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Abstract: We have presented a method, based on the ABS
class of algorithms, for solving the linear systems of Diophan-
tine equations. The method provides the general solution of the
system by computing an integer solution along with an integer
matrix (generally rank deficient), named as the Abaffian, the in-
teger row combinations of which generate the integer null space
of the coefficient matrix. Here we show that, in general, one can
not expect that any full set of linearly independent rows of the
Abaffian form an integer basis for the integer null space. We
determine the necessary and sufficient conditions under which a

full rank Abaffian would serve as an integer basis.
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1. Introduction

Suppose Z represents all integers. Consider the Diophantine linear sys-

tem of equations
Az =b, z€Z" (1)

where A € Z7*" b € Z™, and m < n. By solving the system (1), firstly
we mean the determination of the existence of the solution. Secondly, if
the system has a solution , then we mean the computation of an integer
solution z and an integer matrix H so that the rows of H, not necessarily

independent, generate the integer null space of A. That is,
Integer Null(A) = Integer Range(H™).
Having this, the integer solutions for (1) are determined by
r=1x+ HTy,
for integer vectors y. If the dimension of null space of A is r, and
H=1hy,....,hs,...., 0",

with h;’s being linearly independent, then H” is said to be an integer
basis matrix for the integer null space of A.

Several methods, based on computing the Hermite normal form, have
been introduced before ([3,5]). Recently, ABS methods have been used
extensively for solving general linear systems. In [7], we have presented
a method, based on the ABS class of algorithms, for solving the system
(1). These methods produce an integer solution z, if it exists, and an
integer matrix, named Abaflian, whose integer row combinations span
the integer null space of the coeflicient matrix A; hence the general
integer solution of the system is readily at hand.

Section 2 explains the class of ABS methods and provides some of
its properties. In section 3, we briefly discuss our algorithm for solving
the Diophantine equations (1). In this section, we then show that, in

general, one can not expect that any full set of linearly independent
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rows of the Abaffian matrix form a basis for the integer null space of
the coefficient matrix. In section 4, we present necessary and sufficient
conditions on the Abaffian for the existence and hence the determination

of an integer basis.

2. ABS Algorithms

ABS methods have been developed by Abaffy, Broyden and Spedicato

[1]. Consider the system of linear equations
Az = b, (2)

where A € R™", b € R™ and rank(A) = m. Let A = (a1,...,a,)",
a; e R i=1,....,mand b = (by,...,b,)". Also let A; = (ay,...,a)
and b = (by,....b)7T.

Assume x; € R" arbitrary and H; € R"*", Spedicato’s parameter,
arbitrary and nonsingular. Note that for any 2z € R" we can write
=z, + HI'q for some ¢ € R™.

The ABS class of methods are of the direct iteration types of meth-
ods for computing the general solution of (2). In the beginning of the
1th iteration, ¢ > 1, the general solution of the first ¢ — 1 equation is at
hand. We realize that if z; is a solution for the first ¢ — 1 equations and
if H; € R™", with rank(H;) = n —1i4 1, is so that the columns of H]

span the null space of AT | then

with arbitrary ¢ € R”, forms the general solution of the first ¢ — 1

equations. That is, with

HiAi—l = 07
we have
AT g = bl
Now, since rank(H;) = n — i+ 1 and H! is a spanning matrix for

null(AT_}), by assumption (one that is trivially valid for ¢ = 1), then if
we let
Pi = HZ'TZiv
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with arbitrary z; € R™, Broyden’s parameter, then AT  p; = 0 and
z(a) =z, — ap;,

for any scalar a, solves the first ¢+ — 1 equations. We can set o = a; so
that 2,11 = 2(o;) solves the ith equation as well. If we let

T
a; T _bz

Q; =
T
a; pi

)
with assumption afp; # 0, then
Lit1r = Ty — OGP,
is a solution for the first ¢ equations. Now, to complete the ABS step,
H; must be updated to H;; so that ;1 A; = 0. It will suffice to let
Hipy = H; — ugv] (3)

K3

and select u;, v; so that H;,;,a; =0, j =1,...,7. The updating formula
(3) for H; is a rank-one correction to H;. The matrix H; is generally
known as the Abaffian. The ABS methods usually use u; = H;a; and
v; = HIw;/w! H;a;, where w;, Abaffy’s parameter, is an arbitrary vector
satisfying

wi H;a; # 0.

Thus, the updating formula can be written as below:

H;a;w] H;
Hipy = H; — — 2L

T
w; HZ'LZZ'

We can now give the general steps of an ABS algorithm [1,2]. In
the algorithm below, r;,; denotes the rank of A; and hence the rank of
H;yq equals n — 7.

ABS Algorithm for Solving General Linear Systems

(1) Choose z; € R”, arbitrary, and H,; € R**”, arbitrary and non-
singular. Let ¢ =1, 7 = 0.



Generating the integer null space and ..... 5

(2)
(3)

(6)
(7)

Compute ¢; = alx; — b; and s; = H;a;.

If (s;=0and t; =0) then let x4y = @;, Hiyy = Hyyripy = 14
and go to step (7) (the ith equation is redundant). If (s; = 0
and t; # 0) then Stop (the ith equation and hence the system

is incompatible).

{s; # 0} Compute the search direction p; = H}z;, where
z; € R™ is an arbitrary vector satisfying 2/ Hya; = z!'s; # 0.
Compute

a; = t;/al p;
and let

Lig1 = T3 — Q.
{Updating H;} Update H; to H;;, by

T
i+1 — Mg — T
w; HZ'LZZ'

where w; € R™ is an arbitrary vector satisfying w!s; # 0.

Let riyq =7 + 1.

If t = m then Stop (2,41 is a solution) else let 7 = ¢ + 1 and
go to step (2).

We note that after the completion of the algorithm, the general solu-

tion of (2), if compatible, is written as @ = @41 4+ H,\ |, ¢, where ¢ € R”

is arbitrary.

Below, we list certain properties of the ABS methods [2]. For sim-

plicity, we assume rank(A;) = 1.

H;a; # 0if and only if a; is linearly independent of ay,...,a;_;.

Every row of H, ; corresponding to a nonzero component of w;

is linearly dependent on other rows.

The direction searches p1,...,p; are linearly independent.
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o If L; = AT P;, where P; = (py,...,p;), then L; is a nonsingular
lower triangular matrix.

o The set of directions py, ..., p; together with independent columns

of H,, form a basis for R".

e The matrix W; = (wy, ..., w;) has full column rank and Null( H},

t+1

Range(W;), while Null(H,;,,) = Range(A;).

o If rows ji,...,J; of W; are linearly independent then the same
rows of H, i are linearly dependent and vice versa. Specially,
each row of H;,, corresponding to a nonzero element of w; is
dependent.

o Ifs; #0, then rank(H;,) = rank(H;) — 1.
¢ The updating formula H; can be written as:
Hw=H — H1Ai(VViTH1Ai)_1VViTH17

where W H, A; is strongly nonsingular (the determinants of all

of its main principal submatrices are nonzero).

3. Solving Linear Diophantine Equations

Consider the linear Diophantine system of equations
Az =b, =z €Z" (4)

where A € Z™*", b € Z™. The following results indicate how to choose
Hy, z; and w; within the ABS algorithms to obtain the integer solution
of (4); see [7]. Assume §; to be the greatest common divisor (ged) of the

components of H;a;.

Theorem 1. Let A be full rank and suppose that the Diophantine
system (4) is solvable. Consider the sequence of Abaffians generated by
the basic ABS algorithm with the following parameter choices:

(a) H, is unimodular (an integer matriz whose inverse is also in-
teger with the modules of its determinant equal to 1).
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(b) Fori=1,...,m, the integer vector w; is such that w} H;a; =

62'7 62 = gcd(HZaZ)
Then the following properties are true:

(c) The sequence of Abaffians generated by the algorithm is well-

defined and consists of integer matrices.

(d) If x;y1 is a special integer solution of the first i equations, then
any integer solution x of the first v equations can be written in

the form « = ;41 + Hﬁ_lq for some integer vector q.

Theorem 2. Let A be full rank and consider the sequence of matri-
ces H; generated by the basic ABS algorithm with parameter choices as in
Theorem 1. Let the initial point x, in the basic ABS algorithm be an ar-
bitrary integer vector and let z; be chosen such that zF H;a; = ged( H;a;).
Then system (4) has integer solutions if and only if ged(H;a;) divides

T L
a; x; —b; fori=1,...,m.

Note: The computation of é; and solving for an integer yin s7 y = ¢;,

where s; = H;a;, can be achieved by Rosser’s algorithm [9,10].

It follows from the above theorems that if there exists a solution for
the system (4), then 2 = x,,41 + HL, ¢, with arbitrary ¢ € Z", forms
the general solution of (4). We continue by an analysis showing that, in
general, any n—m independent columns of H,,TH_1 would not be an integer
basis for the integer null space of the matrix A. For simplicity, let 2, = 0,
T = Zmy1, H = Hpy and assume rank(A) = m. Let H € Z(=m)xm he
a matrix composed of any set of n — m linearly independent rows of H.

We show that, in general, it can not be expected that
r=x4+H"y, yezZ"™, (5)

provide all the integer solutions for (4).

Let P = (p1,...,pm) be the matrix of search directions obtained
from the application of an ABS algorithm in solving the system (4).
Let K = (P, H”). We know that the matrix K is nonsingular and

AK = A(P,H") = (AP, AH") = (L,0),
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where L is lower triangular and nonsingular. The next theorem states
conditions under which z = z + H"y, y € Z"~ ™, forms the general
solution of (4). We note that since ; = 0 then we can write £ = Pg
for some vector ¢. Hence we have b = Ax = APg = Lq. Since L is
nonsingular then ¢ = L7'0 and # = PL~'b.

