduced in section ��

Theorem���	 The functor U � PGrp
E
� E is �generating� Mono�

source��factorizable�

Proof	 Let f �Hj � 
Hj� Pj� Rj� sj� rj� 
j� Ej� ij
gj�I be a collection

of objects in PGrp
E
� and 
X
fj
� U
 �Hj
 � Pj
j�I be a U �structure

source� Since the functor U� � Mon
E
 � E is 
generating� Mono�

source
�factorizable� thus there exists a U��generating morphism e � X �

U�
G� 
� E
 and a mono�source 

G� 
� E

mj

� 
Pj� 
j� Ej

j�I in Mon
E
�

such that fj � U�
mj
�e� for all j � I � On the other hand� U�
G� 
� E
 �

U�U�F�
G� 
� E
 � U
 �G�
� Therefore we have the morphism e � X �

U
 �G�
� We claim that e is U �generating� To show this� let �G�
�g

��
��

�h

�K be

morphisms in PGrp
E
� such that U
�g
�e � U
�h
�e� So U�
U�
�g

�e �

U�
U�
�h

 � e� since e is U��generating thus U�
�g
 � U�
�h
� Therefore

�g � �h� because U� is faithful� Now we want to get a mono�source


 �G� �mj

�� �Hj
j�I in PGrp
E
� Since rj � Rj � P �
j is re!exive� for all

j � I � thus mj �rj mj� Hence for all j � I � there exists a morphism

hj � G � Rj in E � such that rjhj � m�
j'� Now de�ne �mj � �G� �

�Hj by �mj � 
�ej� mj� hj
� By Proposition ���� it is easy to check that

�mj is a morphism in PGrp
E
� Now we show that 
 �G� �mj

�� �Hj
j�I is a

mono�source in PGrp
E
� Let �k � 
k�� k�� k	
 and �g � 
g�� g�� g	
 be

morphisms in PGrp
E
 from �k to �G� such that �mj � �k � �mj � �g� for

all j � I � So we have U
 �mj � �k
 � U
 �mj � �g
� for all j � I � Therefore

mj � k� � mj � g�� for all j � I � and since 
mj
j�I is a mono source� we

have k� � g�� By Proposition ���� we get �k � �g�

Thus 
 �G� �mj

�� �Hj
j�I is a mono�source in PGrp
E
� and we have�

U
 �mj
 � e � U�
U�
 �mj

 � e � U�
mj
 � e � fj
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We conclude that every U �structure has a 
generating� Mono�source
�

factorization�

Theorem ��� The forgetful functor U � PGrp
E
 �� E� creates

isomorphisms�

Proof	 Let �H � 
H�P�R� s� r� 
�E� i
 be an object in PGrp
E
� and

f � X � U
 �H
 � P be an E�isomorphism� De�ne �XH � 
H�X�R� s
�� r�� 
�� E�� i
�

where s� � f��s� r� � f��r� 
� � f�� 
 f�� E
�
� f��E and E� �

f��Ef � It is easy to check that �XH is an object in PGrp
E
 and
�f � 
idH� f� idR
 � �XH � �H is an isomorphism in PGrp
E
� Also

we have U
 �f
 � f � and since U is faithful� thus �f is unique morphism

in PGrp
E
 such that U
 �f
 � f �

Corollary ��� The concrete category 
PGrp
E
� U
 over E is essen�

tially algebraic�

Proof	 By Theorem ��� and ���� we have U is essentially algebraic�

so the concrete category 
PGrp
E
� U
 over E � is essentially algebraic�

Corollary ���

�i� The concrete category 
PGrp
E
� U
 has equalizers�

�ii� The functor U detects colimits�

�iii� The functor U preserves and creates limits�

�iv� If E is complete� then PGrp
E
 is complete�

�v� If E has coproducts� then PGrp
E
 is cocomplete�

�vi� If E is wellpowered� then PGrp
E
 is wellpowered�

Proof	 The proof is concluded by Corollary ����	� Theorem ������

and Proposition ����� of ����

Remark ��� By Corollaries ��� and ��� we get that PGrp is com�

plete� cocomplete and wellpowered�
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Cq�kt �UQ�i �xO�mJ w u�wva

