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Introduction.

As it is known, in solving many applied problems, usually there appears
the necessity of finding the solution of the Cauchy problem for the ordi-
nary differential equations. For this aim either one or multi-step meth-
ods or their combinations are used. One of the basic questions for their
using is in determination of their accuracy. This question is answered in
the work of N.S.Bakhvalov, for the explicit stable k-step method with
the constant coefficients for k& < 10 (see [1]) and in Dahlquist’s work for
the implicit stable k-step method with the constant coefficients and for
the stable explicit method, when k is arbitrary. As k-step method is
applied to the numerical solution of the first order ODE, but for the nu-
merical solution of ODE of second order usually it is used k-step method
with the second derivative. The maximal accuracy of the stable k-step
method with the second derivative is determined in [3]. This result was
obtained in [4] by different ways. Note that the k-step methode with
the second derivative, as the numerical method for the solution of the

ODE is investigated by many authors (see, for example [5], [6]).

Works, devoted to the numerical solution of ODE of orders more
than 2 are considerably few. So the k-step Obrechkoff’s method which
can be used, as the numerical method for solving any order ODE is

investigated here.

The k-step Obrechkoff’s method with the constant coefficients may

be written as:
k r ) k ) )
Zaiyn+i = Zh] Zﬁy)%ﬁi- (1)
i=0 ji=1 =0

This method for r = 2 was investigated in [7] and maximal value of the
degree for the A-stable methods is found there. It is evident that the

method (1) can be applied for determination of numerical solution of
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the problem:

(v) (2)

y(i):f<x7y7y’,,,,,y(j_1)), (j:l,?,...,T),
(v=1,...,5-1).

y(%) = ymy(v)(%) = yov

It is easy to show, that if 7 > 1, then for determination of the
numerical solution of the problem (2), any method of the type (1) can
be used and in this case it is necessary to define the solution of the system
of the difference equations (hence using some methods for the calculation
y(z),y"(x),...,y9"Y(z) on the point z,,(m > 0)). Convergence and
effectiveness of such methods are investigated in [8].

In order to determine the maximal accuracy of the stable method,
which is obtained from (1) all over again, one can define the maximal

accuracy of the method (1), regardless of its stability.

1. The maximal value of the degree of the k-step Obrechkoff’s
method.

Usually the concept of the accuracy of a multistep method is concerned

with the concept of its order.

Definition 1. The method (1) is said to have the degree p, if for

any smooth function y(z),

aiy(z +ih) = S W BTy D@ + hi)| = O(h*Y), h— 0.
=0 i=t (1.1)

It is not difficult to define, that the maximal order of the accuracy for
the method (1), coincides with the maximal value of its degree p (see,
for exam. [2], [3]). Therefore we shall make busy ourselves with the
determination of the maximal value of the degree p, both for stability
and for nonstability method, which is received from (1). Consider the

next lemma.



4 V.R. Ibrahimov

Lemma. Let y(z) be a sufficiently smooth function. Then for im-

plementing relation (1.1), the necessary and sufficient condition is the

ollowing:
J g
{Zf:o a; =0 ; Zf 0 & — Z] 122 0 (]Z] 1)vﬁ(v+1_]) , (v=1,...,7),
k _ irt! () _
Zz 0 (T+l)' Z] 1 ZZ 0 (T+l ])vﬁ'] ’ (l - 17 <oy P T)' (1‘2)

For the proof of this lemma, it is suflicient to use the following ex-

pansions in (1.1)

ya + i) = y@)+ 3 P00y 4oy,

1
p .

(])($_|_Zh _y(y) _|_Z( (v-l-]) )—|—O(h”‘j+1)), (j=1,2,...,p)
v=1

and linear independence of the system 1,h,h%, ..., A",

The number of equations in (1.2) is equal to p + 1, but the number
of unknowns is equal to (r + 1)(k+ 1). In order for the system (1.2) to
have the non-trivial solution, it must be p+ 1 < rk +r+ k + 1. Hence,
p<r(k+1)+k—1. From here it follows that pp., = r(k+1)+k — 1.

But the methods with the maximal orders usually are nonstable.

Definition 2. The formula (1) is called stable, if the modulus of

roots of the polynomial
k
= Z a; N
i=0

does not exceed 1, and that the roots of modulus 1 (one) are simple.

The method is called stable, if the corresponding formula is stable.

Prior to defining the maximal value of the degree for the stable
method, which is received from (1), we shall consider the natural condi-
tions, that we put on coefficients of the formula (1). Suppose that the
coefficients of the formula (1) satisfy the following assumptions every-

where.
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A. The coefficients ai,ﬁy) (i=0,...,k;j=1,...,7) are real and
'y # 0.

B. The characteristic polynomials p(A) and

k

s(N) =S B0N, (j=1,...,r)

14
i=0

have no common factor.

C. The degree of formula (1) satisfies the condition p > r and
v (1) #0,if 14(1) =---=1,_1(1) = 0, otherwise (1) # 0 and
pzr.

The necessity of the condition A is evident. Consider, the proof of
the necessity of the assumptions B.
Assume that the polynomials v;(A) and p(A) have a common factor,

degree of which is not less than 1 (one). Then we can write
V(E) (p"(E)ya = Y_ Wi (E)yi)) =0, (1.3)
j=1

where p(A) = P(A)p"(A); v(A) = v(A)wi(A), (j=1,...,7), but Eis
the operator defined by

FEy, = Ynq1 OT Ey(w) = y($ + h)

From (1.3) we have
PEyn =3 W (E)S. (1.4)
j=1

It follows from here, that the formula (1) as a difference equation
with the order k is equivalent to the difference (1.4) with the order
ki, where ky < k, i.e. to the difference equation with the lower order.
Consequently, for the determination of unique solution of the difference

equation (1), it is sufficient to assign the initial values on the first k;
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points. But, as it is known, in this case the solution of difference equation
of order k > k¢, will be nonunique. The contradiction, which has been
obtained, demonstrates the necessity of the condition B.

Now let us prove the necessity of the condition C. Suppose, that the
method which is determined by the formula (1) is convergent. Then we

can write
|Ynti — y(x)] — 0 when h — 0 (& = o + nh), (1.5)

here y(x) is exact and y, is approximate values of the solution of problem
(2), calculated by the method, which is determined from the formula (1).
If we substitute (1.5) in (1), then we will have

sl | X el <2 foul + OCh), (16)

Taking this into account y(z) # 0 and going over to the limit in
(1.6) when h — 0, we obtain: p(1) = 0. From the p(1) = 0 we can write
p(A) = (A =1)p'(A). Then from (1) we receive

§/(E) (o1 — 0i) — hn(E)yl = O(h?). (L.7)

Summarizing (1.7) over 7 from 0 to n, we have

PE) s — ) = 1 (E)S ol + O(h). (1.8)

i=0

Put F, = 3 hy; and consider y,y; — y(2), yi — y(o).

=0
Foy —>/ y'(s)ds (i=0,1,....k).

Hence

Consequently p'(1) = v4(1).
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For ¢»(A) = 1 taking into account in the correlation (1.3)

p(A) = p(1)+p' (A -1)+ %,0”(1)(A -7+ 0(A-1)),
ri(A) =n(1)+ (DA = 1)+ O((A = 1)%),
va(A) = 15(1) + O(A = 1).

1

. h
and p(1) =0, p'(1) = 11(1), and also % =y + % + O(h*) we

can write

%p//(l) (yi+2 —Yin Yiv1 — Yi

L B 2 1) — o) — b (sa(0) = 50 ) o = 00,
Hence
(0L = 9 = 241 (sLas = ) = h{20n(1) = (D) + 5" (Dot = o) = O,

Summing up the last correlation over ¢ from 0 to n, we obtain

(p"(1) = 20y () (wiyy — wh) = (20a(1) — 11 ( Zhyz — —,0 YW1 — o)+ O(h).
(1.10)

Going over to the limit in (1.10), when A — 0, we have
(1) =20 () (2) = 1) = (2e1) = (1)) [ 9(5)ds. (1.11)
Hence
p'(1) = 20(1) + 205(1) — 1 (1). (1.12)

Taking into account that p’(1) = v1(1), the correlation (1.12) can be

written in the next form:

p(1) 4 /(1) = 20,(1) + 20(1). (1.13)
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Using the expansion

PN = p(1)+ p(DA = 1)+ 3" (DA = 1)+ 29" (1= 1P+ O((A = 1)),

(M) = (D) +ur (A -1)+ %Vi’(l)(A D+ 0((A=1)),

va(A) = wo(1) + (DA = 1) + O ((A = 1)%),
(A)
)

=
>
1
X

in the next expression
p(E)y: — hvn(E)y, — Wus(EYy! — Fuy(E)y! = O(h)  (1.14)

we receive

/ ho, Yit2 — Yi+1 Yiy1 — yz)
WV — s 2701 _
P(W)(Yirr = vi) + 50" )( - -

h2 " Yivz — Yit2 Yitas — Yig1 Yie1 — Ui
+ () ( o pRE T S )
L (1)(y TN
:th(l)yZ + hyl(l)(yi+1 — yl) + 7]/1 (1) ( +2 - +1 +1h )

+ R us(L)y! + BV (g — o) + BPes(L)y)” + O(h7).
If we use p/(1) = v1(1) and correlation (1.13), then we can write
P+ 3p(1) + /(1) = 307 (1) + B4 (1) + 6u4(1) + 6u(1).(1.15)

Note, that by realizations of the correlations (1.13) and (1.15) we
can obtain p = 2 and p = 3, respectively.

It is obvious, that if we continue this process, before using in (1.14)
the expansion of ylm, then we will receive correlation similar to (1.13)
and (1.15), from which the relation p = r will follow.

Note, that for the receiving of above mentioned correlation we can
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pmn = LA S -y,
yl(A)+§uj(A)(1nA) Ap WAS CiA=1Y +0((A=1)F), A —1,
here

|M3

7 —|— 1

If the last condition is satlsﬁed then the formula (1) will have the
degree equal to p.

The second part of the assumption C, is concerned with the fact that
if 14(A) # 0 and (1) = 0, then as it is obvious from the (1.9), method
will be divergent, which contradicts to the assumption.

But if we consider the case v1(A) = 0,15(A) # 0, and v5(1) = 0 then
as it is obvious from (1.11) convergence of the considered method will be
absent, since values of the function y/(z) are involved into the method.
Other cases may be explained by analogy.

Note, that when the second part of the assumptions (' is not realized,
then the method will be nonstable, what proves validity of the above
given reasons.

Frequently there arises the necessity to find relation between k and r,
i.e. between order of the k-step method (1) and order of the derivatives
of the function y(z), used in (1). For the determination of the relation

between k and r, the formula can be written in the next form:

k r k
Z%%H = Z 6jhj Zﬁy)yﬁm (1.16)
=0 ji=1

i=0
here é;(j = 1,...,7) takes values 0 (zero) or 1 (one).

It is clear that if 6; = 0, then the method, which is determined by
the formula (1.16) cannot be stable. Therefore the notion of [-stability
introduced by G.Dahlquist will be used (see [3 p.19]),for é; = 6, = --- =
61 =0and 6, = 1.
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Definition 3. Formula (1.16) is said to be [-stable, if the roots of
polynomials p(A) are located within or on the unit circle and there is

not multiple root on the unit circle, except A = 1 multiplicity to [.

The method is called [-stable, if the corresponding formula is [-stable.

Relation between k& and r may be written in the next form:

! r
Z ok>r or k> —/——.
j=1 ! Z]’:l 6]’
If we consider the case §; = 0 and 6, # 0 then we receive well-

known method of Shtermer. In this case & > 2. Now, we can consider
the maximal value of degree for the stable methods, received from the

correlation (1).

2. The maximal value of degree for the stable k-step

Obrechkoff’s method.

For the investigation of the maximal value of degree for the stable k-
step Obrechkoff’s method, consider in general form, i.e. not taking into
account property of explicitly of the considered method, which imposes
some limitation on coefficients ﬁ,(cl) (I=1,...,7). In general, property
of explicitly for formula (1) depends on its application. In particular, if
the formula (1) is applied to numerical solution of problem (2), then for
j = r formula will be explicit by ﬁkr) = 0 but for 7 = 1 formula will be
explicit by ﬁ,(cl) =0,(I=1,...,7).

Suppose, that |3"|+ |8 +---+]8{”| # 0 and we shall now prove

a theorem, by which relation between p, k, and r can be determined.

Theorem 1. Suppose, that the formula (1) has the degree p, stable
ap #0. Then

(k4 1)r+1 by even k and odd r,
<
b= (k4 1)r by odd k and even r.
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There exists stable formula with the degree p = (k+ 1)r + 1 in the case,
when k is even and r is odd, but with the degree p = (k+1)r in the other

cases, for arbitrary k.

Proof. Taking into account condition of theorem 1, we can write

=S Wp(EWD ~ CRPYE (R —0).  (2.1)

Consider the special case and we put y(z) = exp(z) (see [2]). Denote
by the 7 = exp(h). Then correlation (2.1) may be written in the next

form:

r

Z_:V] YInT)Y ~ C(r =1 (1 —1). (2.2)

Replacing by

G- 0 T T -1

1 J 9 p—k+1
ZS ( Z+1) NC(—) , 2 — 00.
z
From here we can write

R(z) (111 zj 1)_1 - 51(z) — ZT:Sj(Z) (111 z i_ 1)j_1 ~ C (g)p_k , 2 — 00.

=2 (2.3)

Considering the following equalities

21N\ 2 & (2t z+1
(1112—1) =57 2 peen T (i > 0), I oy = 2] 2%+ 1"

1=0 =0

o —(2i+1)
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in (2.3), then we have

5 00 ' r—1 9 p—k
R(z) (5 - Zuziﬂz_(z“’l)) = 51(2) = 2" A, Sui(z) ~ C (‘) » & 00,
i=0

v=l : (2.4)

where

A > ezic1 Cgls)+12_(28+1) for v=20-1,
DD e for v=20(CY >0, m > 0).

Let the coefficients of the formula (1) satisfy the condition A, B and

C, then we can write a;, =0, as p(1) = 0.

If the condition of stability from the polynomial p()) carries over to

the polynomial R()), then we have:
1. R(z) has not roots with the positive real parts.

2. R(z) does not have the multiple roots on the imaginary axis
The coefficient a;_, # 0, as p'(1) # 0.

It is clear, that the left-hand side of the relation (2.4) may be written

in the next form:

00 r—1 S
z ; ]
R(z) (5 B ZN%HZ_(ZZH)) = 5i(z) - ZQUAUSUH(Z) = ZCZ'Z_Z‘
=0 v=1 i=1
(*)

It is easy to determine, that to prove the theorem 1, it will be nec-
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essary to investigate consistency of the next system:

1
b = ~ap
k 2% 1
1
b§€1_)1 + 2051)19;@2) = 5%

1
bggl_)z + 2051)522_)1 + 22C§1)b23) = §ak—3 — Mi1Qp—1,

1
bg—)?’ n 2051)()22_)2 n QCél)bf) + 22051)1’5@3—)1 1 2301())2)();64) — 5%_4 — o,

(2.5)
[ [51-1
b2 DT b 27 D Ol
v=0 v=0
(-1 B (-1
+ 2% Z Céz)q-?,b(z?w + 27t Z CéE?])b(z’;) = - Z Aoy 412041
v=1 ’U:[%] v=0
with the following system C; = Cy =+ -+ = Cp_1ypyrg1 = 0.