Theorem 3. The expressionz = 2+ H"y is the general solution for
the Diophantine system (4) when the matriz K = (P, HT) is unimodular.

Proof: The vector = z + H"y for any integer vector y is integer.

For such z we have Az = b, since AH” = 0. Now suppose 2 € Z"

Uy

satisfies Az = b. Let K~ 'a = u = ) Since K is unimodular then

Uz
in an integer vector with uy € Z™ and us € Z"™™. Now, we can write

Uy

Uz

b=Az = AKK 'v = AKu = (L,0) ( ) = Luy, u, =1L7"b.

Hence

Uy

z=Ku= (P, H") ( ) = Puy+H oy = PL7 Y%+ H uy = 2+ H  uy. O

Uz

Note: Using the geometry of numbers, the converse of the above
theorem is also established (see [4]).

Consider the single Diophantine equation a’z = 0, 2 € Z". Assume
H, is unimodular. Let § = ged(s), where s = Hia, and assume z is so
that sT2 = §. We know from Rosser’s algorithm that the first component
of s has the largest magnitude in s and is nonzero, since s # 0. Thus
I s |lo=|s"€1] # 0, where € is the first column of the identity matrix.
Suppose p = HT z is the search direction of the ABS method for solving
a’z = 0, and w is an integer vector so that w'e; # 0 and s”w = 4.
Then, from the ABS properties, the first row of H, is dependent and

we can define H to represent the independent rows of H, by

_ HioawT H T
H:E(Hl—$):f;(1—%)ﬂl,
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where F is the identity matrix with its first row deleted. From Theorem
3, the vector « = HTy, where y is an arbitrary integer vector, is the
general solution for a”2 = 0, 2 € Z", when M = (p, H”) is unimodular.

Since H; is unimodular, then

T T
M=(p,HT) = (Hsz,HlT (I - %) ET) = H7 (Z, (I - %) ET)

is unimodular if and only if the matrix

is unimodular. Let

where

We note that K is nonsingular. We shall make use of the determinant

of K in subsequent discussions. Note the following lemma.

Lemma 1. If K = (z,B), where B = (I — ws”/§)ET and E is
obtained from the identity matriz with its first row deleted, then det K =

wTle;.

Proof: The matrix K = (z, B)is a rank one correction to the matrix
K=1-ws"/6 =(Key,B), since

K=K+ (2—Ke)e.

Note that
wsT  eTs
K=1-¢el - 5 + 17106? + zel
=K, +(z- el)ef,
where

K, =1+ va,
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and
o = 2l(els)ed - o).
Hence
det Ky =14 0"w = @M "y

Thus K, is always properly defined and always nonsingular and we may

write K = K, K,, where
Ky =T+ K{' (2 —ep)el.

Therefore
det Ky = 14+ el K7z —ey).

Now, expanding K;' by the Sherman-Morrison-Woodbury formula [8]
gives det Ky = 6/(eTs). Since det K = detK, det K, the result follows. O

Therefore, K and hence M are unimodular if and only if the integer

vector w satisfies wT

e; = 1 and wls = §, conditions not expected to
hold in general. Egervary’s method [6] is a special ABS method with
the selections Hy = I, 21 = 0 and w = 2. Since the Diophantine system
stz = 6, z2Te; = 1, lacks integer solutions in general, then Egervary’s
claim that any set of independent columns of HT provides an integer
basis for the general integer solutions is refuted. The next example

validates this statement.

Example 1. If we use Egervary’s method for solving the homoge-

neous Diophantine equation
atz=0 , o =(1,1,1), (6)

with 2 = (2,2, -3)", we obtain:

-1 -2 -2
H=HI=T-z2d"=|-2 -1 =2
3 3 4

There are three possible choices for H™.
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(a) HT = (HYe,, He,). The vector # = (=2, 1,1)7 satisfies (6).
The only solution for H't = z is t = (—4/3,5/3)".

(b) H' = (Hie,, Hes). The vector z = (—2,1,1)” satisfies (6).
The only solution for H't =z is t = (—3,5/2)".

(c) H' = (Hfey, H]e3). The vector z = (—3,2,1)7 satisfies (6).
The only solution for H't = z is t = (5, -7/2)~.

We see that in all the possible three cases there is at least one integer
solution z for (6) not being generated by an integer combinations of
columns of H™.

Note: For the homogeneous Diophantine system (case b = 0in (4)),
Egervary [6] presented a method being now a special version of the ABS
algorithms with Hy = I, zy = 0, z; = w; for all i. We realize that the
general solution in this case is written as z = H£+1y, where y € Z"
is arbitrary. Egervary believed that with r being the rank of A, any
set of n — r independent columns of H , would form an integer basis
for the integer solutions of the system. The results given above clearly
invalidates this belief (see also [7]).

In the next section, we introduce the necessary and sufficient condi-
tions for producing an integer basis from the Abaffian matrix. There,
we return to Example 1 again and show how to determine an integer

basis using these conditions.

4. The Necessary and Sufficient Conditions

Assume rank(A) = m. We now determine conditions under which one
can eliminate m columns of A7 | and obtain an integer basis, composed
of n — m linearly independent columns, for Null(A) N Z™. For conve-
nience, let H = H,pq. Let W = (wy,...,w,) € Z"*™ be the matrix
with Abaffian parameters as its columns. We know that rank(W) = m.
According to ABS properties, the rows of H corresponding to m linearly
independent rows of W are linearly dependent. Since rank(H)=n—m
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H
then, without loss of generality, we can write H = (UH)’ where

H € Z(»=7)%" corresponds to the n — m linearly independent rows of H
and U € R™*("=™)_ We can now let WT = (VT TT), where T € Z™*™

is nonsingular. Since
0=H"W=H"V+HU'T
then HTUT = —HTVT~! and whereof
Ul =-vr.

We emphasize that U is not necessarily an integer matrix. Fix an arbi-
trary vector y € Null(A)NZ". The full column rank system

Ht=y (7)

has a unique solution. The following lemma gives the correspondence
between ¢, the unique solution of (7), and the solutions of the system

H'z =y. (8)

Lemma 2. z is a solution of (8) if and only if we have

e -U”
with t being the unique solution of (7) and ¢ € R™.

xn—m

Proof: Let 2 = ( ) be a solution of (8). Then

T,
y=H'2=H "2, _,, + HU 2, = H (2y_py + Ul z,,).

Since (7) has a unique solution then ¢t = z,_,, + U”z,, and hence

(1)
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Conversely, let ¢ be the unique solution of (7) and ¢ € R™. Consider
e -U”
T = 0 + I, q.

H'z = H"t— H'U ¢+ H'U g = H"t = y.

We have

Therefor, z is a solution of (8). O

We saw before that for any y € Null(A) N Z", the integer vector
v = Hi"y solves (8). Let H{' = (HL,HY). H, being unimodular,
both Hi; and Hs; are integer matrices. Applying Lemma 2, for some

g € R™ and ¢, the unique solution of (7), we must have:

H t -ur
e=ty=(i)o= (o) + ()

Hence we have:

Hay=t-U"q
Hyy=gq.

Now, for = H; Ty since y is an integer vector then both ¢ and t — UTq
must be integer vectors. Therefore, to have ¢ integer it would suffice
that H” be constructed from H7 in such a way that the corresponding
matrix U be integer (or can be reduced to an integer matrix). On the
other hand, we realize that no column of H” should have a common
divisor other than one (that is, the greatest common divisor for every
column should be one), since the system H”t = y will have noninteger
solutions, otherwise. Having this in mind, we consider reducing the
matrix HY = (HY, HTUT) accordingly. To make the columns of HT
be relatively prime, we multiply H? by D on the right, where D is a

DDO
I N Ay

diagonal matrix as below
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with D;; = 1/ged(H7e;). Therefore, we have
HY = H'D = (H*, HTU"),
where
H'=H"D, U" =D'U".
Now, let adj(T') be the classical adjoint of T' (that is, 7! = adj(T)/det T).
Since UT = —VT~1, we can write

U7 = —D™'WT~' = —D~Wadj(T)/det T.
The following theorem states the necessary and sufficient conditions for
the solution of the system HTt=HTDt = y to be integer.
Theorem 4. Let y € Null(A)NZ" be arbitrary. The solution t for

the full column rank system HTt = y is an integer vector if and only if
detT| D=*Vadj(T). (alb means a divided by b is an integer.)

Proof: We saw that x = H; Ty € Z”, for any y € Null(A)N Z",
satisfies HT2 = y. Thus, for & = D™'H; Ty € Z" we have HTi = y.
Let & = (X_, ,#T)T and suppose that det T|D~*Vadj(T). Then U is

n—m? m

an integer matrix and

Trem D' 0\ (H D~'H
P n _ D_1H1_Ty: 1y _ 1y ‘
T 0 I,/ \Hxy Hoy
Thus, the vector
f=Fpm + U %, = D 'Hyyy+ DU Hyy = D_l(Hny + UTH21y)
is integer and
AT _ T -1 T T 7 [y
H't=H"'DD (H11y+U Hzly):H (In—va )
=(H', H'U"H Ty = H 'z = y.