s�wO �xHQO ��yi�Qo R� �Y�N ��yxOQ ��Q� � �wv �Q�Po�UJQ�

QwO GvB R� pmWDt xm Q
S� �K
 swO xHQO h�Qo xm CU� xOW xO�O u�Wv �OD�� xr�kt u�� QO
TBU �OW���t � �wv �Q�Po�UJQ� ��Q�O K K�LY OOa Qy ��R� x� �CU� �K pw� x�
xO�O u�Wv R�v swO xHQO ��yi�Qo R� �Qo�O ��yxOQ QO � �Q�Po�UJQ� OwHw u	 R� xO�iDU� ��

�CU� xOW

C x� H��R� pOt ��y��iQ� R QO ���wD ��UwD

�Hv�� QO �CU� xOW xar��t H�
R
 �OQ�y ���iQ� R R� K� pOt ���iQ� R xr�kt u�� QO

xLiY s�tD x� u�wD�t �Q CU� xOW h� QaD R �wQ xm f � K� w�a Qy xm s�yO�t u�Wv
��xawtHt RH x� ��k�kL �N ��kv s�tD QO xm CU� ��xvwo x� s�taD u�� �O�O s�taD �rDNt

�OW���t hQ� wO Qy R� �U�tt OL ��Q�O f �QiY n�r xR�ov� ��
Oy�wN �r�rLD xR�� u�� �wQ R�v f �OW�� �r�rLD �a��D �k�kL �N R� ��xR�� �wQ Qo � u�vJty
����tv	��D  	��D xm �akwt �q
w� �OW���t C�ty� R��L OQwt wO QO xH�Dv u�� OQ� Q�m �Ow�
�akwt ���v�F �CU� xOW xar��tBuezling�Malliavin syt 
xr�kt QO OQwt u�� �OW�� ei�x� �
��y��k u�ty �� hQwtwQt �a��D R�v f Cr�L u�� QO �OW�� hQwtwQt Blaschke 	��D l�  xm

�CU� xOW QmP ��� QO OQwt u�� QO QDW�� G��Dv �OW���t  

xOv�OQoQ� p�tQv u�� R ���D CLD �Oa� OvJ p�tQv �� RwD u�ov��t Q�OQ� ����OQw�Q�
xDi�� s�taD �xOW

u�ov��t ��yQoOQw	Q� �xDi�� s�taD �xOW xOv�OQoQ� p�tQv u�� R 	��D uDiQo Q
v QO �� xr�kt u�� QO
X � 
X�� ���� Xp


� Q�OQ� uOw� �wQ �Ov�xDiQo Q�Qk xU��kt w �UQQ� OQwt �Oa� p p�tQv Q�OQ�
u�vJty �CU� xOW xO�O u�Wv p � � ��Q� Q�OQ� u�� uOw� �wQ�v w xO�OQo C��F� p � � ��Q�

�OvQ�O �QDQ� X Q�OQ� Q� lU� Q 	��D Q�Okt Q
v R� xm xOW �iQat �yQoOQw	Q� R� �U�rm
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�ywQo �rB 	��W� xDUQ

R� �t�taD u�vJty xm �s�yO�t s�taD E x�wNrO xDUQ l� QO �Q xwQo �rB swyit �xr�kt u�� QO
h� QaD �Q E QO �ywQo �rB ���W� R� PGrp
E
 xDUQ TBU �OW���t R�v �ywQo ��W swyit
u�vJty �s�vm�t j�kLD u	 QO �Q �OL�sy w OL uwJty �u	 X�wN R� ��a� w s�vm�t
�wQ ��xQ�wmD ���W� R� Mon
E
 xDUQ �wQ Twtrt xDUQ l� PGrp
E
 xm s�yO�t u�Wv
Tmavt w �iL xQ�� QO s�Hv�QU �CU� �Q�H ��U�U� w �UOvy �O�R	 ���W� ��Q�O w OW���t E
�s�vm�tEL�Mon
E
 x� PGrp
E
 R� �Wwt�Qi QwDmv�i�UwD �DN� QmD w �DN� QvwQ� uOwtv