The system (2.5) is received from the (*) by the comparison coeffi-
cients of the linearly independent system 2/ (j =0,...,k).

Note, that the system (2.5) may be consistent, since the number of
the equations and unknowns are identical. (It is not difficult to prove,
that the system (2.5) is consistent). Therefore we will investigate the

system C; = (5 = -+ = C_1)pqr41 = 0, which can be written in the
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next form:
[y
(1) p(2) 2 (1) 5(3) 3 (2) (4)
2202v+1 —I_ 2 Z 02v+2 2vu+41 —I_ 2 ZC2U+1
5= 55”
—|— QT 1 Z sz+1 - Z aZvM2v+17
_(r 2) v=0
2
[E4)-1 (5] [
(1) 7(2) 2 (1) 1(3) 3 (2) (4
2 02v+3b2v+1 —I_ 2 Z C(21)+2b —I_ 2 Z 02v+3b2v+1 —I_ e
v=0 v=0 v=0
fk,r (et1)
() g
+2770 Y Chinby) = — Y. Gagafizegs,
v:('r—3) v=0
2
(=6 (x,1-1+0")
- 2 - 2
(1) (2) 2 (1) (3)
2 Zo sz+l+§l(3) b2v+gl(3) t2 Zo sz+l+1—§{3) b2v+1—§l(3) ..
v= v
(&;:l);ﬁl(‘l)) ([ ]) [(k+‘£ ] 51(3)_5123)
. r—1 5 (r) _
. Zo Coipe®Pavpe = ; Dov el Havpiee>
v= v=
(621;4'1_&1(1)1) (§£13+1+1 ‘51(1)1)
2 2
. (1) (2) 2 (1) (3)
2 Zo sz+l+1+§l(§’r) b +E, +2% Zo sz+l+2—§l(j”r)1 b2v+1—§l(j”r)1 T
v= v
(&i l)+1+1 gl(i)l) [(k+&l+1 ] 5(3) (3)
(2D r) e
. r—1 . 2 [—
+2 Z% sz+l+2—§l(j”r)1 b2v+l—§l(jr)1 . Cove® Fovtipreel,
v= v=

The system which is received for & = 2¢ may be divided upon two
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subsystems. The first of them can be written in the next form:

k (k 2)
2 Z CiD b 4 22 Z Chilyabss + -
(k—2)

4+ o0t Z sz+1b(2:; = Z oy oy 41,
v=0

(e=2)
1 b2 4 92, (1) (3)
Z Cl) e bs) +2 Z: O e+
Skr (k=2)
(5 S 2
-4 2 Z sz+l+§(4) bzv — Z azvu2v+l+2+§(ﬁ”) .
v:(T%2 v=0

The second subsystem can be written in the next form:

G2 E
2 30 O + 2 3 O
v=0 @
o4 2r-l Z sz+2b(22 = - Z 2y 412043,
v=0
o) E
2 Z ;1)+l+2 £® (2%)+1 + 27 ZC;)-I—Hl—E(a) b(S) +
ng)T v=0 @
SR LAY C;E)%-:;+1 §<4>b(3) == A2v+1 -y 1149

v= r—3 v=0
-2

15
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where
o (PRI EE 2 es
kv — v . .
(2] — [“H] 1 2[8),  v=2j-1,
(1) _ (4] =[]+ 2[5, v=21-1,
kv — v "
[ -5+ 2[5, v=2j,
+2] [t
v =[]
T +r, & 5 1
5(4)_ 51(4?37 TIQm(0§j<k), " fk,va ?JIQTL,
+j = 1 —fl(izv r=2m — 1, ko ™ ](;27 v =921 — 1.

If we prove, that the system (2.6) or (2.7) is not consistent, then we shall
receive that the above mentioned system is not consistent.

Consider the first subsystem. In the system (2.6) number of the
equations will be equal to 2i7 + 7 — ¢ + 1, if we assume r = 2j. It is
not difficult to show, that in this case number of the unknowns will be
equal to 275 + 7 —1. It is easy to show, that the system for as, =0 (n =
0,...,k—1), will be consistent and in this case it has the trivial solution.

Now consider the second subsystem. In the considered case number
of the equations in the system (2.7) is equal to 2ij + j — 7, but number
of the unknowns is equal to 2¢5 + 7 — ¢ — 1. If we consider, that a;_; =
as—1 # 0, then we shall receive, that the system (2.7) is not consistent.

Really, if we solve the system (2.7), then we have:

(k—2) (k—2)

2 2
V3 Z Aoi41fb2it3 + V5 Z Aoiq1floits + -
1=0 =0
(k=2)
2
T Viga—e® Z Agig1flo; gy e = 0.
=0

It should be noted that all the nonzero coefficients a; (¢ =0,...,k—

1) have identical sign.
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The received relation we write in the next form:

(k=2)

> aspp(i) =0,
i=0

here

. L 14+ 2\ 7!
(i) = / $22+2¢l_1_5(ra)(x) <7r2 +1n? : ) dz,
-1

— T

1_e®
¢1—1—§£3’)($) =7+ 52’ + o 71+2—§5‘°’)$l e

By the following notation
Fi(z) = a12° 4+ aza* + - + a_ 12",

it can be written

1 1 -1
/ Fe(2)$_y_go (@) <7r21n2 1+—$) dz = 0.
-1 T

— X

Hence, using parity of the integrant functions and the mean-value

theorem we have
/0E Fe@)d,,_co(e)da =0 or Fi(¢) /j Gy ()de = 0.
If we denote by the
P (2) = F(a)Y_ _o(a); ®h(2) =¥, ()
and consider F(§) # 0, then we shall have
®,(£) = 0; @5() = P2(&1).

Then using Rolle’s theorem we obtain, that the polynomial ¢l_1_§(3) (z)
by ®,(&) # 0 has [ 41— £ roots, what is impossible. If ®,(£) = 0 then

granting ®,(0) = 0 we can write

3
/ ¢1_1_§£3)($)d$ =0.
0
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Then
13

[ )= Bl = [ Ee - €06, _go(w)de =0

0

Hence, it follows that ®3(&) £ 0 (®4(z) = (v — £)¢l_1_g£3)($)) or

¢
/0 (x =, _w(x)de = 0.

If ®5(z) # 0, then we have, that the function (v — {)¢,_, _.@(«) has
[—1—¢3) roots and consequently the system (17) is not consistent. But

if ®5(€) = 0, then using the relation Fj(z) — Fi(§) = FL(&)(z — &) +
Fé/(nz)(w _25)

and above described procedure, then we can write

®4() # 0 (®4() = (2=6)"¢_y_o()) or /()g(w—f)zlbl_l_g(ra)(x)dx = 0.

Carrying on by the above-described scheme, we have
3
/ (¢ =" _o(x)dz =0 (v=0,1,2,....k)
0

or ®,(§) # 0. Here ®i(x) = (z — "_,_ @ (x). If ©(§) # 0 then
system (2.7) is not consistent. But if ®,({) = 0, then using the last

relation we can write

¢
/0 e(e)__w(x)de =0,

where o(2) polynomial of the degree which cannot be more than k.
Obviously, that the received correlation was put on any limitation
to coefficients v; (5 = 3,5,...,0 + 2 — £?)) which inadmissible, since
they are determined by the solving system (2.7). Particularly, if r = 2,
then we have [ — 1 — £ = k. Naturally in this connection we may
put ¢(z) = (). It is clear, that the received relation is not correct.
Obviously, that the functions Fj(z) and ¢(2) has the different properties
and therefore they can not coincide. Consequently, the system (2.7) is

not consistent. Hence we received, that p—k < rk+r—korp <r(k+1).
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But if we suppose, that as; 4, changes its sign, then maybe F(£) = 0.
Naturally in this connection the system (2.7) may be consistent.

Suppose, that &k = 2¢ and » = 27 — 1. In this case number of the
equations in the systems (2.6) and (2.7) coincides and equals to 2ij +
Jj — 2i. It is clear, that the system (2.6) may has the trivial solution.
Hence one must they consistent it.

Therefore consider the second system, in which the number of the
unknowns is equal to 2ij + j — 2¢ — 1. Consequently, the system (2.7) is
not consistent, since the number of the equation in that system is equal

to 215 + j — 2¢. Thus we received
p—k<l+l=rk+r—k+1or p<r(k+1)+1

Note, that in the case £ = 27 and r = 2j the last equation in the
system (2.6) received as the coefficient 2=+ since [ is even. Therefore
the indicated equation can be written in next form:

201})

B 20 b 4

+3

In this case the last equation of the system (2.7) can be written in

the following form:
20507 + 201005 + ..

Now consider the case, when k = 2¢ — 1, that is k£ is odd. Suppose,
that r = 2j. Then the number of the equations in the system (2.6) will
be equal to 2i5 — ¢+ 1. But number of the unknowns is equal to 2¢5 — 1.
Taking into account, that as._, # 0 can be predicated, then the system
(2.6) is not consistent. In this case we may show, that the system (2.7)

will be consistent. Consequently,
p—k<l or p<(k+1)r

Using above mentioned scheme we can prove, that also in the case,

when k£ =2i — 1 and r = 2j — 1, the system (2.6) is not consistent, but
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the system (2.7) is consistent. Consequently,

p<(k+1)r

After the combination of all the above-mentioned cases, we receive

statement of the theorem. m

Thus, we take for granted the theorem 1. Now consider the case,
when 8Y) = 0 (j = 1(1)r), that is investigate the formula, used in
the problem (2), which is explicit for all the values of the parameter j.
The maximal value for the degree of the stable explicit method may be

established by the next theorem.

Theorem 2. Suppose, that the formula (1) is stable for ﬁ](cj) =
0 (j=1,...,7), has the degree p and o, # 0. Then p < rk. There exist
stable formulas with the degree p = vk for the arbitrary k.

Proof. Taking here exactly the same way, as in theorem 1, we receive

the systems similar to the systems (2.6) and (2.7). m

It should be noted, that these systems can not have trivial solution,
since in this connection it is received, that the unknowns ﬁ}” (i =
0,....,k—1, 1 <j <r)for every fixed j can be determined from the
system, which consists of the k4 1 equations. It may be proved, that in
this case these systems will not be consistent. Consider the case k = 21.

Then the system similar to the systems (2.6) and (2.7) can be written
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in the next form:

=2)
S 2 3 AL
v=0
Shr 2
g2t Z Céﬁib({;) = - Z Aoy fh2v 415

r—2

v= 3

(2.8)
1 2 1 3
2 chv)-l—l+1 ( ) + 22 Z Cév)-l—l+2 (2v)+1 —I_ e
(&SC z)+12_‘5z(i)1) (k—2) 2)
r—1 () _
o v:g CZU+I+1+51(1)1 2v+£(4) - Z Groflaetitss
where [ = (r — 1)k. The second system has the following form:
203, Cibupablus +2° Z oty +
k22
+277h Z sz+2b(22 = Z Aoy +1f2v+1,
v_(r 3) v=0
(2.9)
(k;2) %
2- Z Cézl;)-|-1+1b(2?+1 + 2% Z Cézl;)+1b(3) +...
=0 v=0
(‘55:,1);‘51(4)) (:-2)
= [%] r
o ‘I’ 2 L. Z C; _I_;_I_E(zl) b(Z )+§(4) Z Aoy 12y 4141 -
(r=3) v=0

v= 3

In the system (2.8) number of the equations is equal to (r — 1) ¢ +
1, but the number of the unknowns is independent of the property of
parity of r and equals to (r — 1)i. Consequently, the system (2.8) is not

consistent.
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In the system (2.9) number of the equalities is equal to (7 — 1)i, but
number of the unknowns equals to (r—1)i—1, since one of the unknowns

is determined by the coefficient z°. Hence, it follows that
p—k<l or p<kr (I==Fkr-1).

This theorem for & = 2¢ — 1 is proved analogously to the case k = 2.
If we apply the theorem to formula (1.16), then we shall receive the

following theorem.

Theorem 3. Suppose that the formula (1.16) is stable, has the
degree p and oy, #0. Then

p< (k—l'l)zr:éj—l'lv (pmax:(k—l'l)zr:éj—l'l)'

j=1 ji=1
There exists stable formula with the degree p = ppayx for k = 21

and v = 2v — 1, but in other cases there exists stable formula with the
degree p = pmax — 1 and does not exist stable formula with the degree
P > Pmax — 1.

It is not difficult to determine, that if there exists stable formula
with the degree p > (k + 1)r + 1, then it must be in the class of the
forward-jumping formulas.

Really, if we consider forward-jumping formula in the next form:

k—m r ) k ) )
Z QiYnyi = Zh] Z@(])%(Qm (2.10)
1=0 j=1 =0

then the theorem 1 can be formulated in the next form:

Theorem 4. Suppose, that the formula (2.10) is stable, has the
degree p and oy _,, 0. Then

p<(k+1)r+m.

There exist stable forward-jumping formulas with the degree p = (k+
Dr4+m-—1fork=2i>3m,r=2j andk—m=2v—-1.



On the maximal degree of ... 23

In other cases there exist stable forward-jumping formulas with the
degree p = (k + 1)r + m for k > 3m if the property parity of k and m
15 identical and for k> 3m + 1 if the property parity of k and m is not
identical.

Proof. Behaving here in exactly the same way, as in theorem 1 and
multiplying the polynomial p(7) and v(7) to (%(z — 1))k_m, we receive

the next system, consistency of which is questionable

(k m) (k=m+1)
m [—=]-1
S A8+ 2 Z Céillb@)wz > LA+
v=1 v=0
ﬁk m,T (k—2m)]
T+ 2" ! Z 02v+1b(2:) - Z Aoy oy 41,
v_(T22) v=0
m [E=gtb] (5
1 1 2 1 3
ng)Z)ﬁl(c—)m+v + 2 Z Cév)-I—Bb(v)+1+22 Z Cév)-I—Zb( ) —I_ e
v=1 v=—1 v=0
Sk—m,r [(k—7;+1)]_1
+ 277 ! Z sz+2b(2:; = - Z Aoy41 2043,
v=0
§k—m,l 621) ,1
Santer B R 3 LKt
f)ml (Bt o g
- (13D, (r
2 Z sz+lb( == Z Qopge®Hoptipe®
v:w v=0
p— m1+1 621)m1+1
1 1 2 : 1 3
Z dg)l-l—l)ﬁ](ﬂ—)m‘H) + 2 Z Cév)-l-l-l-l ( )+22 Z Cév)-l-l-l-lb( ) +.
v=1 v_—— v__(1—21)
622_)m1+1 (& e - €D~
s 2rt Z sz+l+1b(2:; = Z 2v+§l(3) H2v+,+1+5(3) >

v=0

2
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where | = 2m+kr—k+r—1. This system is divided into two subsystems.