Conversely, suppose that for any y € Null(A) N Z", the solution t for
HTt = y be integer. Applying Lemma 2, the integer solutions for HTz =

()

y can be written as
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where ¢ € Z™. Since HT# = y, then

t=Fpm + U = D Hyyy+ DU T Hypy

_ _ H _ _
= (D7, D7) [ ) = (0 DTy,
21Y

Note that, for any y € Null(A)NZ", H Ty, and D~ are integers.
Therefore, D='U” must also be an integer matrix because the rows
of H, are relatively prime. From D~'UT = —D~'Vadj(T)/detT, it
follows that det T| D™'Vadj(T). O

We now return to case (b) in Example 1. We have,

-1 -2 2
H' = |-2 2|, w=|2/|, T=(2),
3 4 -3

We see that

1 -1
HT = |-2 —1],
3 2
and
U=(-1,3),

an integer vector now. The solution for HTt =y, with y = (=2,1,1)7,is
the integer vector ¢ = (—3,5)T. On the other hand, any y € Null(a”)N
Z? can be written as y = (—a — 3,,3), where a and 3 are arbitrary
integers. For any such y, the solution for HTt = y is given by { =
(—2a — §8,3a + 23)T. Therefore, in this case, we have

{zez?|ad"s=0}={H"q| qe Z%.

Similar developments for case (¢) will also result in an integer basis for
Null(a®) N Z>. At the same time, we note that no integer basis can be
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obtained from the matrix in case (a). Therefore, we observe that an
integer basis can not necessarily be obtained from any set of linearly
independent columns of H”.

Determining an Integer Basis

Considering the ABS properties, instead of deleting the m dependent
columns of HT all at the same time, deletions can be made in steps.
From the ABS properties, at the end of the :-th iteration, an inde-
pendent column of Hﬁ_l can be identified and subsequently deleted. We
know that any column of Hf,, corresponding to a nonzero component of
w; is linearly dependent on the other columns. Let w; = (wy;, .. .,wm)T
and suppose wy; # 0, for some k, 1 < k < n. Then T = wyy,
Vo= (Wi e ooy W iy Wht1 - - -, Wyi) T and UT = =V /wy,;. We can now
state the following rule for the deletion of a dependent column of H},
at the end of the ¢-th iteration.

Deletion Rule For a Dependent Column
Let &; = ged(H, \e;) for all j. Delete the k-th column of H,,, where
wler, #£ 0 and w] ex|é;w] e; for all j.

We note that one can not expect the satisfaction of the above con-
ditions in all cases. Thus, the ABS approach may signal the failure by
recognizing that an integer basis may not be obtained. Nevertheless,
the columns of H” span Null(A)NZ" and, as such, the general integer
solutions may be obtained using H. The following example illustrates
the point.

Example 2. Consider the Diophantine system below:
alr=0 , o =(1,3,-2). (9)
With the choice z = (2,3,5)", we have:

-1 -6 4
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We see that every column of H7T is relatively prime. Consider the system
HTt =y, where y = (—1,1,1)7 is a solution of (9).

(a) By selecting HT = (H%e,, H e,), we have t = (—=7/5,2/5)7.
(b) By selecting H” = (H"e;, H e3), we have t = (=5/3,—2/3)".
¢) By selecting H” = (H"e,, H"e3), we have t = (5/2,7/2)".
g

We see that in all the possible three cases there is at least one integer so-

lution for (9) not being generated by an integer combinations of columns
of HT.

5. Conclusions

We saw how an integer Abaffian (not necessarily full rank) matrix is
obtained by use of the ABS methods for solving a linear Diophantine
system of equations. The integer combinations of the rows of the Abaf-
fian span the integer null space of the coeflicient matrix. We proved that,
in general, it can not be expected that the resulting Abaffian would con-
tain an integer basis for this integer null space. Finally, we specified
the necessary and sufficient conditions under which the Abaffian would
present an integer basis.

Acknowledgements. The work of the first two authors has been
supported by the Research Council of Sharif University of Technology.
The authors are grateful to the referees for their constructive comments,
specially to one anonymous referee who provided a more concise proof
of Lemma 1.

References

[1] J. Abaffy, C.G. Broyden, E. Spedicato, A class of direct methods for linear
equations, Numer. Math., 45 (1984) 361-376.



18

[2]

[3]

[10]

H. Esmaeili, N. Mahdavi-Amiri and E. Spedicato

J. Abaffy, E. Spedicato, ABS Projection Algorithms: Mathematical Tech-
niques for Linear and Nonlinear Fquations, Ellis Horwood, Chichester,

1989.

G.H. Bradly, Algorithms for Hermite and Smith normal matrices and
linear Diophantine equations, Math. Comp., 25 (1971) 897-907.

J.W.S. Cassels, An Introduction to the Geometry of Numbers, Springer,
Berlin, 1959.

T.J. Chou, E.E. Collins, Algorithms for the solution of systems of linear
Diophantine equations, STAM J. Comp., 11 (1982) 786-708.

E. Egervary, On rank-diminishing operations and their applications to the
solution of linear equations, ZAMP, 9 (1960) 376-386.

H. Esmaeili, N. Mahdavi-Amiri, E. Spedicato, A class of ABS algorithms
for Diophantine linear systems, to appear in Numericshe Mathematik.

G.H. Golub, C.F. Van Loan, Matriz Computations, Johns Hopkins Uni-
versity Press, 1989.

S. Morito, H.M. Salkin, Using the Blankinship algorithm to find the gen-
eral solution of a linear Diophantine equation, Acta Inf., 13 (1980) 379-
382.

J.B. Rosser, A note on the linear Diophantine equation, Amer. Math.

Monthly, 48 (1941) 662-666.

2 e 4l SC s Gl B oY Ll meo g lad W

-p:‘.l"bg )yl (}L_:- 5By SYslee oBos J= sl sty ABS gty 0, ol
C?""QU“J’L"“S“)”&“’)GIJ’Wub’&ﬁaltb”&*‘ﬁLf’ﬁcub’Lﬁﬁ)u’l
ol o mmo g 6l bl mo (LS S (L e L) il 4,
s Kl s AS[‘?MLS" ol bl sl ps s e Cwndy S edds
Gly o ab S Gl b lajhu 1 R Jrs oS as gors o Sl ]
S S S o e ) (S5 oY SR e JS8 s Sl o g ol
S o g sl Gl o b sl S U e Sl slaslen 51 05 0 L]

.ol



Bulletin of the Iranian Mathematical Society

Vol. 27, No. 1, pp 19-28 (2001)

COMMON FIXED POINT THEOREMS USING
GENERALIZED CONTRACTIVE CONDITIONS

M. Akkouchi, A. Bounabat and A. Hadik

Département de Mathématiques, Faculté des Sciences-Semlalia. Université
Cadi Ayyad, Avenue du prince My. Abdellah. B.P. 2390, Morocco
makkouchi@caramail.com

Abstract: The aim of this note is to prove some common fixed
point theorems in complete metric spaces using generalized con-

tractive conditions.

1. Introduction

In the paper [4], the authors gave some fixed point theorems generalizing
and unifying many fixed point theorems obtained by Delbosco in [1],
Skof in [8], Rakotch in [5], Reich in [7], and Fisher in [3], (see also
the references for other related results). Precisely in [4] the following
theorem was established:

1.1 Theorem. Let T be a self-map of a complete metric space (X, d)
and let ¢ be a function verifying
(i) ¢ : [0, 00[— [0, 00[ is continuous and increasing in [0, o[, and

(ii) ¢(t) = 0 <=t = 0.

92000 MSC: 4TH10, 54H25.

° Keywords: Common fixed point theorem, generalized contractive condition.
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We suppose that T satisfies the following condition:

P(d(Te, Ty)) < ald(z,y))p(d(x,y)) +
b(d(z, y))[p(d(x, Tx))+ o(d(y, Ty))] (K)
+e(d(x, y)) min {$(d(2,Ty)), o(d(y, Tx))}
Ve,ye X with x #y,

where a,b, ¢ are three decreasing functions from 10, 00[ into [0, 1] such
that a(t) 4 2b(t) + ¢(t) < 1, for every t > 0. Then T has a unique fized

point.

In the second section of this paper we shall prove some common
fixed point theorems for sets of self-mappings verifying contractive con-
ditions close to the relation (K). These results complete and unify the
main results obtained in the papers [4] and [6]. In section 3, we es-
tablish a common fixed point theorem in compact metric spaces using
another type of contractive conditions. We may consider this theorem
as a generalization of a theorem established by B. Fisher in [3]. Our

generalization is different from that one given in the paper [4] by M.S.
Khan, M. Swaleh and S. Sessa.

2. Main theorems

We shall denote by @ the set of functions ¢ verifying conditions (i) and
(ii). Many authors (see the references) were interested by fixed point
theorems by altering the distances between the points with the use of
functions belonging to the class ®. The purpose of this section is to
contribute in this field of investigations. One of the main results of this

paper is the following theorem.

2.1 Theorem. Let ¢ € ® be a convex function and let S, T be two
self-maps of a complete metric space (X, d) such that

+/f(d(z,y))p(8d(Sz, y)), (4)



Common fixed point theorems..... 21

for all distinct xz,y in X, where 7,6 are two fixed numbers such that
0 < 7,6 < %, and a,b,c,e, f are five decreasing functions from 0, oo[
into [0, 1] verifying a(t)+b(t)+c(t)+e(t)+ f(t) < 1, for everyt > 0. We
suppose also that max{B,C} < 1, where, B := sup{b(t)+ 6 f(¢t) :t > 0}
and C := sup{c(t)+ye(t) : t > 0}. Then S and T have a unique common

fized point z € X. Moreover Fiz(S) = Fiz(T) = {z}.