The first of them for k£ = 2¢ and r = 2§ can be written in the next form:
m [=gtb]
Z dg)l)ﬁl(cl—)m+v —I_ Z C§v+1b(2)+22 Z C§v+2b(2?))+1 —I_

k—m k—m ]

2 Z Ol = — D asufous,
v_2 v=0
(2.11)
m (=gt
S A8, +2 Z CLLbE+27 Y Céilmbéill ...
v=1 p=_ =1 1) p=_ =1 1)
(k m) [(k 2’”)]
‘I’QT ! Z C2v+lb — Z aZv,u2v+l-
I 7‘+1 v=0

Number of the equations in the system (2.11) is equal to 2¢j—i+j+m.
But number of the unknowns depends on parity k — m. If k — m = 2n,
then number of the unknowns is equal to 2¢5 — 7 + 7 + m.

Consequently, the system (2.11) may be consistent. But if £ — m =
2n — 1, then quantity of the unknowns in the system (2.11) is equal to
2t — i+ j + m — 1. It is obvious, that the system (2.11) can not have
the trivial solution, since in this connection ﬁk myo =0 (v =1,...,m).
It may be proved, that the mentioned system has not trivial solution
(which identically different from zero). Consequently, the system (2.11)

is not consistent. Then we have
p—k+m<2m+4rk—k+r—1 or p<(k+1lr+m-—1.

If we consider the case k = 27 and r = 25 — 1, then the last equation

in the system (2.11) can be written in the next form.

S dHIAY L+ 20+
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In this case number of unknowns in the system (2.11) for k —m = 2n
or for k —m = 2n — 1 is equal to 225 + j — 2¢ + m — 1, but the number
of equation is equal to 2ij + 7 — 21+ m + 1.

As it was proved above, here we can prove, that the system (2.11) is

not consistent. Consequently,
p—k+m<Il+1 or p<(k+41)r+m.

Now consider the case £ = 27 and r = 2j, when the system (2.11)

is consistent. In this case the second subsystem is written in the next

form:
m e ! [¢5™]
D AP+ D Okt Y Ol
) [:’::“) -1 v_[?’“++”]—1
427 Z sz+3b2v+1 = Z Aoy +1H20+3,
v=0
(2.12)
m [E=gta]-1 [E52]
S 42 Y a2 Y Ot
SENY) p=— =1
[Ml [@]—1
ot 21 Z sz+lb(22+1 = - Z Aoy 1 H2u 4142 -
—_l=rl v=0

Number of the equations m the system (2.12) for k —m = 2n is equal
to 2ij+j—1+m, but number of the unknowns is equal to 2¢5+j—i+m—1.
We can prove, that the system (2.12) in this case is not consistent.
Hence, it follows that

p<(k+1)r+m.

Now consider the case, when the systems (2.11) and (2.12) are consis-
tent. In order for the consistency of the systems (2.11) and (2 12) to be

followed by consistency of the initial system, the unknowns ﬁk m+v(v =
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1,...,m), found from these systems, must be equal to each other, in gen-
eral this question depends on parity k and m. If k and m are even or
odd simultaneously, then degree of the stable forward-jumping formula

has the maximal value for k& > 3m otherwise for k > 3m + 1. m

Consider the case, when in the system (1.16) 6, = 0. It is clear, that
the formula (1.16) can not be stable. Because in this case we use the
notation of 2-stability. If to consider the case 6; = 6 =---=6_1 =0
and é; # 0, then we use the notation of [-stability. It is not difficult
to prove, that there exists [-stable method determined by the formula

(1.16). For this aim consider the next theorem.

Theorem 5. Let the formula (1.16) has the degree p, is [-stable,
ap # 0 and 6 = --- = 6y = 0,6, = 0. Then there exists l-stable
formula with the degree p = (&; + --- 4 6,)(k + 1)+ [ in the case, when
k=21, r=25,l=2vork =2i,r=2j—1,v=21—1. In the other cases
there exist [-stable formulas with the degree p = (8;+- - -+6, )(k+1)+1—1.

Under solving some problems, it is useful to determine beforehand
the sign of the coefficients ﬁ](cj)(j = 1,...,7), and also the relation be-
tween them. For example, in using of two sided methods, just as in
construction of the new methods having Obrechkofl’s type there arises
the question on determination of the sign of some coefficients. For this

aim consider the next theorem.

Theorem 6. Suppose, that the formula (1) is stable, has the degree

p, which got a maximal value and oy, > 0. Then
B = (=17 > 0, |8V > 187 (m= 1, =1 =1, ).

But if B # 0,870 = o= BT =0, BT £ 0, then
BB <0 and [B7] > 18TV
Let gV = B\ = - = U™ = 0 and 8 £ 0. Then 8y > 0.
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As it is obvious from the formulation of the theorem 6, here the
maximal value of the degree for formula (1) is taken, in every considered

cases. For example, p., = 5 in the case r = 2,k = 2 and ﬁ,(cl) = 0.

Note. Below we reduced some concrete methods constructed by

author several times

_ 12yn - h(fn+2 - 8fn+1 - 5fn)
Ynt1 = 12

(r=1k=2,p=23)

(local trun. err.h*y(Y/24 + O(h%)),

_ 8yn+1 —I_ 11yn _h(fn+3 - 24fn+2 - 57fn+1 - 10fn

n —_ :1716‘:3, 25
Yn+2 19 57 (r p="5)

(local trun. err. — 11h5y(9 /3420 + O(h7)),

(41641 — 103y,) | h(157 foys + 11232 fpn + 8451, — 2830f,)
Int2 = 313 25353
h2(11 _1 2
_ P(Ugnys + 630%;51 557gn11 + 929,) (r=2.k=3.p=9)

(local trun. err.103Ay(") /212965200 + O(h'')),
here g(z,y) = fi(z,y) + fy(z,v)f(2,9),y' = f(z,y).

It is noted, that there are concrete methods for which theorem 6 is
correct in the case, when the value of the degree of the stable methods
is less than maximal.

Obrechkoff’s method that is the formula (1.16), in more general form

was investigated for » = 2 and arbitrary k&, in [9].
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Abstract: It is shown that the quadratic graph Q(5,4k) (con-
sisting of 5 cycles of length 4k) has an a-valuation (a stronger
form of the graceful valuation) for every positive integer k. Fur-
thermore, additional results are obtained from the main theorem

of this paper.

1. BASIC DEFINITIONS

Let G = (V, E) be a graph with m = |V| vertices and n = |F| edges.
By the term graph, we mean an undirected finite graph without loops
or multiple edges. All parameters in this paper are positive integers. A
graceful valuation (or f-valuation) of a graph G' = (V, F) is a one-to-
one mapping ¥ of the vertex set V() into the set {0,1,2,...,n} with
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this property: If we define, for any edge e = {u,v} € F(G), the value
U*(e) = |V (u)— ¥(v)| then U* is a one-to-one mapping of the set E(G)
onto the set {1,2,...,n}.

A graph is called graceful if it has a graceful valuation. An a-
valuation (or a-labeling) of a graph G = (V, F) is a graceful valuation
of G which satisfies the following additional condition: There exists a
number v(0 < v < |E(G)]) such that, for any edge e € E(G) with end
vertices u,v € V(G), min[¥(u), ¥(v)] < v < max[¥(u), ¥(v)].

The concept of a graceful valuation and of an a-valuation were intro-
duced by Rosa [7]. Rosa proved that, if G is graceful and if all vertices
of G are of even degree, then |[E(G)| = 0 or 3 (mod 4). This implies
that if G has an a-valuation and if all vertices of G are of even degrees,
then |E(G)| = 0 (mod 4) (G is bipartite). In [7] it is also shown that
these conditions are also sufficient if G is a cycle. The symbol Cm will
denote a cycle on m vertices. Abrham and Kotzig [2] proved that Rosa’s
condition is also sufficient for 2-regular graphs with two components.

A snake is a tree with exactly two vertices of degree 1. In [7], it was
proved that every snake has an a-valuation. A snake with n edges will
be denoted by P,.

A detailed history of the graph labeling problem and related results
appears in Gallian [4,5]. One of the results of Abrham and Kotzig should
be mentioned here: If G is a 2-regular graph on n vertices and n edges
which has a graceful valuation ¥ then there exists exactly one number
(0 < 2 < n) such that ¥(v) # 2 for all v € V(G); this number z is
referred to as the missing value of the graceful valuation[2].

A quadratic graph Q(r,s) is a graph with r components, each of which
is an s-cycle.

Here are some of the results published in the references:

1. A Q(1,s)-graph (i.e. an s-cycle) is graceful if and only if s =0
or 3 (mod 4). It has an a-valuation if and only if s = 0 (mod

4) [7).
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2. A Q(2,s)-graph has an a-valuation if and only if s is even and
s> 2 [6].

3. A Q(3,4k)-graph has an a-valuation for each & > 1. The

((3,4)-graph does not have an a-valuation but it is graceful
[6].
4. A Q(r,3)-graphis graceful if and only if r = 1. A Q(r,5)-graph

is not graceful for any r [6].

5. A Q(r,4)-graph has an a-valuation [6].

2. TRANSFORMATIONS OF LABELING OF A GRAPH

The transformations presented below are used extensively in this paper.

2.1 Transformation Type 1

Lemma 1: (Abrham & Kotzig [1]) Let r be a non-negative integer and
let s be an odd integer, s = 2k + 1. Then P, has an a-valuation ¥ with
endpoints labeled w and z that satisfies the conditions z —w = k+ 1 and

w = r.(w.l.o.g., we assume that w < z.)

Suppose that we have two series of vertex labels as follows where 0 <
n,n+k <2rand 2r4+1 < m,m+k < 4r+1and |[4r+1—(m+n+k)| < 1:

0 n n+l1l n4+2 ... n+k—-—2 nt+k—1 ni+k ... 2r
O o O O O O O O
O O O O O O O O
4r4+1 ... m+k m4+k—1 m+k—2 ...... m+2 m+l m ... 2r4+1

Figure 1: Arrangement of vertex labels in transformation type 1

We apply the transformation type 1 to the vertex labels (n,n + 1,n +
2,....n+k—=2n+k—-1n+k)and (mm+1,m+2,....m+k—
2,m+k—1,m+ k) by choosing the vertices w’ and 2’ as end points in
the following steps:

Stepl: First we modify the vertex labels as follows:
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1) From each label (n,n+1,n+2,...,n+k—=2,n+k—1,n+k)

subtract n;

2) From each label (m,m+1,m+2,...,m+k—2,m+k—1,m+k)
subtract m — (k+ 1)

Step2: According to Lemma 1, we construct an a-valuation for the snake
P51 on the new labels, with end vertices having labels w and z such
that 0 <w<kand k+1<z<2k+1landz—w=F%k+ 1.

Step3: Now if we modify again the new values to the original values

in the following way:
1) Add n to each new label (0,1,2,...,k =2,k —1,k);
2) Add m—(k+1) toeach new value (k+1,k+2,...,2k—1,2k, 2k+
1);

Then the end vertices of Py, will be labeled v’ = w+n and 2/ = z4+m—

(k+1) and the edge values will be m—n—k,m—n—k+1,...,m—n+k.

2.2 Transformation Type 2

Lemma 2: (Abrham & Kotzig [1]) Let r be a non-negative integer and
let s be an even integer, s = 2k. Then P, has an a-valuation ¥ with
endpoints labeled w and z that satisfies the conditions z + w = k and

w = r.(w.l.o.g., we assume that w < z.)

Suppose that we have two series of vertex labels as follows where 0 <
n,n+k <2rand 2r4+1<m,m+k—1<4rand |[4r+1—(m+n+k)| < 1:

0 ...... n n+l1 n+2 ..., n+k—2 n+k—1 nit+k ..
O o O O O O O O
O O O O o O O
4r ... m+k—1 m4+k—2 ...... m+2 m+l m ... 2r4+1

Figure 2: Arrangement of vertex labels in transformation type 2

2r
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We apply the transformation type 2 to the vertex labels (n,n + 1,n +
2,...,n+k=2,n+k—1,n+k)and (m,m+1,m+2,...,m+k—2,m+k—1)
by choosing the vertices w’ and 2’ as end points in the following steps:

Stepl: First we modify the vertex labels as follows:

1) From each label (n,n+1,n+2,...,n+k—=2,n+k—1,n+k)

subtract n;

2) From each label (m,m+ 1,m+2,....m+k—-2,m+k—1)
subtract m — (k+ 1)

Step2: According to Lemma 2, we construct an a-valuation for the snake
Ps on the new labels, with end vertices having labels w and z such that
0<w<(k/2)<z<kand z4+w=k.

Step3: Now if we transform again the new values to the original val-

ues in the following way:
1) Add n to each new label (0,1,2,...,k—2,k—1,k);
2) Add m—(k+1) to each new value (k+1,k+2,...,2k—1,2k);

Then the end vertices of Py, will be labeled w' = w 4+ n and 2/ = z and

the edge values willbe m —n —k,m—n—k+1,....om—n+k— 1.

3. BASIC THEOREM

Theorem 1: The quadratic graph Q(5,4k) has an a-valuation for all
E>1.

Proof: The missing value of the a-valuation of this graph is 5k. Now
let us assume k > 5. The vertices of the first Cy; will be [8k, 12k, 8k +
L,12k— 1,84+ 2,12k—2,.... 9k — 1, 11k+ 1,9k 4+ 1, 11k,9k + 2, 11k —
1,...,10k— 1,10k + 2, 10k, 10k + 1]; this yields the edge values 4k, 4k —
1,4k — 2,4k = 3,...,2k+ 2,2k 4+ 1,2k, ...,3,2, 1. Next we will describe

the labeling of the second Cy4;. The successive vertices will be labeled
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as follows:

[14k+1, 6k, 14k, 6k+1, ... 13k+3, Tk—2,13k+2, Tk—1,13k, Tk, ..., 12k+
2,8k — 2,12k + 1,8k — 1]. The edge labels of this Cy;, will be then
8k+1,8k,8k—1,...,6k+5,6k+4,6k+ 3,6k+2,6k+ 1,6k,....4k+
4,4k + 3,4k + 2.

The third Cy;, will be labeled in three stages as follows:

I. Form the snake (6k —1,14k+2,6k—2,14k+3,6k—3,...,5k+
2,15k — 1,5k 4+ 1,15k, 5k — 1,15k + 1,5k — 2,15k 4+ 2, ..., 16k —
3,4k + 2,16k — 2,4k 4+ 1). The values of the edges are then
8k+3,8k4+4,8k+5,8k+6,...,10k—3,10k—2,10k— 1,10k +
1,00, 12k = 5,12k — 4,12k — 3.

II. Join the vertex labeled 6% — 1 to the vertex labeled 16k — 1 to
generate the edge labeled 10%.

III. Form another snake in such a way that its vertices are labeled as
follows: (16k—1,4k—1,16k+2,4k—2,16k,4k+1). The resulting
values of the edges of this snake are then 12k — 1,12k, 12k 4+
2,12k + 3,12k + 4.

Now we construct the fourth cycle C'y;, according to the following stages:

a) The edge labels 12k 41 and 12k +5 are generated by joining the
following pairs of vertices respectively: 4k and 16k + 1;4k — 4
and 16k 4+ 1.

b) Apply transformation type 2 to the vertex labels (3k — 2,3k —
1,3k,...,4k — 5,4k — 4,4k — 3) and (16k + 3,16k + 4,16k +
5,...,17k, 17k 4+ 1) by choosing the two vertices 3k — 1 and
4k — 4 as end vertices. The corresponding edge values of this
transformation will be 12k+6, 12k +7,12k48, ..., 14k+2, 14k+
3.
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c)

The edges labeled 14k 4+ 4 and 14k + 5 are obtained by joining
the following pairs of vertices respectively: 3k — 1 and 17k + 3;
4k and 18k 4+ 5.

Construct the snake (17k+3,3k—3,17k+4,3k—4,17k+5,3k —
5,...,18k,2k, 18k + 1,2k — 1,18k +5). The corresponding edge
labels will then be 14k+6, 14k+7, 1448, ..., 16k, 16k+1, 165+
2,16k + 6.

Finally the last cycle Cy;, will be constructed as follows when k£ > 14
and k # 22:

1.

The edges labeled 12k —2,4k+1,8k+2 and 16k +3 are obtained
by connecting the following pairs of vertices respectively: k+ 3

and 13k + 1; 9k and 13k + 1; 9% and 17k +2; k— 1 and 17k + 2.

Construct the snake (18k+42,2k—2,18k+3,2k—4, 18k +4,2k —
5,18k + 6,2k — 6,18k + 7,2k — 3). This yields the edge labels
16k + 4,16k + 5,16k + 7, ..., 16k + 13.

The edge labeled 16k + 14 is obtained by joining the two vertex
labels 2k — 3 and 18k + 11 together.

Apply transformation type 1 to the vertex labels (k 4 4,k +
5,...,2k — 8,2k — 7) and (18k + 8,18k + 9,18k + 10, 18k +
11,...,19k — 4,19k — 3) by using the two vertices k 4+ 7 and
18k + 11 as end points. This transformation generates the edge
labels 16k + 15,16k + 16, ...,18k — 8,18k — 7.

Connect the following pairs of vertices to each other to obtain
the edges labeled 18k — 6 and 18k — 5 respectively: 8 and 18k 4+
2;k+ 7 and 19% + 2.

Construct the snake (19k—2,k+2,19k— 1,k + 1,19k, k, 19k +
1,k—1). The resulting values of the edges are then 18k —4, 18k —
3., 18k + 2.
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The edge labeled 18k 4 3 is obtained by joining the two vertices
k 4+ 3 and 19% + 6.

Construct the snake (195 + 2,k — 2,19k + 3,k — 3,19k + 4,k —
4,19k +5,k —5,19% +6). The edge labels 18k +4, 18k +5, 18k +
6,...,18k 4+ 11 are generated by this snake.

Connect the two vertices £ — 14 and 19% — 2 to each other to
generate the edge label 18k 4 12.

Finally apply transformation type 2 to the vertex labels (0, 1,2, ...
8,...,k—14,...,k—6)and (19k+ 7,19k +8,...,20k — 1,20k)
by considering the two vertices 8 and k— 14 as end vertices. The
rest of the edge values will be generated by this transformation
and the last Cy; will be completed.

The construction of an a-valuation of the last Cy;, when 5 < k < 13 or

k = 22 has been given in the Table 1 as follows:
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The construction of the fifth cycle Cy; in the graph Q(5,4k)

[45, 66, 8, 92, 7, 94, 6, 96, 5, 97, 3, 98, 2, 99, 1, 100, 0, 93, 4, 87]

[54, 79, 9, 120, 0, 119, 1, 118, 2, 117, 3, 116, 4, 110, 10, 111, 8, 112, 7,114,6, 115,
5, 104]

7 [63,92, 10, 129, 12, 128, 8, 130, 5, 135, 4, 136, 3, 137, 2, 138, 1, 139, 0, 140, 11,
132, 9, 133, 7, 134, 6, 121]

8 [72, 105, 11, 160, 0, 159, 1, 158, 2, 157, 3, 156, 4, 155, 5, 151, 9, 152, 8, 153, 6,
154, 13, 150, 10, 148, 12, 147, 14, 146, 7, 138]

9 [8L, 118, 12, 176, 4, 175, 5, 178, 2, 177, 3, 180, 0, 179, 1, 170, 10, 171, 9, 172, 7,
173, 6, 174, 15, 169, 11, 168, 13, 166, 14, 165, 16, 164, 8, 155

10 [90, 131, 13, 197, 3, 196, 4, 199, 2, 198, 0, 200, 1, 192, 17, 187, 14, 186, 15, 184,
16, 183, 18, 182, 8, 193, 7, 194, 6, 195, 5, 188, 12, 189, 11, 190, 10, 191, 9, 172

11 [99, 144, 14, 218, 2, 219, 1, 220, 0, 215, 5, 216, 4, 217, 3, 212, 7, 213, 6, 214, 15,
206, 13, 207, 12, 208, 11, 209, 19, 205, 16, 204, 17, 202, 18, 201, 20, 200, 8, 211,
9, 210, 10, 189]

12 [108, 157, 15, 230, 6, 234, 7, 233, 8, 218, 22, 219, 20, 220, 19, 222, 18, 223, 21,
9297, 13, 226, 14, 225, 16, 224, 17, 237.3, 236, 4, 235, 5, 240, 0, 239, 1, 238, 2,
231, 10, 232, 9, 228, 12, 229, 11, 206]

13 [117, 170, 16, 256, 4, 255, 5, 258, 2, 257, 3, 260, 0, 259, 1, 250, 19, 242, 18, 243,
17, 244, 15, 245, 23, 241, 20, 240, 21, 238, 22, 237, 24, 236, 8, 252, 7, 253, 6,
954, 11, 249, 10, 251, 9, 246, 14, 247, 13, 248, 12, 223

92 [198, 287, 25, 430, 10, 429, 11, 432, 8, 431, 9, 426, 14, 427, 13, 428, 12, 423, 17,
424, 16, 425, 15, 440, 0, 439, 1, 438, 2, 437, 3, 436, 4, 435, 5, 434, 6, 433, 7, 308,
42, 399, 40, 400, 39, 402, 38, 403, 41, 407, 34, 406, 35, 405, 36, 404, 37, 411, 30,
410, 31, 409, 32, 408, 33, 415, 26, 414, 27, 413, 28, 412, 29, 419, 22, 418, 23, 417,
24, 416, 18, 422, 19, 421, 20, 420, 21, 376]

Table 1: The construction of the fifth cycle Cy; in the graph Q(5,4k),

5<k<13,k=22
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For 1 < k < 4, the successive vertices of each cycle of Q(5,4k) will
be labeled according to the following table:

k  The construction of an a-valuation of Q(5,4k)

1 [0, 18, 1,20], [2, 16, 4, 17], [3, 14, 9, 19], [6, 13, 7, 15] , [8, L1, 10, 12]

2 [0, 37, 4, 33, 8, 39, 1, 40], [2, 36, 18, 27, 5, 35, 3, 38] , [6, 34, 7, 31, 11, 30, 9, 32] ,
[12, 29, 15, 25, 14, 26, 13, 28] , [16, 24, 17, 23, 19, 22, 20, 21]

3 [0, 60, 4, 53, 27, 40, 6, 54, 7, 58, 1, 59] , [2, 57, 12, 49, 8, 52, 9, 51, 5, 55, 3, 56] ,

[10, 50, 11, 47, 17, 44, 16, 45, 14, 46, 13, 48] , [18, 43, 23, 37, 22, 38, 21, 39, 20
41,19, 42] , [24, 36, 25, 35, 26, 34, 28, 33, 29, 32, 30, 31]

4 [0, 80, 5, 74, 4, 70, 36, 53, 7, 75, 3, 76, 2, 78, 1, 79] , [6, 77, 16, 65, 12, 68, 13, 67
10, 69, 11, 71, 9, 72, 8, 73] , [14, 66, 15, 63, 23, 58, 22, 59, 21, 60, 19, 61, 18, 62
17, 64] , [24, 57, 31, 49, 30, 50, 29, 51, 28, 52, 27, 54, 26, 55, 25, 56] , [32, 48, 33
A7, 34, 46, 35, 45, 37, 44, 38, 43, 39, 42, 40, 41]

Table 2: The construction of an a-valuation of Q(5,4k) for 1 <k <4

4. THE STANDARD VALUATIONS OF Cy;

Definition 1: The standard a-valuation of Cy;, are given by any of the

following sequence of values of the consecutive vertices of Cyy:

a) [4k, 0,4k —1,1,4k—2,2, ... k—2,3k+ 1,k — 1,3k k+ 1,3k —
1,k+2,3k—2,...,2k+2,2k— 1,2k + 1, 2k] with missing value
x=k.

b) [0,4k, 1,4k — 1,2,4k — 2,.. .k — 2,3k + 2,k — 1,3k — 1,k +
1,3k k+2,3k—1,...,2k — 2,2k + 2,2k, 2k + 1] with missing

value z = k.

¢) [dk,0,4k —1,1,4k—2,2, ... k—2,3k+1,k— 1,3k —1,k, 3k —
2,...,2k + 1,2k — 2,2k, 2k — 1] with missing value 2 = 3k.

d) [0,4k, 1,4k —1,2,4k — 2, ... k—2,3k+2,k— 1,3k +1,k, 3k —
1,k4+1,...,2k—2,2k+ 1,2k — 1, 2k] with missing value z = 3k.
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In Figure 3 one of the standard a-valuations of C';; has been shown:

0123456
W
121110 9 8 7

Figure 3: A standard a-valuation of (',

If we suppose that k& + ks + ---+ k, = k and there is an a-valuation
for the graph Cyp, U Cyp, U -+ - U Uy, then in a standard a-valuation of
Clyy,, we can replace Cyy by Cyp, U Cyp, U -+ - U Oy, with its a-valuation
and the resulting graph will again have an a-valuation. For example an
a-valuation of (5 in Figure 3 is replaced by an a-valuation of 2C% in

Figure 4:
1 2 3 5 6

0 4
® 9 e 0
Ly
W
o o o

121110 9 8 7
Figure 4: An a-valuation of 2C

Definition 2: The graph Cy; has a standard valuation (or standard
labeling) if the values of the vertices of Cy; can be generated from a

standard a-valuation of (y;, differ by a constant factor.

For example (5 in the a-valuation of ;3 U (3 shown in Figure 5
has a standard valuation because it can be generated from a standard

a-valuation of (', that differs by a constant factor 10:

Figure 5: An a-valuation of C5 U Cyy
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If a graph C4; has a standard valuation it can be replaced by any
a-valuation of ), UCy, U---U ) where ky + ks +---4+ k, = k by
considering the constant factor. For instance the standard valuation of
(12 in Figure 5 can be replaced by an a-valuation of 2C% to form an
a-valuation of 2Cs U Cy if we increase the values of the a-valuation 2C

in Figure 4 by constant factor i.e. 10:

Figure 6: An a-valuation of C5 U Cyy

Theorem 2: The following graphs have a-valuations:

a) Ui Car, U Q(4,4k) if k=370 Ky and by +kyy 44 ki +
kivi <kifore=1,2,3,....,n—1.

b) Ui, 204, 0Q(3,4k)if k=" k and k, + ko1 4+ -+ kiga+
kivi <kifore=1,2,3,....,n—1.

¢) Uiy Car, UUjzy Cap, UQ(3,4k) if k= 0, ki = Y5, p; and
kptky 14 Fkipotkip <kiand po+p_i 4 A pipatpip <
pj fori=1,2,3,...,n—1and 7 =1,2,...,t - 1.

d) U?:l(CALk,UC‘lpj)UC‘lkn UQ(4,4]€) lf k‘ = k‘n —|—Zzl:1(k‘l—|-pl) and
ki =2k 1+ pigg fore=1,2,3,...,n—1.

Proof: We know that in construction of a-valuation of Q(5,4k); at
least two cycles (4, have standard a-valuation. In order to obtain the
different parts of the theorem 2, we replace these two standard valuations
with other graphs as follows:

a) Consider one of the standard valuation of Cy;. First we replace it by
Car, UCy,5 Iy < Ekisk = ky + 1. Then since Cy, still has a standard
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valuation [1], we are able to replace it again by Cyp, U Cyp,; lo < koj 1y =
ky+15. In next stages we continue to replace each Cy;, by Cyy,,, UCy
lig1 < kg =k H g for e =2,3,...,n =2 by = 1,1,

b) We apply the replacement procedure of part (a) for both Cy; which

i1

have standard valuations in a-valuation of Q(5,4k).

¢) The proof of this part is similar to part (b) except that each standard
valuation Cy;, has been replaced by different disjoint unions of graphs in
such a way that their components are not necessarily isomorphic.

d) Consider one of the standard valuation of Cy. First we replace
it by 204, U Cap,; k = p1 + 2k;; we know at least one of Cy;, has
a standard valuation [3]. Thus we replace Cy4, in the next step by
2C41, U Cyp,, ki = po + 2ks. In next stages, we repeat the replacement
Cap, by 2C45,,, U Capy iy ki = pigr +2kip0510=1,2,3,...,n— 1.

i+1 it1?
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Abstract: It is shown that each function f in a model subspace
Ko of H? (R) can be extended to C. The extension to the up-
per half plane is in H? (C4) and the extension to the lower half
plane is in © H?(C_). We also show that f is analytic at each
point of the real line where © is analytic. Finally, we completely

T

characterize Ke for @(x) = ¢'% and for © being a meromorphic

Blaschke product.

1. Introduction

Let f be an analytic function in the upper half plane C;, = {z € C : &

2> 0) Lot |yl = ([ 1 inlde) " and || £l = sup,so £
for 0 < p < oo. The Hardy space H?(C,) consists of all f’s with
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|| fll; < co. The Hardy space H*(C; ) consists of all bounded analytic
functions in the upper half plane. In this case || f|lo = sup,ec, [f(2)]-
For 0 < p < 1, H?(Cy ) with the distance || f — g |2 is a complete metric
space. For 1 < p < oo, H?(C, ), || - ||, is a Banach space. In particular,
H?*(Cy), || - |2 is a Hilbert space. Finally, H>*(C, ) is a Banach algebra
[9, pages 70-74].

For each f € H?(C,), and for almost all 2 € R, lirén_w f(z) ex-
ists. Denoting this limit by f(z), we have f € LP(R), and furthermore,
I fll, = || fllerr). In the preceding limit, z is required to tend to z
from within sectors of opening < 180° having vertex at x, and symmet-
ric about the vertical line passing through z. We frequently say that
f(z) — f(z) as z tends to & non-tangentially [4, page 6].