Proof. (I) We shall prove that the pair {5,7} has a common fixed
point. Let z, be some point in X, and define the sequence {z,} by

Lap = SwZn—lv n= 1727
Tont1 = szm n = 07 1,2,

We put ¢, := d(x,,2,41) for all integer n. (I) is proved if ¢,, = 0 for
some integer ng. Therefore, we may assume that ¢, > 0 for all integer
n. We see that for an even integer n, we have

¢(tn) = ¢(d(5$n—1aT$n)) <Y, + U, + U4+ U, 4+ Vs,

where
Uy = a(d(zpr,20))(d(Xn-1,25)),
v, = b(d($n—17$n))¢(d($n—17Sa@n—l))a
Uy =c(d(zn_1,2,))0(d(z,, Tx,)),
v, = €(d($n—17JUn))(b(’Vd(ﬂUn—hTﬂUn))a
Us = f(d(z,-1,2,))(0d(2p, Stp_1))
So

¢(tn) S a(tn—l)¢(tn—1)+b(tn—1)¢(tn—1)+C(tn—1)¢(tn)+e(tn—l)¢(7[tn—1+tn])
Hence by using the convexity of ¢, we get

a(t,—1) +b(t-1) + ve(tn-1)
1—e(th_1) —ve(tn_y)

In a similar manner, one can prove (for the same even integer) that

a(ty_s) + c(th_2)+ 6 f(t,_2)
T=b(th_o)— 6f(tn_1)

¢(1n) <

Atn1) < Ptn_1). (1)

Ptno1) < Htnoz) < P(tn_z). (1)
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Since ¢ is increasing, (1) and (1’) show that sequence ¢, is decreasing.

Let t be the limit of ¢,,. We shall prove that ¢ = 0. Indeed, suppose that

t > 0. Then ¢t <t,, and by (1), we have

aft) 4 b(t) +ye(t)
1 —e(t) = ye(?)

Now we let n — oo and use the continuity of ¢ to obtain

aft) 4 b(t) + ye(?)
= () — el

which is a contradiction, hence ¢ = 0.

P(t2n) <

P(t2-1)-

P(t) <

o(t) < (1),

(IT) Now, we shall prove that {z,} is a Cauchy sequence. Since ¢t = 0
one needs only to see that {z,,} is a Cauchy sequence. To get a contra-

diction, let us suppose that there is a number ¢ > 0 and two sequences

{2n(k)}, {2m(k)} with 2k < 2m(k) < 2n(k), (k € N) verifying
A(Z2n k), Tom(r)) > € (2)

For each integer k, we shall denote 2n(k) the least even integer exceeding

2m(k) for which (2) holds. Then

d($2m(k)7$2n(k)—2) S € and d($2m(k)7$2n(k)) > €.

For each integer k, we shall put p;, := d(Zomk)> Zan(r))s @ = A Zamp)41> Tan(k)+1)

and 7y, := d(Zom(k)41> Tan(k)42), then we have

€ <pr= d($2m(k)7 xZn(k))
< d(Tamr)s Tan(k)—2) + A Tanir)=2> Tane)=1) + A Tank)=1, Ton(r))
<€+ tonry—2 + Lon@)-1- (3)

Since the sequence {t,} converges to 0, we deduce from (3) that {p;}
converges to €. Furthermore, the sequence {¢;} has also ¢ as limit. In-
deed, this fact results from the following estimates obtained by triangular

inequality

~tome) = tanik) + Pk < A(Tomik)1s Tank)41)
< tomk) T tonr) + Pr

(4)
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We claim that the sequence {r;} converges to €. Indeed, we get by using

triangular inequality the following

Tk < lomk) + Pe + tone) + Lonirysr- (5)

On the other hand, by definition of the integer 2n(k) and by using
triangular inequality we have the following

€ S d($2m(k)7 $2n(k)—2)
< lomey + 76 + tano4r + Lone) + Lan)—1 + Lonre)—2

(6)

(5) and (6) imply our claim. One can deduce that there exists an integer
ko such that d($2n(k)+1,9€2m(k)) > 0, and fy,) < § for each integer
k > k. Thus, by using (2) and the relation py —ta; < d(Zon(k)+15 Tam(k))s
we deduce (for all k > kq) that

¢(Tk) = ¢(d($2n(k)+27$2m(k)+1)) = ¢(d(5$2n(k)+lvTx2m(k)))
<SIy 4T+ Ts4+Ta+ 15
<G+ G+ G+ Gy + G,

where

Iy = a(d(@anikyers Tami))O(d(@an(h)e1s Tamir)))s
r, = b( ($2n(k)+17me(k)))¢(d(x2n(k)+17xZn(k)+2))7
s = c(d(Ton(k)41, Tamr)) )2 Tomk)s Tam(r)+1))s
Iy = e(d( NA(vd(@an(r) 415 Tami)41)),
Us = e(d(@anp)1s Tam(i)))O(0d( T 2m(p)s Tan(r)+2)) )
G1 = a(pr — tan) S(Ton(r) + Pr),

Gy = ¢(t2n(k)+1)7

Gy = ¢(

Gy = e(pp — tone) (Vi ), and

Gs = f(Pr — tan))O([tomry + 75])-

Lan(k)+1s Lam(k)

Let & — o0o. Then by using the continuity of ¢ and the fact that
a,b,c,e, f are decreasing on |0, +o00[, we obtain

6(6) < a(5)o(e)Fel5)6(vO+/(5)9(6¢) < [al5)+e(5)+F()(e) < 6(c).
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This gives a contradiction. Hence {x,} is a Cauchy sequence in a com-
plete metric space (X, d), then one may find a point z = 2(5,7) € X
such that x, — z as n — oo. Next, we shall prove that z is a common
fixed point for S and T.

(III) Since ¢, > 0 for all integer n, we see that both subsequences (2,),
and (2a,41), are not stationary. Therefore, we may find a subsequence
(acn(k))k such that z,,(;)41 # 2 for every integer k. Let us suppose that
Tz # z. In this case we are allowed to apply the inequality (A) and
obtain for all k € N,

P(d(@2n(ry2.T2)) = (d(ST2n(1)41,T2))
< a(d(Zanpyg1, 2))(d(Zonp)415 2)) + 0(d( 2o k)15 2)) (A Zon k)41 Ton(r)+2))
({10 2O, T2)) + e(daniirer DO A2 gi140, T2)
‘I’f(d($2n(k)+17 )) (6d($2n(k)+272))'
(7)
By using the convexity of ¢, we deduce from (7) the following inequality:
A d(Taniryr2, T2)) £ Od(@an(ry41, 7)) + O(tani)1) + A(0d(Tan(r)42, 7))
+ e d(@angiyen 2)) + Ye(d(@anar01, 2)| Sd(2,T2)
+¢(d($2n(k)+17 Z)v (8)

which gives, after letting k — oo :

Ad(z,Tz)) < max{c(t)+ve(t):t >0} p(d(z,Tz)) )
= C(b(d(ZvTZ)) < (b(d(Z,TZ)),

which is a contradiction. Hence z = Tz, and in a similar way, it can be
shown that z = 5z.

(IV) Suppose that there exists another point £ # z fixed, for instance,
by S. Then, by inequality (A), we have

P(d(&,2)) = o(d(5¢,Tz))

< fa(d(€, ) + e(d(&, 2)) + f(d(E, 2))] ¢(d(E, 2))

< od(&,2))
a contradiction. Therefore, we deduce that there exists a unique point
z € X such that Fiz(S) = {2z} = Fiz(T) = Fiz({5,T}). This completes

the proof of our theorem.O
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Using the basic ideas in the proof of the previous theorem, one can

establish the following theorem which generalizes the main result of the
paper [6].

2.2 Theorem. Let (X,d) be a complete metric space, A a (finite
or infinite) set of self-maps of X and ¢ an element of ®. We suppose
that for all S, T € A the following generalized contractive condition holds
true:

d(Sz,Ty)) < a(d(z,y))e(d(z,y)) + B(d(z, y))o(d(z, Sz))
+y(d(z, y))o(d(y, Ty)) + 0(d(z, y))min { $(d(z, Ty)),
o(d(y, Sz))} Ve,ye X with z #y,

where a, 3,7, 8 are four decreasing functions from 10, 400l into [0, 1] such
that a(t)+5(t)+v(t)+6(t) < 1, for every t > 0, and sup{max(5(t), (1)) :
t >0} < 1. Then there exists a unique point z € X such that Fiz(S) =
{z} for all S € A.

2.3 Remarks.

(a) If we take A = {5,7'} and § = ~, then we obtain the result by
R. A. Rashwan and A. M. Sadeek in [6].

(b) If we take § = v and A = {T'}, then we obtain one of the main
results established by M. S. Khan et al. in the paper [4].

(¢)If 8 =0, A= {T} and the functions a, 3 and v are constants,
then we get the results obtained by D. Delbosco in [1] and by F. Skof in
the paper [8].

(d) Example: We give here an example where we discuss the validity
of the assumptions of Theorem 2.2. We take X = {1,2,3,4} and define
a metric d on X by setting d(1,2) =1, and d(1,3)=d(1,4) = d(2,3) =
d(2,4) = d(3,4) = 2. We put A = {5,T,V}, where 51 = §2 = 53 =
S4=1;T1=T2=T3=1,Td=2and Vl=V2=Vd4=1,V3=2.
For all ¢ > 0, we put a(t) = 2/5, (t) = 1/20, v(t) = 7/20, 6(t) = 1/6,
and ¢(¢) = t*. Then all the conditions of Theorem 2.2 are satisfied for
the set A = {5,7T,V}, which has 1 as unique common fixed point.
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The following result is an easy consequence of our Theorem 2.2.

2.4 Corollary. Let (X,d) a complete metric space, A a (finite or
infinite) set of self-maps of X and ¢ an element of . We suppose that
for all S,T € A the following generalized contractive condition holds
true

P(d(Sw, Ty)) < ald(z,y))¢(d(z,y)) + B(d(x, y))min {$(d(z, Sx)),
P(d(y, Ty))} +~(d(x,y))min{$(d(x, Ty)), (d(y, Sx))}
Ve, y € X with ¢ # vy, ()

where a, 3,7 are three decreasing functions from |0, 00| into [0, 1] such
that a(t)+pp(t)+7(t) < 1, for every t > 0, where p is a fired constant in
11, +o00[. Then there exists a unique point z € X such that Fiz(S) = {z}
for all 5 € A.

3. A fixed point theorem in compact metric spaces
In a paper of Fisher [3], the following theorem has been established:

3.1 Theorem. Let T be a continuous self-map of a compact metric
space (X,d) such that

d(z,Tx)+ d(y,Ty)
2 b

(£)

d(Tz,Ty) <

for all distinct z,y in X. Then T has a unique fized point .

Following the essential idea of our result presented in section 2 we
shall generalize Theorem 3.1 as follows:

3.2 Theorem. Let 5,T be two self-maps of a compact metric space
(X,d) and let ¢ € ¢ be a convexr function. We suppose that T, S oT are
continuous and that S, T verify for all distinct x,y in X the inequality

o(d(z,52) +6(dly, Ty) (d(x, Ty) + d(Se, y)) }

[ [
(@)
where ¢ > 2 is a fized constant. Then § and T have a unique common
fized point z € X. Moreover Fiz(S) = Fiz(T) = {z}.

8(d(S2,Ty)) < max{ o(d(z,v),
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Proof. Let xz;, be an element in X, an associate to it the sequence
(zy,), given by
Tap =8%9,_1, n=12,..
Toprr =TTy, n=0,1,2,..
Without loss of generality, we may assume that ¢, # 0 for every integer
n. In this case, it is easy to see that the sequence (¢(t,,)) is decreasing and
therefore it converges. Since X is compact, we may find a subsequence
(ﬂﬁzn(k))k converging to some element z € X. Then by using the continuity

of the maps T and ¢, we get

Pd(z,T2)) = 1My yoo Otan(r)) = iMoo G(tan(ryi1)
= limp_ 4o O(d(Tonik)+15 Tan(i)42)) (10)
= limj— yoo S(d(T 2200, (S 0 T)Tonr)))
= @(d(Tz,(50T)z)).

Suppose that z # Tz, then we can apply the inequality (G) to z = T’z
and y = z. By using (10) and the fact that ¢ is convex and increasing,
we obtain
Bd(2,T2)) = H(d(S(T2),T2))
< max{¢(d(Tz,z)), ¢(d(Tz,STz))+¢(d(z,Tz))7¢<d(STz,Tz)+d(Tz,z)>}

c c

< max {(d(T2, 2)), 204120

<max {1,2} ¢(d(Tz,2)) < $(d(Tz,2)).

This is a contradiction. Therefore we must have Tz = z. The relation
(10) will imply that Sz = z. To end the proof, let us suppose that there
exists a point £ # z fixed, for instance, by 5. Then by applying the
inequality (G), we get

Hd€,2)) = o(dS€12)) < max { od(€ 2). 20(d(€ )} < o(d(€.2))
which is a contradiction.O
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Abstract: This paper is concerned with some approximate equa-
tions for the study of nonlinear water waves in a channel of vari-
able cross section. A system of shallow water equations for finite
amplitude waves is given and a Korteweg deVries (KdV) equa-
tion with variable coefficients for samll amplitude waves is also

presented.

1. Introduction

One of the interesting problems of water waves in a sloping channel con-
cerns the breaking of a wave moving toward a shoreline, the development
of a bore, and the movement of the shoreline after the bore reaches it.
For the two dimensional case corresponding to a rectangular channel of
variable depth, the bore run-up problem was studied by Keller et al [1]
on the basis of shallow water equations [2]. Later Gurtin [3] derived a

criterion for the breaking of an acceleration wave in a two dimensional

YMSC: 76B15, 35Q35.

° Keywords: Nonlinear water waves, Korteweg deVeries equation.
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channel and his result was extended by Jeffery and Mvungi [4] to the
case of a rectangular channel of variable width depth. We generalize
Gurtin’s result to predict the breaking point of an acceleration wave
in a channel of variable cross section and review some existent results
regarding the bore run-up problem for a rectangular channel with a uni-
formly sloping bottom. Up to date, the shallow water equation for a two
dimensional channel with analytical initial data have been justified by
Kano and Nashida [5] and for the three dimensional case with a priori
assumptions on the free surface by Berger [6]. At present we may accept
shallow water equations as model equations.

Another application of our results deals with the development of a
solitary wave in a channel of variable cross section. Recently, there have
been discussions on the so called infinite mass dilemma, which arises
from the formation of a shelf behind the solitary wave. If the shelf were
extended to infinity, then infinite mass would be created or annulled by
a perturbation of the solitary wave. We shall establish a global existence
theorem for the solution of the KdV equation for a general channel as a
consequence of the existence results due to Kato [7]. It follows that the
shelf, if formed behind the solitary wave in a general channel, can only
be finite. A rigorous justification of the validity of the KdV equation
here should be an important contribution to the theory of water waves.

2. Shallow Water Equations and the Breaking of a Wave

We consider the irrotational motion of an inviscid, incompressible fluid
of constant density under gravity in a channel with a boundary defined
by h*(a*,y*,2*) = 0, where z* is positive upward and z* is in the longi-

tudinal direction (figure). The governing equations are

VT =0 (2.1)

VAT =0 (2.2)

PG +T . V'¢)=-V'p +7 (2.3)
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subject of the boundary conditions

nye+g +VE =0 (2.4)
at
==+, 2" y), pr=0 (2.5)
7T+V'R"=0 at A" =0 (2.6)
Here

v (L2, v
is the velocity, t* is the time, § = (0,0, —g) is the constant gravitational
acceleration, p is the constant density, p# is the pressure, and z* = n* is
the equation of the free surface. To derive the shallow water equations,
we make the following assumptions. The channel boundary is convex,
sufficiently smooth, and varies slowly in the longitudinal direction; the
magnitude of the transverse velocities is much smaller than that of the
longitudinal velocity. As suggested by Friedrichs [8], we introduce non
dimensional variables:

Z*

t* *
7?)7

1
=BV v

ml‘%

= {— h = {— =
1= = (G (o) = (i Y0 V)
where VB = (£) and ‘L’ and ‘H’ are respectively the horizontal and

transverse length scales. In terms of them (2.1) to (2.6) become

ja

Uy + v, +w, =0 (2.7)

By = Uy Uy = Wy, V, = Wy (2.8)

Uy + uuy + vuy + wu, +p, =0 (2.9)
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v + uv, +vv, + wo, + Bp, =0 (2.10)

w; + vw, + vw, +vw, + B(p. + 1) =0 (2.11)
mtun, +og, —w=0, at z=19 (2.12)
p=0 (2.13)

wh, + vhy, +wh, =0 at h =0 (2.14)

Assume that u, v, w and J possess an asymptotic expansion of the form

b~ G oL+ B0 (2.15)

Substiute (2.15) into (2.7) to (2.14). The equations for the zeroth order

approximation are

Uoz + Voy + wo, = 0 (2.16)

Ugy = Ug, = 0 (2.17)

Uor + UpUoe + Por + Voloy + Wollp, = 0 (2.18)
poy =0, poz=—1 (2.19)

Mot + oMoz + Voloy — wo =0 at z=0 (2.20)
po=0 (2.21)

uohy + vohy +woh, =0 at h =10 (2.22)
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Seen from (2.17), (2.19) and (2.21), ug is a function of (¢, z) only and

Po=(=2+m) (2.23)

This implies 7 is also a function of (¢,z) only. It follows from (2.17),
(2.18) and (2.23) that

Ugr + UgUpy + Moy = 0 (2.24)

Now we integrate (2.16) over a corss section D of the channel, apply the

divergence theorem and make use of (2.20) and (2.22) to obtain:

/ (voy+wo, )dydz = —uo, A(t, ) = —ug / hx(hz—l—hz)_1/2d5—|—(770t—|—u0770x)B(t,x)
D r

Rearranging the terms, we have

A(t,z) g 1
— he(+/h2 + h2)"'ds =
770t+u0770x+u0xB(t7x) [B(t,x)] /F o y T )ds =0

(2.25)

where A(t,z) is the area, B(?,z) is the width and ‘I" is the wetted
boundary of the cross section D (figure). (2.24) and (2.25) form a system
of nonlinear equations, which may be used to model bore formation and
its subsequent devlopment in a channel of variable corss seciton.

In the following we extend Gurtin’s method to the case of a general
channel. The assumptions made are the following:

1) ug, no are continuous.

2) The first and the second derivatives of uy and 7, possess at most
jump discontinuities.

3) ug = 19 = 0 ahead of the wave.

Denote the value of a function * f’ immediately behind the wave front
by f. Thereafter we also drop the subscript ‘0°, from assumptions (1),
(2), we have

(2.26)

=
ll
=)
ll
=)

By total differentiation

Uy = —CUy, T, = —CT, (2.27)
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Where ‘¢’ is the speed of the wave front. From (2.24), (2.25) and (2..26)

it follows that:

U, A
B

overlinew, +7, =0, 7, + =0 (2.28)

Comparing (2.27) and (2.28), we have:

c=yf—A (2.29)
Bﬂt - C_lﬁx7

Now we differentiate (2.24) with respect to ‘¢" and (2.25) with respect to

x, and evaluate the equations behind the wave front. Then we eliminate

7, and make use of the expression

d d

20 o _ 2o @

CUpy — Uy = C dx(ux) dz (ut)
to obtaing

2e () 4 (7)Y - TuBe + 2 =
dr'" ¢ c
where b
oy
r, /hi + h?