X

Therefore, there is a canonical correspondence between H?(C, ) and a
subspace of L’(R), denoted by HP(R). The space HP(R) can also be
independently defined as the set of all f € LP(R), with (as a distribution)
f(x) = 0 for < 0. The two definitions are equivalent [7, page 172]. The
Hardy spaces HP(C_) are defined similarly. The functions in H?(C_)
live in the lower half plane and the family of their boundary values, as
functions on R, is precisely the space m. See also Chapter 11 of [4].

The function ©® € H*(R) is said to be inner if |O(z)| = 1 for
almost all 2 € R. For each inner function ©, the set @ H*(R)is a closed
subspace of the Hilbert space H*(R) [9, pages 79-80]. Now we are able

to introduce our hero.

Definition The model space K¢ is the orthogonal complement of
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© HXR) in HX(R).

In this paper we study the model space Kg corresponding to the
inner function ©. In Section 2 we briefly discuss the role of model
subspaces in operator theory. In Section 3 an analytic description of
Ko is given. This new formulation, which is obtained using Hilbert
space characteristic of H?(R), can be exploited to define Kg in the
Hardy space H?(R). This representation also enables us to extend each
function in Kg to the whole complex plane. In Section 4 we extend an
f € Kg to C. This extension has three fundamental properties. First,
1,1121—»@' f(z) = f(z) for almost all 2 € R. In these limit, z is allowed
to tend to z non-tangentially from either half plane. Second, f as a
function defined in the upper half plane is in H*(C,). Third, f as a
function defined in the lower half plane is in ®@ H*(C_). Therefore, f
is at least analytic in the upper half plane and is meromorphic in the
lower half plane. Furthermore, in Section 5 we show that f is already
analytic wherever @ is on the real line. Finally in Sections 6 and 7
we completely characterize K¢ corresponding to ©(z) = €°” and for ©
being a meromorphic Blaschke product. In these two cases, and only for

them, each f € Kg is analytic on the whole real line.

2. Link to operator theory

In this section we explain the origin of model subspaces of H*(R). Let
f € H*R). By the Fourier-Plancherel theorem, if we write

Fe(h) = /_JJVV =N P (1) dt,

then, as N — oo, the fy(A) tend in L2(R) to a function f()), called the
Fourier-Plancherel transform of f. We can characterize an f € H*(R)
in terms of its Fourier-Plancherel transform. A function f € L*(R)
is in H*(R) if and only if f(/\) = 0 for almost every A < 0 [9, page

131]. Therefore, there is a canonical isomorphism between H*(R) and
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L?((0,00) ). Based on the preceding observation, a function f € L*(R)
is in H2(R) if and only if f(\)= 0 for almost every A > 0.
Let 6 > 0. Then the map T

HR) —  H*R)
f(t) = exp(idt) f(1),

is called a forward shift operator on H*(R). Since for each f € H*(R)

e

()N =Ff(A=6). AeR,

T shifts the spectrum of f forward by é units. Beurling in his classical
paper [2] characterized the invariant subspaces of H*(R) for the forward

shift operators.

Beurling’s theorem: A closed subspace of H*(R) is invariant un-
der Ts, for each § > 0, if and only if it is of the form © H*(R) for some

iner function ©.

The adjoint of a forward shift operator, Ty, is called a backward shift

operator. By direct verification, one verifies that 77 is defined by

rom={ " 0y
for f € H*(R) [6]. Therefore, T; shifts the spectrum of f backward by
6 units, and then chops off the negative part of what is thus obtained.
In a Hilbert space, a closed subspace M is invariant under a bounded
operator T if and only if M* is invariant under T* [5, page 40]. There-
fore according to the Beurling’s theorem, A closed subspace of H*(R)
is invariant under 7§ for each ¢ > 0 if and only if it is the orthogo-
nal complement of @ H*(R) for some inner function ©. Therefore, the
subspaces K¢ are precisely those which are invariant under T} for each

6 > 0. That is why some authors call the Kg a coinvariant subspace of
H*R).
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3. Analytic description of Kg

Let O be an inner function for the upper half plane. Then ©® H*(R)is a
closed subspace of the Hilbert space H*(R). According to the notation
introduced before, the orthogonal complement of @ H*(R) in H*(R) is
denoted by Kg. The following lemma gives an analytic description of
Ko which can be used as the definition of it in all Hardy spaces H?(R),
0<p<oo.

Theorem 3.1. For each inner function®

Ko = HXR) n © H2(R).

Proof. Uses the properties @ € H* and © © = 1. By definition,
Jf € Ko if and only if f € H*(R) and

| 1@ 80y gle) de =0
for each g € H*(R). Thus, f € Kg if and only if f € H*(R)

© f=) _
/_00(9(36) g(z)de =0

for each g € H*(R). This condition is equivalent to é € H*(R). There-

fore f € Ko if and only if f € H*(R) and also f € © H*(R). m

4. Extension to upper and lower half planes

Let h € L*(R). Then the Poisson integral formula

(o] 93
Ph(z):l/ B2 hya,  -ec\R,

S F—E
gives an extension of h to the upper and to the lower half planes. It
can be shown that h € H*(R) if and only if Py, as a function defined in

the upper half plane, is in H*(C, ). Similarly, h € H?(R) if and only if
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Py, as a function defined in the lower half plane, is in H*(C_) [12]. An
f € Ko belongs in particular to H*(R). Therefore it has an extension
f(2) to the upper half plane, belonging to H*(C, ) and given there by

the formula

f(2) = Ps(2) for z€ C;.

An inner function © can be (formally) extended to the lower half plane

by putting

for z € C_. The extension of an f € Kg to the lower half plane is indirect
(depending on ©). For such an f we have @ f € H2(R) by Theorem 3.1,
so, by the preceding observation, O f has an analytic extension to the

lower half plane, equal there to

L B em i a= py), sec

T Joo |2 —t)?
We then define the extension of f € Kg to C_ by putting
f(2) =0(2) P5(2) for z€C_,
with ©(z) defined as above in C_. This extension is at least meromorphic

in the lower half plane.

Remark: We have liin O(z) = O(z) and lirén f(z) = f(z) for al-
most all z € R. In these limits, z is allowed to tend to  non-tangentially

from either half plane.

With above definitions, Theorem 3.1 yields the following characteriza-

tion of Kg.

Theorem 4.1. The space Kg consists precisely of the functions
f € L*(R) with extension to the upper half plane belonging to H*(Cy, )

and whose extension to the lower half plane makes ) € H*(C.).

For further applications of this result see [8].
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5. Analytic continuation along R

A function f € Kg can be continued analytically across intervals of R
on which O is analytic. This result has important consequences in char-

acterizing elements of Kz when B is a meromorphic Blaschke product.

Theorem 5.1. If O is analytic in a neighborhood of the interval
(a,b) C R then any f € Ko is also analytic there.

Proof. By Theorem 4.1, f and é are respectively holomorphic in
the upper and lower half planes. Without loss of generality, suppose O is
holomorphic inside the rectangle { z; a < Rz < b, =2 < Sz < 2}. Thus

f=0- L is also analytic inside that rectangle except possibly on (a, ),
and for almost all z € R, llilmo f(z+1iy) exists. Choose a, § € (a,b) such
y nd

that this is true for z = a and for z = 3.

With ¢ > 0, let us take the paths

r = [Oé—|—l,Oé—Z]U[a—l,ﬁ—l]U[ﬁ—l,ﬁ—Fl]U[ﬁ—|—l,0&—|—l],
I'. [ +ie,a —ie|U [a—ie, B —ie] U [ —ie, B+ ic) U [ + ie, a + ig],

each oriented counterclockwise. For each point z inside I', let g(z) =
1

2—/ g(—o d¢. Then gis holomorphic inside I'. By the Cauchy integral
T Jr( — 2

formula,
1
o2 = 1)+ 5 [ I g

for ¢ < |¥z] < 2. Since f is bounded on the vertical segments through
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a and 3,
lim f(C) dC =0 and lim J(©) d¢ = 0.
=0 Jlatie,a—ic] C - =0 J[g—ic ftic] C_ z

On the horizontal segments

/[a &d@r ) e = /( f(t —ie) f(t,—l_ig))dt.

—iepoic] C — 2 tic,atic] C — 2 t—ic—2z t4ic—z
{ { ) {
Both u and M converge in L*(dt) norm to £ ), as
W€ —z t4 16—z t— 2z
e — 0. Thus
lim f(©) dc + f(©) dc =0,
=0 Jla—ie,f—ic] C—z [B4ic,a+ic] (—z

Hence ¢ = f in the lower and in the upper part of the interior of I.
Therefore, f is holomorphic on (a, ). Since @ and 3 can be taken as

close to @ and to b as we want, f is holomorphic on (a,b). m

6. Paley-Wiener spaces as model subspaces

Let ¢ > 0. Then, O(z) = exp(io z) is an entire inner function. In this
case, the functions f(z) € K¢ differ by the factor €7%/? from those in a

Paley-Wiener space.

Theorem 6.1. Let 0 > 0. Then f € K i-e if and only if [ is an
entire function of exponential type, square integrable on the real line,
with

1 ' 1 '

—Uglimsupwgo and Oglimsupwga

y—~400 Y Yy——00 |y|
Proof. Since O(z) = exp(io z) is analytic across R, each f € K. ice
is also analytic there. Furthermore, f € H*(C,) and é € H*(C.)
imply that f is analytic on C; and also on C_, that f € L*(R), and

besides that the support of the Fourier-Plancherel transform of f is a
subset of [0,0]. Thus f € L'(R) N L*(R), and for cach z = z € R,
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flz) = / f(t) e“'dt. By the uniqueness theorem for analytic func-
0

tions, equality holds everywhere. Therefore f is an entire function of

exponential type with the indicated growth conditions on the imaginary

axis. The if part is an easy consequence of the celebrated Paley-Wiener

theorem. m

The following Corollary is an immediate consequence of the Paley-Wiener
representation of entire functions of exponential type and the preced-
ing theorem. The indicated representation, by itself, shows that each
[ € K. ise is an entire function of exponential type which is square inte-
grable on the real line. The representation, moreover, restricts the rate

of growth of f along the imaginary axis.

Corollary 6.2. Fach [ € K s« has the representation
Je = [ do e
0
, where f € L2(0,0).

7. The model space Kpg

Let {z;}x>1 be a sequence of complex numbers in the upper half plane

i Z— 2 , ' i—z
C,. Let by(z) = '™ - “" where ay is so chosen that " - E>

Z — Zg ’L—gk_

K
0. The rational function Bg = H by is called a finite Blaschke product

k=1
for the upper half plane; By is analytic at each point of the real line
o oS
and | Bg(z)| = 1 for z € R. The relation 2&2 < 00 s a
k=1 | %k —I_ t |

necessary and sufficient condition for the uniform convergence of By
on compact sets, disjoint from the closure of {z;; k > 1}, to a non-
zero analytic function B = H b, = Klim Byg, and we call B an infinite

k=1
Blaschke product for the upper half plane [9, page 120]. Furthermore,

| B(z)| < 1 for z € Cy. Therefore, by Fatou’s theorem [9, page 57],
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for almost all € R, Egix B(z) exists. Denoting that limit by B(z)
(wherever it exists), one has | B(z)| = 1 almost everywhere [9, page 66].
A Blaschke sequence in the upper half plane, {z;}, has no accumulation
point on the real line if and only if klirglo |zx| = oo. Here, since the z
stay away from zero, a necessary and sufficient condition for the uniform

convergence of Bx to B on compact sets disjoint from {z;; k > 1} is

Sz
that Z | |k2 < 00. In this case, B is a meromorphic function with poles
2k
k=1
at the z;. For this reason, it is called a meromorphic Blaschke product.

The function B is analytic at each point of R, and | B(z)| =1 for z € R.
Let us multiply B by a constant of modulus one to get B(0) = 1. Then

for each z different from all the z;,
B(z) =] (Z_k . Z—Zk)‘
k=1 %k

To emphasize legitimacy of repetition, let {2; }x>1 be a distinct sequence

in the upper half plane with z;, — oo and let {m;}r>1 be a sequence

e . > my %Zk

of positive integers. Suppose that Z P < oo. Then B(z) =
2k
k=1

[e) _ my

Z 22—z
H (—k . i ) is a meromorphic Blaschke product.
e 2 zZ— Zp

Theorem 7.1. The space Kg consists precisely of the meromorphic

functions f with poles of order at most my at the z,, such that f €

H?*(Cy) and also % € H*(C.).

Proof. Let f € Kg. Then by Theorem 4.1, f and % are respectively

analytic in the upper and lower half planes. Hence f = B - = is a
meromorphic function in the lower half plane, with poles of order at
most my, at the z;. Finally, by Theorem 5.1, f is analytic at each point
of the real line. If, on the other hand, f € H*(C, ) and % € H*(C.),
then at least f € L*(R). Thus f € Kz by Theorem 4.1. m

The following result is an easy consequence of Theorem 7.1. It can also
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be shown that Kp is actually the closed subspace of H*(R) generated

1
by the elements ——— with 1 < /{; < m; and k£ > 1.
(z — 2 )%

Corollary 7.2. For each £;, 1 < 0, < my and k > 1, we have
1

(Z — Zp )Zk
The following result gives a complete description of Kg when B is a
finite Blaschke product.

€ Kg.

Corollary 7.3. Let B be the finite Blaschke product
K (z—a\™
B =] ( L ) .

Then Kpg consists precisely of the linear combinations of the simple frac-

1
tions W, where 1 < k< K and 1 < {; < my. Thus f € Kg if
Z — Zp )k
and only if
P(z
(2) ”

- Hf:l( Z = 2]‘7 )mk 7

where P is a polynomial of degree mq + - - -+ mg — 1.

Every meromorphic Blaschke product can be represented as

26
B(z)= —= for z€C,
()= 53 1
where E' is an entire function with zeros at the z; [13]. The order of z;
as a zero of F is the same as its order as a pole of B. In the general case,
F is not necessarily of exponential type. In the following we write F*(z)

for E(Z). This observation enables us to give another characterization

of ](B .

Theorem 7.4 The space Kg consists precisely of functions of the
form %, where [ is an entire function with both 5 € H*(Cy) and

f

J 2
<€ HY(C),
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Proof. Let g € Kg. Then by Theorem 7.1, g is a meromorphic
function with poles of order at most m; at the z,. Hence g F is an

entire function, where F is the entire function furnished by before. Put

S f _ 9
f=gFE. Then =€ H?*(C,), and - g€ H?*(C_). On the

other hand, if f satisfies these conditions, then % € Kp by Theorem
7.1.m

The preceding result enables us to characterize the minimal majorant
for K when B is a meromorphic Blaschke product with zeros in a Stoltz

domain [8].
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MEAN UNDER THE EXTENDED REFLECTED
NORMAL LOSS FUNCTION

M.Towhidi and J.Behboodian

Department of Statistics, Shiraz University, Shiraz 71454, Iran.
Abstract: This paper considers simultaneous estimation of mul-
tivariate normal mean vector using the extended reflected nor-
mal loss function (Spiring [9]). It is shown that the sample mean
X = (X1,...,X,) is admissible when p < 2, but for p > 3,
we obtain a class of estimators similar to James-Stein estimators

which dominate the sample mean in terms of risks.

1. Introduction

Let X = (X;,...,X,) be a normal vector with mean vector § =
(01,...,0,) and covariance matrix oI, where o? is known. We use
the notation

X ~ N,(8,0°I), in this article. We consider the simultaneous estima-
tion of § = (6,,...,6,) by using a random sample Xy,..., Xy from

N,(8,0%I) under the extended reflected normal loss function, given by
L(6,0) = K [1 —exp{—(6 —6)T7'(6 - 0)}] (1.1)

O MSC: 62A15, 62C15, 62020, 62H12.

® Keywords: Admissibility, inadmissibility, James-Stein estimator, reflected

normal loss function.
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where K > 0, ' is a constant positive definite matrix. In practice
the maximum loss can be a function of many things (e.g., Production
resources, cost of identification, rework and liabilities) but generally it is
finite. As a result the quadratic loss function, with its infinite maximum
loss, is often inadequate in describing the loss function associated with
a product and has been criticized by some researchers (e.g., Tribus and
Szonyi [13], Leon and Wu [8]). The bounded loss function (1.1) was
introduced by Spiring [9] for the first time. This loss is a bounded and
increasing function of the quadratic loss.

To estimate § with N = 1 and ¢ = 1, Stein [10] showed that X is
inadmissible when p > 3 under squared error loss. James and Stein [7]

showed that the following estimator, known as J-S estimator,

p—2

has uniformly smaller risk than X, for all §. Strawderman [12], Efron
and Morris [6], and Casella and Hwang [4] studied the problem of esti-
mating multivariate normal mean vector under quadratic loss function.
Brandwein and Strawderman [3] provided minimax estimators for the
mean of a spherically symmetric distribution with concave loss. Chung
and Kim [5] investigated the admissibility of the sample mean X under
balanced loss function. (see Zellner [14])

In section 2 of this paper, using the limiting Bayes method, we show
that X is admissible when p < 2 under the loss (1.1). In section 3, we
obtain an estimator similar to J-S estimator under the loss (1.1) when

p > 3, in the following form

_ c* _
M X)=(1l-=——=1]X
(X) ( X’F—lX)
and we show that 6* dominates the usual estimator X = ~ SNX; =
(X1,...,X,), where X; = (X;y,...,X;,) and X; = %Zi\;l XiiJ =
1,...,p.
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2. Admissibility of X when p <2

In this section, we consider the admissibility of X when p = 1 and 2.
We show that X is admissibile, using the standard Blyth’s technique [2].

Let Xq,..., Xy be a random sample from N,(6,1) with the prior
normal distribution 7,(6), where 6 has the mean vector zero and covari-
ance matrix %I. It is easy to show that the Bayes estimator of 6 w.r.t.

74(#) under the extended reflected normal loss function is

- NX
X)=

with the risk function,

R(6,6,) = K [1 ) [exp {_(]év_fa _ g)T—l(NNfa _ 0)}”

= K- (3% [eop{-(5m - 0T (e = 6)

— S0 0))de)

Now using the fact that for any matrices C; and C5 of appropriate

dimensions,
(Ci+Cy)t=Cr =Cri(eri + o) e (2.1)

it follows that the risk function of the estimator é, is equal to

K- Bt Ly [ttt —wrer + B2 Dy, )
HF PG+ sl 0
K|1- (N]V%/z“)pm—l + Wﬂ—%ew{—%wi a)zo’(%r R
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where 7 is a function of 6.

Theorem 2.1: X = (X,,...,X,) is admissible under the loss (1.1)
when p = 1,2, where X; = ﬁZﬁVﬂij: 1,...,p.

)of 6. Using
the continuity of the risk function in  for an estimator §(X), it follows
that there exists some #y,¢ > 0 and £ > 0 such that
all R(6,6) < R(6,X) — ¢ for 6, — &1 < 0 < 0y +£1
where 1 = (1,1,...,1).

Let 74,75, 7% be defined as follows:

r, = Bayes risk of the Bayes solution ¢, w.r.t. 7,.

Proof: Suppose X is dominated by some estimator é(

r* = Bayes risk of X w.r.t. 7,.

*%
. =

Then the difference of Bayes risks of X and ¢ is

r Bayes risk of 6 w.r.t. 7,.

Bo+€1 -
r—r > /9 [R(6, X) — R(6,8)] 7.(6)d8

0o—¢1

Y

Potel 3 1 1 a
/ (27) 5|~ 1| eap(—26'0)d0
) a 2

0o—¢1

P
> caz

The last inequality holds for all @ < 1, where ¢ is a positive constant not
depending on a.
Also, using (2.2), the difference of Bayes risks of X and ¢, is

(N +a)y . (N+a)? a 1 N . .
e, = K{—F2]|2T I I+ - —1T I~z
— NENT+2r7Y "%}
_(N+a)Y  a . (N+a)? a(N+a) 1

— NENI+207Y7 %)
= K{(N+ay20" + (N +a)l|75 = NP2 N +207 4]

The second equality is carried out by using the relation (2.1). It can

easily be verified that for p = 1, the ratio TE*_TZ*

a " Ta

tends to infinity as
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a — 0 and for p = 2, this ratio tends to a positive constant as a — 0.
Hence, there exists an @ > 0 such that r}* < r, which contradicts the
fact that 8, is a Bayes solution with respect to m,. Therefore X is for

p=12.1

3. Inadmissibility of X for p > 3

In this section, we consider estimation of § = (6;,...,6,) from the
model of section 1 under the loss (1.1) and find a class of estimators

which have uniformly smaller risk than X for p > 3.

Lemma 3.1:Let X = (X4,...,X,) be distributed as N,(0,1). If
h: R — R is an almost differentiable function with E||Vh(X)| < oo,
then

E[VA(X)] = E[(X — 6)h(X)]

, where Vh(z) = (M,... M)/.

dxy 7 dz,

Proof: See Stein [11]. m

Theorem 3.1:Let the positive values Ay < Ay < ... < A, be the

etgenvalues of the matriz I'. If the estimator 6° is defined as

5°(X) = (1 - ﬁ) X

wher60<c<c*,c*:2[f:2 L X

- I, ﬁ] ,then 6°(X) dominates
X in terms of risks under the extended reflected normal loss function
(1.1) for p > 3, when ¢* > 0.

bf Proof: For any estimator 6(X ), we define a function g as

9(0,8) = E [exp {=(8(X) = O)TH(5(X) — 0)}]
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and show that for all 9, ¢(0,6°) > g(8, X). We observe that

9(0, 60) — E |:€_(X—9)’F—1(X 9)6 m+2C(X G)IXI;;ifX]
e =1, % 2 _ F_lX
> F e_(X—G)F (X-9) 1 — %‘FQC(X—O)/?
XT=iX XT-'X

This inequality follows using the fact that

e >1—2 Ve e

Now by defining Y71 = 2T~} + NI, A = [a;;],x, = SV T7INV2Y =
(Yy,...,Y,) = Y2 X and 3 = %76, the inequality (3.1) reduces to

62

00,69 2 900, 5) - N {8 | o | - 2em |0 - 0|
3

where Y is distributed as N, (43, 1).
Note that by using lemma 3.1, it follows that

, AY _ R >hoyaiY;
E[(Y_ﬂ) Y’AY] = ; Y Y, Y a”YY]
- B 2 i) (2 2 a;Y;Y;) — Z(Z ] J)Z]
I (3 205 i YiYy)?
_ g 2vary
- U lyiay (Y’AY)z]

and

_E [Y,AY] +2cE [(Y - B) 7]

_ Y'[(—¢* 4 2ctr(A))A — 4cA%]Y
Dl B T —

(3.3)

We know that A is a positive definite matrix and is diagonable as
U'AU =T =diag{ty,...,t,}, where the positive values ¢;,...,t, are
the eigenvalues of A. Now, we have U'A*U = T? =diag{ti,... 2} and
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therefore (3.3) reduces to
—k [Y'CW] +2c (Y - B) 5]

_ Y'U[(=¢* 4 2¢tr(A))T — 4¢T?*|U'Y
- vy |

According to (3.2), we complete the proof by showing that the matrix

(= +2ctr(A))T—4cT? = diag{ct,(—c+2tr(A)—4t,),. .. ct,(—c+2tr(A)—4t,)}

(3.4)
is positive definite when 0 < ¢ < ¢*.
It can be verified that ¢; = ﬁ’l =1,...,p, where the values A\; <
Ay < ... < A, are the eigenvalues of I'. Hence, the diagonal elements of

the diagonal matrix (3.4) is positive when

4

1=1,....p
This condition is equivalent to 0 < ¢ < ¢* with ¢* = 2 [ P, m - ﬁ .

Corollary 3.1: Let the estimator §*(X) be given as

_ _9 _
- (1= 22 Vx
(N 1 2)X'X
Now, ¢*(X) dominates X under the loss function (1.1) with T = I, for

p > 2. This estimator is similar to J-S estimator.

Conclusions 3.1: Let the estimator 6*(X) be given as

* Y p— 2 v
O X)=|l-——F——==1 X
(X) ( (N+me)
Now, 6*(X) dominates X under the loss function (1.1) with T' = I, for

p > 2. This estimator is similar to J-S5 estimator.

Acknowledgements: The authors would like to thank the referees
for their constructive suggestions and also the Research Council of Shiraz

University for their support.



64

M. Towhidi and J.Behboodian

References

(1]

A. Bekker and J.J.J. Roux, Bayesian multivariate normal analysis
with Wishart prior. Commun. Statist. Theory Meth., Vol. 24, 10
(1995) 2485-2497.

C. R. Blyth, On minimax statistical decision procedures and their
admissibility, The Ann. Math. Statist., Vol. 22, (1951) 22-42.

A. C. Brandwein and W. E. Strawderman, Minimax estimation of lo-
cation parameters for spherically symmetric distributions with con-

cave loss, The Ann. Statist., Vol. 8, 2 (1980) 279-284.

G. Casella and J. T. Hwang, Limit expression for the risk of James-
Stein estimators, The Canadian J. Statist., Vol. 10, (1982) 305-309.

Y. Chung and C. Kim, Simultaneous estimation of the multivari-
ate normal mean under balanced loss function, Commun. Statist.

Theory Meth., Vol. 26, 7 (1997) 1599-1611.

B. Efron and M. C. Morris, Stein’s estimation rule and its
competitor-an empirical Bayes approach, J. American Statist. As-

soc., Vol. 68, (1973) 117-130.

W. James and C. Stein, Estimation with quadratic loss, Proc. Fourth

Berkeley Symp. Math. Statist. and Prob., (1961) 361-379.

R. V. Leon and C. F. G. Wu, A theory of performance measures in
parameter design, Statist. Sinica, Vol. 2, 2 (1992) 335-357.

F. A. Spiring, The reflected normal loss function, The Canadian J.
Statist., Vol. 21, 3 (1993) 321-330.

C. Stein, Inadmissibility of the usual estimator of a multivariate
normal distribution, Proc. Third Berkeley Symp. Statist. and Prob.,
Vol. 1, (1955) 197-206.

C. Stein, Estimation of a multivariate normal distribution, The Ann.

Statist., Vol. 9, (1981) 1135-1151.

W. E. Strawderman, Proper Bayes minimax estimators of the mul-
tivariate normal distribution, The Ann. Math. Statist., Vol. 42,
(1971) 385-388.



Estimation of the multivariate ... 65

[13] M. Tribus G. Szonyi, An alternate view of the Taguchi approach,
Quality Progress, May, (1989) 46-52.

[14] A. Zellner, Bayesian and Non-Bayesian estimation using balanced
loss functions, Statistical Decision Theory and Related Topics V,
NewYork, Springer-Verlag, (1994) 377-390.



66

M. Towhidi and J.Behboodian



Bulletin of the Iranian Mathematical Society

Vol. 28, No. 1, pp 67-86 (2002)

CATEGORY OF POLYGROUP OBJECTS

S.N. Hosseini, S.Sh. Mousavi and M.M. Zahedi

Dept. of Math., Shahid Bahonar University of Kerman, Kerman, IRAN.
zahedi@arg3.uk.ac.ir

Abstract: In this manuscript we generalize of the notion of
polygroup in an arbitrary category &£, which is also a generaliza-
tion of the notion of group object. We then define the category,
PGrp(€), of polygroup objects in £, and we investigate some of
its properties such as having limits and colimits. We also show
that PGrp(€) is a concrete category over the category Mon(&) of
monoid objects in £, and that it has free objects and is geometric
and essentially algebraic as such. Finally the preservation and
reflection of epimorphism and monomorphism by the forgetful

functor from PGrp(€) to Mon(€) is investigated.

1. Introduction

The hyperstructure theory was introduced by F. Marty in 1934 [6] at

the 8th Congress of Scandinavian Mathematicians.
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Bonansinga and Corsini used this structure and introduced the no-
tion of quasicanonical hypergroup [2], called polygroup by Comer [3],
which is a generalization of the notion of a group.

The theory has found applications in many branches of mathematics
such as analysis, algebra, geometry, automata and fuzzy set. In this pa-
per we give a generalization of the above notion by categorical methods,
having two goals in mind. One is to embed the category of polygroups
in a complete category, as limits have not been computed in the cate-
gory of polygroups yet. Another is to give the hyperstructure theory a
categorical organization. Having established these goals, we have come
up with several other results, such as those mentioned in the abstract.

First we give some notions that are needed in the sequel.

Definition 1.1 Let &£ be a category with finite products. We call
the triple (P, *, ) a monoid object in & if:
(a) *: P x P — P is a morphism in &£ such that the following diagram
commutes.
p3 idexr po
* X tdp | | *
P2 = P

(b) £ : 1 — P is a morphism in & such that the following diagram

commutes. o
P {idp Elp) p2
<E!P7 idp) | \vidp | #
P = p
ie., idp ¥ E'p = Elp % idp = idp, where !p : P — 1 is the unique

morphism from P to the terminal object 1. We call E the identity.

If (P,+, E) and (P, *’,F) are two monoid objects in £, a morphism
of monoid objects f: (P, *, E) — (P, *’,F) is a morphism f: P — P’
in € such that f* = +'f2, and fE = E .

Proposition 1.2 Let (P, x, E) and (P’,*’,F) be monoid objects in
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Eand [ : (Px, F) — (P’,*’,F/) be a morphism. If E = Elp and
E'=F\p, then fE = E'f.

Proof: Straightforward. m

Theorem 1.3 The collection of monoid objects in £ together with
morphisms forms a category, which is denoted by Mon(E).

Proof: The proof is obvious. m

Notation In the special case, where £ = Set is the category of sets
and

functions, we denote the category Mon(Set) by Mon.