Hence

’ -1
7, = 2 l(ﬁao/ 6_5/26Xp/ 1,(2A) "da'dx + 1] xexp/ 1,(2A) 'dx
" " " (2.30)

where aq is the initial value of 1, at « = 2,. We call 2 = [ a shoreline of

A(l) =0 but B(l) # 0, and let

3 xr I/'I _
I(z)= 3 exp(—5/2) exp/ I,(2A) " da'dx
Suppose ag < 0. If I(l) = oo, then 77, and the wave breaks before it
reaches the shoreline. If I(l) # oo, then either the wave breaks before
it reaches the shoreline or it breaks at the shoreline. Next suppose
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ag > 0,1(l) # oo, then the wave breaks at the shoreline. Otherwise if
I(l) = oo, evaluate the limit of 77, given by (2.30) as + — [ and obtain

L2 dy T,
1 = — —_— —— 2. 1
ool 3/ ( ;T QB) (2:31)

Here d = (A/B), hence the wave will never break if (d)’ is finite at
x = . However for the channels of variable cross section the equilibrium

for surface may converge to a point and this case is also of interest.
Assume again (ag > 0), if I({) = co. If B(l) = d(I) and (d)' is finite at
x =1, we assume h(z,y,2) = —z + g(z,y)

b2

e [ [ g
r

—by

Here y = —by, b, are the end points of the width B(z). It follows from

(2.31) that B
o] (203)

then the wave will never break.

3. Run-up Problem

We consider a bore propagating towards a shoreline in a rectangular
channel with a uniformly slopping bottom. On the basis of the shallow
water equations, we can find a fairly complete solution of the bore run
up problem. The bore path at the point of breaking to the shoreline
may be approximately determined by Whitham’s rule [10]. Here we
shall consider the movement of shoreline after the bore reaches to shore.
The shallow water wave equations for a rectangular channel of variable
depth are obtained from (2.24) and (2.25) as

Uy + Uy + 7, = 0 (3.1)

1w+ [u(n + do)le = 0 (3.2)
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Here we also drop the superscripts of w and 1 and dy = —ya,v > 0. We

assume ¢t = 0 when the bore reaches the shoreline z = 0. Let

d=n+dy (3.3)

a=24u+yt=u’, B=2c—u—yt+u° (3.4)

In terms of ‘@’ and ‘B’, (3.1) and (3.2) can be expressed as

To=(u—c)lty, 5= (u+c)lg (3.5)
By cross differentiation of equation (3.5) and making use of (3.4), we
have
3(la +15)
tos + =0 3.6
" Blat o) 0
If we introduce the canonical variables
a=(a+ B, b= (a+pB)*, (3.7)
(3.6) yields as system of equations
3b 3a
(O[ + ﬁ)a@ = —E, (O[ + ﬁ)ba = —? (38)
Let
Y=a+4b, Z=a-b (3.9)
If follows from (3.8) that
15Y 3
~ (3.10)

S e T Wt )
In the af-plane we prescribe sufficiently smooth data. However, the
precise nature of the data is immaterial. We require only ¢, (o, 3*) > 0,
t5(0,3) < 0 and that as § — 07 along o = 0.

lima =a® >0, limy=u" >0 (3.11)

limz = lim¢ =0, b(0,3)=0(3*?) (3.12)

where the existence of the positive limit «° and the behavior of b(0, 3)
for small 3 were established by Ho and Mayer [9].
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4. KdV Equation and the Development of a Solitary Wave

We only sketch the derivation of KdV equation for a channel of variable
corss section; the details may be found in Shen and Zhong [10]. We
introduce the non dimensional variables

* *

L= B )= P )
(n,h,p) and (u,v,w) are the same as before. The method used here
is the specialization of the procedure developed by Shen [2] and Keller
[1]. We assume that u, v, w, p,n depend explicitly upon a new variable,
& = p5S5(t,z), where S is a function of ¢ and « only, will be called a phase
function. Then we assume that they possess an asymptotic expansion

of the form:
P&t u,y,2,8) ~ do+ B b+ B¢ + - -
and we assume that the zeroth order approximation is given by
(Uoﬂfoawo) =0, po=—20, Mo

The equation for the first approximation determines a Hamilton-Jacobi
equation for S. Let £ = 5,,w = —5;. Then

w = kG(2), G(a) = 4, L&) (4.1)

where a(z) is the area of the corss section Dy, and b() is the width of
Dy of water wave at rest (figure). (4.1) may be solved by the method of
characteristics and the corresponding characteristic equation are

dt dx dk dy dS

—=u, — = uG — = —kpG’ —=—=0 4.2
where ‘p’ is the proportionality factor. We choose p = 1, so that o = ¢.
The equation of (4.2) determine a one parameter family of bicharacter-
istics, called rays.

x = x(t, o)
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where o, is constant along a ray. The equations for the second approx-

imation determine a KdV equation with variable coeflicients:

Mo + MiNie + Moy + MaNiie + Maieee = 0 (4.3)
where
mo = 2b(x) (4.4)
2a(x)
= 4,

ds — G7*(2)G'(v)a(z) (4.6)

my = —

[G($)]_1/FD \/hzhj—ihz

m3 = 3k[G($)]_1b($) [(by(tvxvy?vo) - (by(tvxvylvo)] (4'7)

1
w

my = w_l//DD(qu)zdydz (4.8)

‘'’ is the wetted boundary of Dy; y = 4, 3. are the endpoints of the

width of Dy; and ¢y is a solution of the Neumann problem.

V2¢:k2 inDo
¢, =w? at 2=0

dyhy + ¢.h, =0 at Ty

Since from equation (4.2)

dz

(45) = 00+ Gl (52) = Go)

along a ray, we may express (4.3) in terms of ¢ and €.

Moo + Mo + MaiNie + Manigee = 0
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or in terms of z and &

G(z) = + ZEQ S:—t—l—/ox G(lx)dz

which is a solution of equation (4.2) and it follows that
w=1, k=G ()

For rectangular and triangular channels, the coefficients given in (4.4)
to (4.8) can be explicitly evaluated, Shen and Zhong [10]. It is also
remarked in passing that (4.3) has been used to study the fission of
solutions in channel of variable cross section [10] and a justification of

the asymptotic method used should also be of interest.

Figure: A cross section of the channel
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Abstract: The aim of this paper is to introduce a new method
for solving optimal shape problems which are defined with re-
spect to a pair of geometrical elements.The problem is to find the
optimal domain for a given functional that is involved with the
solution of a linear or nonlinear elliptic equation with a bound-
ary condition over a domain. By transferring the problem into
a measure-theoretical form the shape-measure method, in Carte-
sian coordinates, will be used to find the optimal solution in two
steps. First we will find the solution of the elliptic problem for a
given domain by using the embedding method. Then the Shape-
Measure method will be applied to find the optimal solution.
Two examples are given for the linear and nonlinear cases of the

elliptic problem.
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1. Introduction

Consider the optimal shape (OS) or optimal shape design (OSD) prob-
lems in which they are defined with respect to a pair of geometrical
elements; this pair conists in a measurable set (in R?), which can be
regarded as a domain, and a simple closed curve containing a given
point, which is the boundary of the set. Based on the simple property
of curves, the related OSD problem depends on the geometry which is
used. We solved the appropriate OS in [2] by introducing shape-measure
method in Polar coordinates. But in Cartesian coordinates, it is diffi-
cult to introduce a linear condition which determines the property of a
closed curve being simple; thus in this paper we consider those measur-
able sets D which its boundary consists in a variable part I' and a fixed

part between two given points, to be sure it is simple.

This paper deals with solving an OS or OSD problem with a fixed
control, which is to find the optimal domain like D for a given function,
I, that is involved with the solution of a linear or nonlinear elliptic par-
tial differential equation with a boundary condition over D. The process
of solution is achieved in two stages. First for a fixed domain, by using
the idea of approximating a curve by broken lines, I' can be determined
with fixed number of M points. Then D, any integral on D and the
variational form of elliptic equations can be considered as a function
of M variables. By means of a well-known process of embedding, we
transfer the problem into a measure-theoretical one. The history of this
idea can be found, for instance, in [2] and [10]. Then we enlarge the
underlying space to reach an infinite linear system of equations that the
unknown is a measure. By the use of total sets and putting an appro-
priate discretization, one can approximate the solution of the problem
with the solution of a finite linear system of equations. Hence the value
of I is calculated as a function of M variables for any given domain D.
In the second stage, considering the previous one, a vector function
J D € Dy — I(D) is set up. Using a standard minimization algo-
rithm on J, gives the minimizer domain; then Theorem 1, proves that
this minimizer, is the optimal solution for the problem. Finally, two
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examples for the linear and nonlinear cases of elliptic problem are given.

2. Problem

Let D C R? be a bounded domain with a piecewise-smooth, closed and
simple boundary dD. We assume that some part of 9D is fixed and
the rest, I', with the given initial and final points A and B respectively,
is not fixed. Here we suppose that the fixed part of D is made by
three segments, parts of lines y = 0,2 = 0 and y = 1 between points
A(1,0),(0,0),(0,1), B(1,1) (see Figure 1). For more general case, the
reader is advised to see [1]. Thus we choose an appropriate (variable)
curve I’ joining A and B, so that D is well-defined. Let X € D —
u(X) € R, that X = (z,y) € R? is a bounded solution of the following
elliptic partial differential equation with the boundary condition on the

domain D:
AU(X)—I_f(Xvu):U(X)v Ulsp =0, (1)

where X € D — v(X) € R is a bounded fixed control function; the
function f is assumed to be a bounded and continuous real-valued func-
tion in Lo(D xR). A domain D as above, is called an admissible domain
if the elliptic equation (1) has a bounded solution on D; we denote by
D as the set of all such admissible domains. We are going to solve the
problem of minimizing the functional I(D) = [, fo(X,u)dX, on the set
D where f, is a given continuous, nonnegative, real-valued function on
D x R. To calculate the value of I(D) for a given domain D, it is nec-
essary, first, to identify the solution of the partial differential equations

(1.

3. Weak Solution and Metamorphosis

In general, it is difficult and sometimes impossible to identify a clas-
sical solution for the problem like (1); thus usually one tries to find
a generalized or weak solution of them which is more applicable than
the classical one in some branches. In our method, especially when-
ever one wants to change the problem into a measure-theoretical form,
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this kind of solution is more appropriate. Hence the variational form
of the problem (1) is introduced in the following proposition. We re-
mind the reader that here HJ(D) = {¢ € HY(D) : ,, = 0}, where
HYD) = {h €Ly(D): 2e LQ(D),% € LQ(D)} is the Sobolev space

of order 1.

Proposition 1: Let u be the classical solution of (1), then we have
the following equality:

/D(umb +f)dX = /D Yo dX ; Vo € HA(D). 2)

Proof: Multiplying (1) by the function ¢» € Hi(D) and then inte-
grating over D, with use of the Green’s formula (see for instance [4])

gives:
Ou o
Jwavtwr—voyax = [ (i -uh)ds.
where n is the unit vector normal to the boundary 9D and directed
outward with respect to D. Because vy,, = 0 and u),, = 0, then (2) is

satisfied.O

Definition: A function v € H*(D)is called a bounded weak solution
of the problem (1) when it bounded and satisfies in the equality (2) for
all functions ¢ € Hy(D).

We remind the reader that conditions for the existence of the classical
and of the weak solution of the problem (1), and also other properties
of them such as boundedness and uniqueness, have been considered in
many references, like [4] and [3].

Now we can apply our Shape-Measure method for solving the problem.
The bounded weak solution can be represented by a positive Radon
measure. Hence instead of looking for the weak solution on the given
domain D, one prefers to seek for its related measure, defined on the
appropriate space. For the rest of the paper, we suppose Q@ = U X
D, where U C R is the smallest bounded set in which the bounded
weak solution u(-) takes values. By applying the Riesz Representation
Theorem [11], similar to the Proposition 3.1 in [2], one can prove the

following proposition.
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Proposition 2: Let u(X) be a bounded generalized solution of (1);

there exists a unique positive Radon measure, say i, in M*(82) so that:
ja(F) = / Fdu, :/ F(X,u)dX ; VF € C(9). (3)
Q D
Thus the equality (2) changes into the following:

pa(Fy) =7y 5 Vo€ Hy(D) (4)

where Fyy = uAvy + fip and vy = [, v dX. Also, I(D) = pu(fo).
Because the measure p, projects on the (x,y)-space as the respective
Lebesgue measure, we should have i, (§) = a;, where £ : @ — R depends
only on variable X (i.e. £ € C1(Q)), and a¢ is the Lebesgue integral of
& over D. Therefore the problem can be described as follows:

Find a measure p, € M*(Q) so that it satisfies the following con-
straints:

HU(F¢):7¢7 V¢GH&(D)§
fu(§) = ag, VE € Ci(). (5)

As Rubio did in [9], to be sure that we do not miss any solution, consider
a more general version of the problem by extending the underlying space;
instead of finding a y, € M*(Q), defined by Proposition 2, satisfying
equalities (5), we seek a measure p € MT(Q) which satisfies just the
conditions

W(Fy) =y, Ve Hy(D);
1) = ag, VE € C1(Q). (6)

Hence we have I(D) = p(f,). The system (6) is linear because all the
functions in the right-hand-side of equations are linear functions in their
argument . But the number of equations and the underlying space are
not finite.
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4. Approximation

We shall develop the system (6) by requiring that only a finite number of
the constraints are satisfied. This will be achieved by choosing countable
sets of functions whose linear combinations are dense in the appropriate
spaces. First we try to approximate the unknown part of the boundary,

I', just by the finite number of points.

Approximating 0D with broken lines: The idea of selecting a

finite set of points instead of the curve I', comes from the approximation
of a curve by broken lines. In general the curve 9D, and hence T, can
be regarded as an infinite set of points. More specifically, by applying
the density property, one can regard I' as a countable set. For the given
D and hence for the given I', let A,, = (@, Ym),m =0,1,2,..., M, be
a finite number of these points (we suppose Ay = A). We link together
each pair of consecutive points A, and A, for m =0,1,.... M — 1
and close this curve by joining the points A and B together. Now the
resulted shape, which is denoted by 0Dy, is an approximation for dD;
we also call Djy; to the domain which introduced by its boundary 0Dy,.
The domain Dy, is called a M-approzimated domain of D (domains
D, Dy and their boundaries are shown in Figure 1).

It is possible that by increasing the number of points, M, the curve
0Dy will become closer and closer (in the Euclidean metric) to the curve
0D, and hence one may conclude that the minimizer of I over Dy, if
one exists, tends to the minimizer of I over D, if one exists. In the
Appendix, we have explained some of the difficulties that arise. Thus,
we will fix the number of points (M) and look for the minimizer of I(D)
amongst all admissible Dy;’s.

Here we have actually 2M unknowns to determine, x1, x-, ..., Zyr,

Yis Y2y . ., Yxr. 1t would be more convenient if one, somehow, could re-
duce the number of unknowns, without losing the generality. For a
given positive integer M, let the value of the components vy, 4o, ..., Yar,
be fixed. Because z,, is a free term, the point A,, could be anywhere on
the line y = Y,,,, 2 > 0 for every m (see Figure 1). Therefore points A,,
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and A, can be chosen so that they belong to I' and hence the part of I'
between the lines y = Y,, and y = Y,,,11 can be approximated by the seg-
ment A,, A;p1 (especially whenever the number M is large). It means,
we do not lose generality. Thus, from now on, we fix the components
Yis Yoy« oo, Yor With the values Vi, Ys, ..., Y, respectively. Indeed the set
{Ay = (2, Ym),m=1,2,..., M}, which is called M-representation of
D, determines the M-approximation domain Dy;.

First set of functions: We are going to introduce the set
{p € H{(D):i=1,2,...} so that the linear combinations of the func-

tions ;s are uniformly dense - that is, dense in the topology of the uni-

form convergence - in the space Hy( D). We know that the vector space of
polynomials with the variable z and y, P(x,y), is dense in C*(D); there-
fore the set Py(z,y) = {p(z,y) € P(z,y) | pla,y) =0,Y(z,y) € ID}, is
dense (uniformly of course) in the following space:

{hec=(D):h,, =0} =C5(D).

Sotheset Q(z,y) = {1,z,y, 2% ay, y*, 23, 2%y, 2y, y>, ... } is a countable
base for the vector space P(z,y) and hence each elements of P(z,y)
and also Py(z,y), is a linear combination of the elements in Q(z,y).
By theorem 3 of Mikhailov [4] page 131, the space C*°(D) is dense in
HY(D); thus the space C5°(D) will be dense in Hi(D). Consequently,
the space Py(x,y) is uniformly dense in Hy(D). We define the function

1; for each 7 as:

Yi(e,y) =ayly— D) ] [(e — o +y— vw)a(z,y), (7)

-

1
-

where ¢; is an element of the countable set Q(z,y). Therefor . = 0
and the set {¢;(z,y):1=1,2,...},is total in HJ(D).

Second set of functions: Let I be a given positive integer number

and divide D into L (not necessary equal) parts Dy, Ds, ..., D, so that
by increasing L the area of each D,,s = 1,2,..., L, will be decreased.
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Then, for each s = 1,2,..., L, we define:

1 if (2,y) € D,

0 otherwise.

£y, u) = {

These functions are not continuous, but each of them is the limit
of an increasing sequence of positive continuous functions,{¢,, }; then if
p is any positive Radon measure on Q, pu(&) = limg_ o, p(&, ). Now
consider the set {§; : j = 1,2,...,1} of all such functions, for all positive
integer L. The linear combination of these functions can approximate a
function in C'1(2) arbitrary well (see [9] chapter 5).

As a result, the problem (6) can be replaced by another one in which we
are looking for the measure € M*(Q), so that it satisfies the following
constraints:

W) = a5 G=12. (8)

where F; = Fy, , v = vy, , @j = ag,. To approximate the system of
equations in (8) with a finite system of equations, first we choose a finite

number of equations as follows:

par o (F) = v, i=1,2,..., My;
finy 1, (&) = 4y, J=1,2,..., M,, (9)

where M, and M, are two positive integers. If we denote by Q(M,, M)
the set of positive Radon measures in M™* () which satisfy equalities
(6), and also denote by () the set of positive Radon measures in M*(Q)
which satisfy equalities (6), by regarding the property of the total sets
one can easily prove the following Proposition by considering the proof
of Proposition I17.1 in [9].

Proposition 3: If My, My — oo; then Q(M,, My) — Q, hence
for the large enough numbers M, and M, the set () can be identified by
Q(Mlv MZ)
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But even if the number of equations in (6) is finite, the underlying
space Q(M,, M) is still infinite-dimensional. It is possible to define a
finite linear system whose solutions can be used to approximate that for

(6).