Theorem 1.4 Let {(P., %o, Eo)}aer be a collection of objects in
Mon(&). If € has products then (ILP,, Ix,, I1E,) is a product of {( Py, %, Eo)}
in Mon(E). In particular Mon(E) has finite products.

Proof: Straightforward. m

Definition 1.5 (see [7], Page 98) Let £ be a category with finite
products. We call the quadruple (H,*,€e,17) a group object in & if:
(a) *: H x H — H is a morphism in & such that the following diagram

commutes.
H3 lﬁ H?2
x x1 | |l =
H* — H

(b) e : 1 — H is a morphism in & such that the follwoing diagram

commutes.
g ‘e e
1
N N
H* -~ H

(¢)¢: H — H is a morphism in & such that the following diagram
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commutes. '
g Yo
(@1 1 N 1
H* =~ H

We denote the quadruple (H,*,¢e,17) by .
If H and H' are two group objects in £. A morphism of group objects
f: H — H'is defined by a morphism fy : H — H’ in € such that

Jo*x =+ fu.

Theorem 1.6 The collection of group objects in £ together with
morphisms forms a category, which is denoted by Grp(E).

Proof: Straightforward. m

Notation In the special case, where £ = Set, we denote the category

Grp(Set) by Grp.

Theorem 1.7 (see [5], pp 237-238) If (' is a group object in &, then
each hom-set Home(X,G) has the structure of a group, natural in X .
Conversely, a group structure on Homg(X, ) for each object X of &,
natural in X, gives G the structure of an internal group. FEquivalently
G is a group object in £ if and only if Home(—,G) is a group object in
Set®”".

Definition 1.8 A hyperstructure is a nonempty set H together with
a map
«:H x H — P*(H)

which is called hyperoperation, where P*(H ) denotes the set of all non-
empty subsets of H.

Remark 1.9 A hyperoperation * : H x H — P*(H ) yields an oper-
ation @ : P*(H)x P*(H) — P*(H), defined by A@ B = U,c 4 ep @*0.
Conversely an operation on P*(H ) yields a hyperoperation on H, defined
by zxy ={z} @ {y}.
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Definition 1.10 A hyperstructure (H,*) is called a polygroup if it
satisfies the following conditions
(a) z*(y*xz)=(z*y)*z, for all z,y and z in H (associative law)
(b) there exists e € H, such that exz = 2 xe = {a}, forall z € H
(identity element)
(c) for all € H, there exists a unique element 2’ of H such that
e € x*a’' Na'*x (inverse element)

(d) for all 2,y and z in H we have
zCrxxy=>ar €y >yca xz (reversibility property)

A morphism from (H,*) into (H’, *) is defined by a map f: H — H’
such that f(z xy) = f(z)* f(y).

Remark 1.11 In Definition 1.10 (c¢) the uniqueness of 2’ is not
necessary, in fact we can obtain this property from the other conditions,
provided that we replace condition (d) by z € z xy = Vy', 2 € zxy =
Va', y € ' * z.

Theorem 1.12 The collection of polygroups together with morphisms
forms a category, which is denoted by PG.

Proof: Straightforward. m

Definition 1.13 (see [4], Page 16) Let £ be a category with finite
products, and r : A — B? be a monomorphism in & (that is r is a
relation on B). Let o, : X — B be morphisms in £. We say that
a <, pif there exists a morphism h : X — A in & such that rh = (a, ).

Definition 1.14 (see [4], Page 16) Let 7 : A — B? be a monomor-
phism in £. Then we say that r is
(a) reflexive if for every morphism a : X — B in £ we have a <, a.
(b) transitive if for every morphisms o, and y: X — Bin &, o <, 3
and 8 <, v, implies that a <, ~.

(c) a preorder if it is reflexive and transitive.
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The background category in the definition of a polygroup is the cat-
egory Set. In order to generalize the notion of a polygroup we need to
replace the category Set by an arbitrary category £. To achieve this we
need to free the definition of a polygroup from element taking, so we
make the following observations.

Given a polygroup (H,*), by Remark 1.9, we have an operation on
P*(H). It can be easily verified that this operation is associative if and
only if the given hyperoperation on H is associative.

The element e € H yields the function £ : P*(H) — P*(H) taking
each set A to the singleton {e}. Observe that this function factors
through the terminal object. Also we have a function e : H — H taking
each element z toe. If s : H — P*(H) is the singleton function, that is
the function that takes « to {a}, then it can be easily seen that E's = se.
Let us also notice here that the singleton function satisfies the condition:
st Csy=z=uy.

The existence of a unique inverse yields a function ¢ : H — H. To
interpret e € 2’ in an arbitrary category, we replace it by {e} C a*2a’,
and since {e} and z*z’ are elements of P*( H ), we observe that we have a
relation 7C” on P*(H ) and that {e} is related to z*a’. In other words we
have the relation R = {(A, B): A C B}, the inclusion r : R — P*"(H),
and that ({e},z*2") € R.

So we have a multiple (H, P*(H), R, s, r,*, F, 1) satisfying conditions
(a)-(d) of Definition 1.10, rewritten appropriately.

Using these observations we arrive at our definition of a polygroup

object in an arbitrary category that is given in the next section.

2. Category of polygroup objects

Definition 2.1 Let £ be a category with finite products. A polygroup
object in & is a multiple (H, P, R,s,r,*, E, i) where H, P and R are
objectsin &£ and s, r, *, ¥ and ¢ are morphisms in & such that,s: H — P

is a monomorphism and r : R — P? is a preorder on P. Moreover for
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all morphisms «,5: B — H in £ if sa <, s@3, then o = § and:

(a) * : P? — P makes the following diagram commutative.

p3 Ix= P2
*xx 1 | | %
r = p

and hence we say that * is associative.
(b) E': P — P makes the following diagram commutative.

(1,B)

p =2 p?

1
(E,1) | N\ | =
p: . p

That is, 1 * £ = F 1 = 1, and also F's factors through s, i.e., there
exists a morphism e : H — H in & such that Fs = se. Moreover there
exist morphisms £ :1 — P and é:1 — H in £ such that £ = E'p and
e = ely. We call F the identity.

(c)i: H — H satisfies Es <, 1x7iand Es <, 1% 1 where 1 x7 = xs*(1,1)
and i+ 1 = xs?(4,1). We call ¢ an inverse.

(d) For all morphisms «, 5 and v : B — H in & we have the following

implications:
sa < sk sy = 80 <, sak sty = sy <, 81k sa
In this definition we denote the multiple (H, P, R,s,r,*, E, i) by H.
Theorem 2.2 Let H = (H,P,R,s,r,%, E i) be a polygroup object

in & and x : H> — H be a morphism in £ such that sx = xs*. Then
(H,x,eq,1) is a group object in &.

Proof: It is enough to show that 1x¢ = e. From Definition 2.1(c) it
follows that Es <, s(1x%) and so se <, s(1x7). Thus 1%7 = e. Similarly
txl=¢c. 1

Theorem 2.3 Let (H,*,e,t) be a group object in £. Set H =
P = R and let r = A = (1,1) be the diagonal morphism from H
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into H?, and s = idyg be the identity morphism on H in £. Then
(H,H,H, idy, A, *,e,1) is a polygroup object in &.

Proof: Straightforward. m

Proposition 2.4 Let H be a polygroup object in £, then the following
statements hold:
(i) Es = se = By
(ii) s€ = E,
(i) 1% Elp = 1,
(iv) i* =1,

(viti) Fx £ = F.
Proof: Straightforward. m

Notation Let £ be a category and A be an object in £. We denote
the functor Hom(—,A) : £ — Set by A and if f : A — B is a
morphism in £ we denote the natural transformation Hom(—, f): A —

B, by f.

Lemma 2.5 Let r : R — P? be a monomorphism in €. For all

objects F' and morphisms f,qg: F —— P in Set®” we have

[ <rg==VAE€ENVre F(A), falz) <, galz).

Proof: Let f <7 g, so there exists a morphism h : F — R in Set®”
such that 7h = (f, g). Thus we get ha(z): A — R, so fa(z) <, ga(z),
forall A€ & and z € F(A). Thus fa(z) <, ga(2).

Now suppose for all A € £ and 2 € F(A) we have f(z) <, ga(z). So
there exists a morphism hy , 1 A — Rsuchthat rhy, = (fa(2),g4(2)) VA €
€ and z € F(A). Now define hy : F(A) — Hom(A,R) by ha(z) =
hay. It easily follows that A : I — R is a natural transformation and

(Th)a(z) = (f,g)al@), 50 f <rg.m
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Lemma 2.6 Let v : R — P? be a monomorphism in £. Then for all

morphisms a,3: B — P in £ we have: a <, f <= @ <7 J3.

Proof: First suppose that a <, . So there exists a morphism
h : B — R such that rh = (a,3). f A€ Eand 2z : A — Bisa
morphism in &, so we get (Th)4(2) = Ta(ha(2)). Thus @ <7 3.

Now suppose @ <7 3. Then there exists a morphism h : B —
R in Set®” such that 7o = (@, (). By Yoneda lemma we have h =
Hom(—,h), where h = hg(1). So we have (Th)g(1) = (a,f), thus
rh = {a, 3). Therefore a <, 3. m

Remark 2.7 Let f' : A — B be a morphism in Set®”". By Yoneda
Lemma we get f' = f,where f = f{(1,).

Theorem 2.8 Let H, P, R,s,r, %, E,1 be as in the statement of Def-
inition if H = (H,P,R,35,7,%,€,1) is a polygroup 2.1. Then H =
(H,P,R,s,r,%,E,t) is a polygroup object in £ if and only object in
Set®”".

Proof: Follows from Lemmas 2.5 and 2.6. m

Remark 2.9 Theorem 2.8 is the generalized version of Theorem 1.7.

Definition 2.10 Let H and H’ be polygroup objects in €. A
morphism f : H — H’ is a triple (fu, fe, fr) where fy : H — H’,
fp: P — P and fr: R — R are morphisms in & such that

(a) fps = ' fu,

(b) for =1'f=,

(c) fpx = f2,

(d) fpE = E'fp.
Theorem 2.11 If f = (fu,fe,fr): H — H’ is a morphism, then:
(i) fue =€ fu,

(it) fui=1fn.
Proof: (i) Straightforward.
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(ii) We know that Es <, 1% ¢, thus:

Ely <, 1% ;by Proposition 2.4(i)

fpsely <, fp*s*(1,4) ; by Proposition 2.4(ii)

s'fyely <, fp *s*(1,7) ; by Definition 2.10(a) and Proposition 2.4(i)
E's' fg <, fp*s°(1,i) ;by Theorem 2.11(i) and Proposition 2.4(i)
E's' fg <, #'(s'f)*(1,4) ; by Definition 2.10(a)and(c)

sy <, & fg x s fyi ; by Proposition 2.4(i)-(ii)

T

§ fai <, "V fg * s'@ 1. ; by Proposition 2.4(ii)-(iii)
Hence fgi=14fg. m
Lemma 2.12 Let H and G be two polygroup objects in £ and f :
H—Gbea morphism. If 'y : H — 1 is an epimorphism then fye = €.
Proof: Straightforward. m
Theorem 2.13 The collection of all polygroup objects in &£ together
with polygroup morphisms forms a category, which is denoted by PGrp(E).
Sketch of proof: For f . H — H' and g : H — f{”, the com-
position f o § is defined by (fu o gur, fpogp, frogr). The identity
morphism id : H — H is defined to be the triple (idy,idp,idg), where
tdy,tdp, and idg are the identities on H, P and R respectively in £. &
Notation In the special case, where & = Set, we denote PGrp(Set)
by PGrp.

Remark 2.14 By Theorems 2.2 and 2.3, the category Grp(€) can
be embedded in the category PGrp(E),i.e. Grp(E) C PGrp(€). It then
follows that

Mon C Grp C PG C PGrp

Theorem 2.15 Let {f{a}aej be a collection of objects in PGrp(E),
where
f{oz = (Hozv Pozv Rozv SasTay ¥as Eozv ioz)
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If € has products then

WA, = (IH,, 1Py, IRy, sy, Hr,, g, ILE,, 11i,)

is a product of {H,} in PGrp(&). In particular GPGrp(E) has finite

products.
Proof: Straightforward. m

Theorem 2.16 Let & be a category such that for all objects H in
E, g+ H — 1 is an epimorphism. If £ has equalizers, then so does
PGrp(€).

Proof: Let H = (H,P,R,s,r,*, E,i)and G = (G, P/, R, s, 1+ E' i)
be two polygroup objects. Given a pair of morphisms f,g :H — G in
PGrp(&), let ex + K — H, epn : P — P, and €gn : R" — R be
equalizers of (fu, gu), (fp, gp), and (fr, gr), respectively. Using the
fact that ex, epr, and €%, are equalizers, we obtain the morphisms
¢ K — P', /" : R' — P"”, &« . P"” — P' E":P' — P,
and " : K — K. It is straightforward though tedious to show that
K= (K, P", R, s" v «" E" ") is an equalizer of f.g.m

Corollary 2.17 Let £ be a category in which for all objects H in &,
'w : H — 1 is an epimorphism. If € has limits then so does PGrp(E).

Proof: Since &£ has products and equalizers, by Theorems 2.15 and
2.16, so does PGrp(E). Therefore PGrp(&) has limits. m

3. Free Polygroup Objects

Proposition 3.1 There exists a faithful functor U, from PGrp(E) into
Mon(&), where Us(H L {7y = (P,, F) 222 (o, ', F)), that is PGrp(€)
is concrete over Mon(E).

Proof: Let H = (H,P,R,s,r,*, E,i)and H' = (H', P',R,s', '+, E', )
be two arbitrary objects in PGrp(E) and f= (fu, fp, fr) be amorphism
from H into H'in PGrp(E). Then it is easy to see that U, : PGrp(€) —
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Mon(&)is afunctor. Now we show that U, is faithful. Let fog: 0 — 0
be morphisms in PGrp(E), such that Ul(f) = Uy(g). Thus fp = gp.
From Definition 2.10(a) we know that fps = §'fy and gps = s'gy. So
s'fg = s'gy and since s’ is a monomorphism we get that fyz = gg.
Also we have fir = r'fr and ghr = r'gg, by Definition 2.10 (b), so
r'fr = r'gr. Since r' is a monomorphism, thus fr = gg. Therefore

f =g, that is U, is faithful. m

Definition 3.2 Let (P, , F) be an object in Mon(&) and A : P —
P? be the diagonal morphism. Then (1, P, P, E, A, x, Elp,id,) is an ob-
ject in PG'rp(E). We denote this object by P

Theorem 3.3 The concrete category (PGrp(E), Uy) has free objects.

Proof: Let (P,*, E) be an object in Mon(&). We claim that P! is
a free object over (P,*, F). For this reason we show that the identity
morphism

idp, g (Px, E) — Ui(P') = (P, %, F)

is a universal arrow over (P, *, E). Let o = (H', PR, s v « F i)
be another object in PGrp(€) and g : (P, *, E) — Uy (H') = (P',+, F)
be a morphism in Mon(&). Thus by Definition 1.1 we have g* = #’g? and
gB'p = (F/!p/ )g. Since H’ is an object in PGrp(€) thus by Definition
2.1(b) we get €'y = € and we know that ¢ <A ¢, thus there exists
a morphism ¢’ : P — R’ such that 7'¢’ = (g,9) = ¢*A. It is easy to
check that ¢ := (€,¢,¢’) is a morphism from P into H' in PGrp(€),
and Uy(g) = ¢, which implies that U,(g) o idip.7 = 9. Now suppose
that f = (fi, f2, f3) be an arbitrary morphism from P into H such that
Ui(f) o idip, 5 = g. Therefore we get Ui(f) = g = Uy(§). Since U
is faithful, thus f = §. So ¢ is a unique morphism such that U;(§) o
idp. 7 = 9. Therefore Pl is a free object over(P,*, E). m

Proposition 3.4 The mapping F, defined by

F((P,+,E) - (P, F)) = (P "L pry
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is a functor from Mon(E) into PGrp(E).

Proof: Straightforward. m

Lemma 3.5
(1) Mapm = Wi (P,%, ) — U, Fi(P,x,F) = (P,+, E) defines
m : Idyroney — UrFy as a natural transformation.
(ii) For every object A= (H,P,R,s,r,%, E,t) in PGrp(&), the mapping
€, = (¢ idp,h): FlUl(f{) = P! — H defines ¢, : F,U, — Idpeype
as a natural transformation, where h : P — R is @ morphism in £ such

that rh = <de,ldp>
Proof: Straightforward. m

Theorem 3.6 Suppose that Uy, Fy, n and €¢; as in Propositions
3.1, 3.4 and Lemma 3.5 respectively. Then we have (n,€) : Fy Uy :
(PGrp(€), Mon(&)) is an adjoint situation.

Proof: By Lemma 3.5 it is enough to show that Uje o n Uy = idy,
and € Fy o Fin; = idp,. We only show the former, the latter is similar.
Let

H = (H,P,R,s,r,%, F,i)be an object in PGrp(E). So we have

(Ui omUn)(H) = Urer(H) o (mUs)(H)
= Uiei; 0y,
= id(P,*,E) o id(P,*,E) ; by Proposition 3.1
= Ui(€ idp,h)oidp, 5 ; by Lemma 3.5 (i)
— ZdUl(ﬁ)'
So U1€1 ] 771U1 = idUl' |
Theorem 3.7 Let T\ = (11,1, jt1) be the monad associated with the
adjoint situation given in Theorem 3.6, where T = U Fy. Then T is

the trivial monad.

Proof: Let x be an object in the Eilenberg-Moore category (Mon(&)™, U™)
[see 1]. So we have @ : Ty (P, *, E) — (P, *, I/), for some object (P, *, E)
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in Mon(E), that satisfies

(a) el 771(}3)*)5)

(b)yzoTiz=ao0u

= id(PV*VE)7 and
(P,*,B)

By (a) and Lemma 3.5 (i) we have v = idp, 7. Since Ty = U, F7, so
we get T = Idyr,n(e), and by condition (b) we conclude that py, = idp,.
Thus we have u; = 1y = #dp,. Then the monad 7} is trivial monad

(IdMon(£)7 idTl, idTl)- | |

Corollary 3.8 The Eilenberg-Moore category (Mon(E)™, U™ is
concretely isomorphic to (Mon(E), Idyone))-

Proof: Straightforward. m

Theorem 3.9 Let (1s,63) @ Fy — Uy : Mon(E) — & be an ad-
joint situation and Ty = (15, m2, pi2) be its associated monad. Then the

FEilenberg-Moore category (€12, UQTQ) s concretely isomorphic to the cat-
egory Mon(E).

Sketch of Proof: If z : TP — P is a Ty-algebra, multiplication
in P is defined by * = 2 o Uy %5 olp X lp where lp : P — UsFy(P) is
an universal arrow and Fy(P) = (FyP, s, I25) is a free object over P in
Mon(&). And E defined by F = x 0 UyE,. Then (P, , E) is an object
in Mon(E). m

Let (g, e) : Fy = Uy - (PGrp(€), Mon(E)) be adjoint situation as
in Theorem 3.6. Let U = UUy, F' = FiFy, 5 = Uy Fy 019, € =
€0 Fle Uy and p = UeF. Since composition of adjoint situations is an
adjoint situations (see Proposition 19.13[1]), so we have (5,¢): F' - U :
(PGrp(€),E) is an adjoint situation. Suppose that T = (T, n, i) be its

associated monad, then we have the following theorem:

Theorem 3.10 The Filenberg-Moore category (€7, U™ is concretely
isomorphic to the Mon(E).

Proof: The proof is obvious by Theorems 3.8 and 3.9. m
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Proposition 3.11 If the category £ has finite products, then the
functor
Fy: Mon(E) — PGrp(E) given in Proposition 3.4, preserves finite prod-

ucts.

Proof: Let {(P., %o, o) }aer be a finite family of objects in Mon(&).
Then by Theorem 1.4 the object (ILP,,Il*,,IIE,) is a product of the
above family in Mon(E). Let A : 1P, — (IIP,)? be the diagonal mor-
phism, then Pr2A = A, Pr,, forall @ € I, where Pr, : [P, — P, is the
canonical projection morphism. By Theorem 2.15 F(ILP,, Ilx,, IIE,) =
ﬁal = (1,1UP,, 1P, , ITE,, A, 1lx,, 1 E,'1p., id;) together with the canon-
ical projection ]/3,: = (idy, Pr,, Pr,)is a product of the family { F(P,, %o, Fo) =
P = (1, Py, P Fy Ayt Eulp,,idy)} in PGrp(€). m

Proposition 3.12 Let £ have equalizers. If the following diagram

— 7 —

(P, ) =L (P B )= (P"+" E") (1)

is an equalizer in Mon(E), then

— ~y f=(; 1 f A 19=(id1,9,9) . ~
PP )= P =S pp o By = T mpr s B = B
h=(idy,h,h)

is an equalizer in PGrp(E).

Proof: Since gf = hf,s0§f = hf. Let H, = (Hy, P Ry, sy, 71,%1, EyL i)
be an object in PGrp(€) and by = (ku,, kp, kr,): H, — P be a mor-
phism in PGrp(&), such that gky = hk,. By Theorem 2.13 we have
gkp, = hkp, and gkgr, = hkg,.

Since (Pp, 1, Fy) is an object in Mon(&) and the diagram (1) is an
equalizer in Mon(€), so we get the unique morphism tp, : (P, %1, F) —
(P,*,E) in Mon(£), such that ftp, = kp,. Let (Fy(Ry),*2, E3) be
the free monoid over R, in Mon(£), so we have the unique morphism
B (Fo(Ry), %2, Es) — (P, ', E ) in Mon(&) such that Us(h')ol = kg, ,

where [ 1 Ry — UsFy(Ry) is a Us-universal morphism in €. Thus we
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have h' ol = kg,. Since g : (P’,*’,F/) — (P”,*”,F”) is a mor-
phism in Mon(E), then we get gh/ = hh'. So by diagram (I) we
get a unique morphism ¢’ : (Fy(Ry),*5, Fs) — (P,*, E) in Mon(&)
such that ft' = h’. Now, define tg, = Uy(t') o[, that is, tp, =
t ol. Since the concrete category (Mon(&),Us) over &£, has free ob-
jects, and f is a monomorphism in Mon(&), then by Theorem 8.38 [1],
we have Us(f) = f is a monomorphism in £. Now it easily follows that
i, = (ayte,tr,) H — Pisa morphism in PGrp(E). Also ffl = l%l,

and t, is a unique morphism such that ffl =k.m

Theorem 3.13 If £ has finite limits, then the pair (Fy,U;) where

Fy Uy is a geometric morphism.

Proof: The proof is obvious by Propositions 3.11 and 3.12, see also
page 26 of [4]. m

Remark 3.14 By Theorem 3.3, the concrete category (PGrp(£), Uy)
over
Mon(&) has free objects. So by Theorem 8.38 [1], we get that U,
preserves and reflects monomorphisms, and by Proposition 7.44 [1], U;

reflects epimorphisms.

Example 3.15 We know that (7,0, E) and (Q,O,F) are objects

in Mon. Let f be the inclusion homomorphism from (Z,0, F) into
(Q,O,F), ie., f(n) = n for all n € Z. We have that f is an epi-
morphism, by some manipulation (see Example 7.40 (5) of [1]). But
[+ Z — @ as a function in Set is not an epimorphism. We know that
Z' and Q! are objects in PGrp, and f = (idy, f,f) : Z' — Q' is a
morphism in PGrp. It is easy to see that f is an epimorphism in PGrp.

But U(f)= f:7Z — @, as a morphism in Set, is not an epimorphism.
Notation The full subcategory of PGrp whose objects are
(1, P,R,s,r %, F,id) is denoted by P,Grp.
Theorem 3.16 If f = (fi, foy f3) ¢ P — P’ is an epimorphism in

P Grp, then U(f) = fy is an epimorphism in Mon.
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Proof: Let (P,+,E) 2= (P« E )= (P",+", E") be a diagram in

ha
Mon, such that g, f, = hyfs. We know that ' : R — P'* and +/(R) is
the set defined by {(p}, p)|3= € R, such that v'(x) = (p},ps)}. Now let

R" be the smallest preorder relation on the set

1(g2(P1)s g2(pu)| (P, o) € 7/ (R) U {(ha(p))s ha(ps)) (P11, P5) € 7'(R)}

and r : R’ — P”? be the inclusion map. Define s” : 1 — P” by
s" = g,8'. Thus s” is a monomorphism in Set. Since for any morphisms
a,f: B — 1in Set, we have a = §, therefore if s"a <,» s”(3, then
o = 3. Now define P = (1,P”,R”,5”,7‘”,*”,F//!pu,idl). It is easy to
check that P” is an object in P Grp(Set). It can easily be checked that
§ = (idy, g5, g27") and h = (idy, hy, h2'") are morphisms in P;Grp from
P’ to P”. Therefore hf = §f, and since f is an epimorphism in P,Grp
thus A = ¢. That implies go = ho, 50 fo : (P, ) — (P’,*’,F) is an
epimorphism in Mon. m

Proposition 3.17 Let f = (fu, fe,fr): H — H’ be a morphism in
PGrp(€). f is an isomorphism in PGrp(&) if and only if fu, fp and

[r are isomorphisms in £.
Proof: Straightforward. m

Remark 3.18 In Example 3.15, we showed that f = (idy, f, f) =
7t — Ql is an epimorphism in PGrp. Since the concrete category
(PGrp,U) over Set has free objects, so by Theorem 8.38 [2] we get fis
also a monomorphism in PGrp. But fis not an isomorphism in PGrp,
because if f is an isomorphism in PGrp, then U(f) =f:7Z—=(@isan
isomorphism in Set, which is a contradiction. So the category PGrp is

not balanced, and so it is not a topos.

4. Essentially Algebraic Property

We start this section by assuming that the forgetful functor U, : Mon(E) —

& is (generating, Mono-source)-factorizable. For example, we know that
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the forgetful functor Uy : Mon — Set is an adjoint, and so by Propo-
sition 18.3 [1], it is (generating,-)-factorizable, hence it is (generating,
Mono-source)-factorizable.

Throughout this Section we use U = UsU; : PGrp(E) — &, where

U, and U, are the functors introduced in section 3.

Theorem 4.1: The functor U : PGrp(E) — &£ is (generating, Mono-

source)-factorizable.

Proof: Let {ﬁ] = (H;, P, R;,s;,7j,%;, F;,1;)}ier be a collection
of objects in PGrp(&), and (X EEA U(H;) = Pj);e; be a U-structure
source. Since the functor U, : Mon(€) — & is (generating, Mono-
source)-factorizable, thus there exists a Us-generating morphism e : X —

Us(G,*, E) and a mono-source ((G, *, F) it (Pj %5, E))jer in Mon(E),
such that f; = Us(m;)oe; for all j € I. On the other hand, Uy (G, *, E) =
U, Uy Fy (G, %, E) = U(GY). Therefore we have the morphism e : X —

U(G). We claim that e is U-generating. To show this, let Glii_ffx be
morphisms in PGrp(&), such that U(§)oe = U(h)oe. So Uz(Ul(gh))oe =
Uy(Uy(h)) o e, since e is Us-generating thus Uy(§) = Uy(h). Therefore
g = lAz, because U; is faithful. Now we want to get a mono-source
(Al—m#f{j)jej in PGrp(€). Since r; : R; — P? is reflexive, for all
J € I, thus m; <., m;. Hence for all j € I, there exists a morphism
hj : G — R; in &, such that r;h; = mjA. Now define 1y : Gt —
ﬁj by 7; = (é;,m;,h;). By Proposition 2.4, it is easy to check that
7; is a morphism in PGrp(E). Now we show that (Glﬂj{j)jy is a
mono-source in PGrp(E). Let k= (ki, k2, k3) and ¢ = (g1,92,93) be
morphisms in PGrp(E) from k to G' such that 7 o k= m; o g, for
all j € I. So we have U(sn; o k) = U(i; o §), for all j € I. Therefore
m; o ks = mj o gy, forall j € I, and since (m;);¢r is a mono source, we
have k; = ¢o. By Proposition 3.1, we get k= g.

s

Thus (G* 22 0;);¢; is a mono-source in PGrp(&), and we have:

U(m;)oe=Uy(U(1nj))oe=Us(mj)oe=f;
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We conclude that every U-structure has a (generating, Mono-source)-

factorization. m

Theorem 4.2 The forgetful functor U : PGrp(§) — &, creates

isomorphisms.

Proof: Let H = (H,P,R,s,r,%, E,i)be an object in PGrp(E), and
f:X— U(ﬁ) = P be an E-isomorphism. Define Xz = (H,X,R,s', 7"« L' 1),
where s = f~ls, v/ = f2r, % = f~1x f2,F = f'F and E' =
f~YEf. Tt is easy to check that Xy is an object in PGrp(€) and
f = (idy, f,idg) : Xy — H is an isomorphism in PGrp(€). Also
we have U(f) = f, and since U is faithful, thus f is unique morphism

in PGrp(€) such that U(f) = f.m

Corollary 4.3 The concrete category (PGrp(E),U) over £ is essen-
tially algebraic.

Proof: By Theorem 4.1 and 4.2, we have U is essentially algebraic,
so the concrete category (PGrp(E),U) over £, is essentially algebraic. m

Corollary 4.4
(i) The concrete category (PGrp(E),U) has equalizers.
(71) The functor U detects colimits.
(711) The functor U preserves and creates limits.
(iv) If € is complete, then PGrp(E) is complete.
(v) If € has coproducts, then PGrp(E) is cocomplete.
(vi) If € is wellpowered, then PGrp(E) is wellpowered.

Proof: The proof is concluded by Corollary 23.10, Theorem 23.11,
and Proposition 23.12 of [1].m

Remark 4.5 By Corollaries 4.3 and 4.4 we get that PGrp is com-

plete, cocomplete and wellpowered.
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