Discritization: By a result of Rosenbloom [8], which was proved in

Theorem A.5 Appendix in [9], that gy, ar, in (6) can be characterized
as fan, M, = ZHMIII"MQ a,6(7Z,), with triples Z,, € @ and the coefficients
a, > 0forn=1,2,..., My + M,, where 6(z) € M*(£) is supposed to be
a unitary atomic measure with support the singleton set {z}. This struc-
tural result points the way toward a further approximation scheme; the
measure problem is equivalent to a nonlinear one in which the unknowns
are the coefficients «,, and supports {7, }. It would be more convenient
if one could find the solution only with respect to the coefficients «,;
this would be a finite linear system of equations (a type of linear pro-
gramming problem). The answer lies in approximating this support, by
introducing a set dense in Q. Proposition I11.3 of [9] Chapter 3, states
that the measure jiyy, pr, has the following form

N
Mnry vy = Zané(Z”)7 (10)
n=1

where Z,,n = 1,2,..., N, belongs to a dense subset of {}.

Now let put a discretization on Q, with the nodes 7, = (2., Yn, tn ),
in a dense subset of Q; then we can set up the following linear system

in which the unknowns are the coefficients «,,:

a, > 0, n=12,....,N;
N
ZanE(Zn) =% 1= 1727"'7M1;
n=1

N
o wn(Zy)=a;,  j=1,2,..., M. (11)
n=1

We remind the reader that the solution of (11) is not necessary
unique, (even if the problem (1) satisfies the necessary conditions for
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having a unique bounded weak solution, because of the approximation
schame. Fach solution introduces a measure pyy, a7, via the equality (10)
which has the same properties (approximately) as the measure p,,, the
representative measure for the weak solution u(X ). Indeed we achieve
an approximate solution for the elliptic problem in the given domain
D. Therefore we are able to calculate the value of I(D) for each given
domain D. In the next, we shall explain how one can find the optimal
domain for the mentioned OS problem in Dy, by applying the above

results.

5. The optimal solution

The main aim of the present section is to find an optimal domain D* €
Dy so that the value of I(D*) will be the minimum on the set Dy,.
By applying the result of the previous section, a solution of (1) can be
found. This solution is approximated by a solution of the linear system
(11) according to the variables, z,,,m = 1,2,..., M. As mentioned, this
solution is not necessary unique. Let us to specify one of them for each
D; there are some possibilities, for example, by solving the following
linear programming problem, one may chose that one in which the value
of [, fo(X,u)dX (for a given D) is minimum according to the variables
a,,n=1,2,...,N:

N

Minimize : Z an fo(Zy)

n=1

Subject to : a, >0, n=1,2,...,N;

As a result, for each D, the value I(D) = [, fo(X,u)dX = p(f,) ~
par, m.(fo),1s defined uniquely in terms of the variables z,,,m = 1,2,..., M.
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So, we set up a function, J, on Dy, defined by
J:De¢ DM —_— I(D) = ,uMl’MQ(fO) € R, (13)

where ppr, a,(fo) = ZnN:1 ay, fo(Z,). By regarding the definition of M-
representation of D, clearly J is a function of the variables z, @4, ...,z

and hence can be regarded as a vector function:

J i (w, w0 o) €ERYM — iy (fo) €R. (14)

It is not possible in general to ascertain continuity properties of this
function (see for instance [6]); we can say, however, that, since this is a
real-valued function which is bounded below, and is defined on a compact
set (since constraints are to be put in the variables), it is possible to find
a sequence of points so that the value of the function along the sequence
tends to the (finite) infimum of the function. The coordinate values

corresponding to the points in the sequence are of course finite.

Now, suppose that (a7,25%,...,2%;) is the minimizer of the vector
function J; it can be identified by using one of the related minimization
methods (for instance the method introduced by Nelder and Mead, see
[12]and [5]). For this, one can apply standard Algorithms and Routines
(like AMOEBA [7] or EO4JAF-NAG Library Routine). The intro-
duced domain by the minimizer (z7,23,...,2%,) is denoted by D*. We
assume in the following theoretical result that the minimization algo-
rithm which is used, (such as AMOFEBA) is perfect; that is, it comes

out with the global minimum of J in its (compact) domain.

Theorem 1: Let M, M, and M, be the given positive integer num-
bers which were defined in section 4, and D* be the minimizer of (14)
as mentioned above. Then D* is the minimizer domain of the func-
tional I over Dy and the value of 1(D*) can be approximated by J(D*);
moreover J(D*) — I(D*) as My and M, tend to infinity.

Proof: Suppose D* is not the minimizer of I; hence there exists
a domain, call D', in Dy so that I(D’) < I(D*). Proposition 2 shows
that there is a unique measure, call i/, in M*(Q) so that I1(D") = p/(f,),
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and also Proposition 2 states that for suffliciently large numbers M; and
M, p'(f,) can be approximated by i}, 4, (fo) in Q(My, Ms). Thus,
I(D") = iy 4, (fo) = J(D'). In the same way, one can show that
J(D*) approximates I(D*); so I(D*) = pujy 4, (fo) = J(D*). Hence
J(D'") < J(D*). which is contrary with the fact that D* is the minimizer
of J. Moreover, from Proposition 2 it follows that J(D*) tends to I(D*)
as My, M; — oo. O

6. Numerical Examples

For the next two examples, we consider the elliptic equations (1) for
which the function v(z,y) (the fixed control function) is defined as:

(w,y)—{ 1 if (z,y)eDNC

0 otherwise,

where C' is the square [+, 3] x [

=,3] ( see Figure 2 ). We also take M = 8
and suppose Yi, Y, ..., Yg are 0.

(
15,0.25,...,0.85, respectively. By extra
constraints on x5, 23,...,%7, Ty > % = 2, 3,...,7, the valve of v, for

any D € Dy is deﬁned as

:/4/4¢i(x,y)dxdy; 1=1,2,..., M.

We also assume that the function u(-) takes value in the bounded
set U = [—1, 1] (one may obtain the set U by trial and error so as to be
sure that the appropriate finite linear system in (11) has a solution.

Our way to find an optimal domain is an iterative method. For
a given set of variables z; = Xi,25 = Xo,...,28 = Xg, we will set
up the linear system (11) and calculate the value of I(D) according
to the X,,’s. Then the standard minimization algorithm changes these
X1, Xs,...,Xs, to new ones for which the value of I(D) is supposed to
be less than previous; these new values introduce a new domain. Again,
in the next iteration, an appropriate linear system for the new domain
will be solved to calculate the value of I(D) and see whether I(D) is
smaller than the previous on in the former iteration or not. If the value
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is not smaller, the Algorithm changes the domain with the suitable one;
if it has been smaller, the Algorithm seeks again for the other domain
like D' € Dy with the smaller value of I(D’) than I(D). The iteration
will be stopped whenever the optimal domain is obtained; note that
we assume in this discussion that the standard minimization Algorithm
(AMOEBA) is qualified to obtain the global minimizer without any
restriction (see Appendix C of [1]).

6.1. Nods and Equations

To establish the linear system (11) it is necessary to put a discretization
on §2; because our method is iterative, the discretizations depends on the
values X1, Xo,..., Xg at each iteration. Thus, we select N = 740 nodes
Zn = (Zny Yn, Uy ) in Q, so that each component is a rational number;
hence these nodes belong to a dense subset of Q. Since v, = 0, for
each (z,,y,) € 0D, we should have Z,, = (2., y,,0). This fact has been
taken into account in the discretization by choosing 36 related nodes.
The rest of the nodes are related to the interior points of D. We consider
Zy = (Zn,Yn,u,) € D for n =364+88(: — 1)+ 11(j — 1) + k as

1+ 0.5)X,;
xn:%vynzifjvun:

ok — 1)
10

—1
that 1 <i<8,1<j<8,1<k<I1l.

To set up the mentioned linear system in (11) we select M; =
10 and M, = 8, and consider the polynomial ¢;(z,y) form the set
{1,2,y, 2% 2y, y* 2°, 2%y, zy*, v*}. Also the domain D is divided into 8
parts, say Dy, Do, ..., Dg, as follows: D, is the region of DD between the
lines y = 0 and y = 0.2 (O Aey0, in Figure 2), D, is the region of D be-
tween the lines y = 0.2 and y = 0.3 (0,€1€504 in Figure 2), and similarly
D3, Dy, ..., Ds; we define Dg as the region of D between the lines y = 0.8
and y = 1 (0o7ezBFE in Figure 2), where z,, = %(Xl+1 - XD+ X501 =
1,2,...,7. Therefore a; = [, &(x,y)dX = areaof Dj,¥j=1,2,...,8.
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Hence in our case, the linear system (11) is

a, > 0, n=1,2,...,740;

740

S bi(Za)=, i=1,2,...,10;

n=1

740

S n&(Z)=a;,  j=1,2,...8. (15)
n=1

To find the nonnegative unknowns a,,’s we apply the F04M BF —
N AG Library Routine Document. The result shows a nonnegative value
for each a,,, n = 1,2,...,740, that satisfy the linear system. By applying
these values in (10), one can calculate the value of I(D) for a given
function f,, which is a function of the variables X, X»,..., Xg; thus we
have set up the function J in (14). By applying a standard minimization
algorithm on J, the optimal domain in Dy, is obtained. We remind the
reader that the functions F; and the values of v;, ¢ = 1,2,...,10, have
been calculated by the package “Maple V.5”.

6.2. Minimization

In minimization, we apply the Downhill Simplex Method in Multidimen-
sion by using the Subroutine AMOEBA (see [7]) with the conditions
X, >20,Xg>0and X,, > 0.75,m = 2,3,...,7; besides, we also con-
sider an upper bound for variables (suppose they are not higher than 2).
These conditions are applied by means of a penalty method to change
the constraint minimization problem into an unconstrainted one (for
instance see [12]).

To start, AMOF BA needs an initial value for variables X,,, when
m=1,2,...,8, (a given domain). At any iteration the new domain is
illustrated and the new value for J is calculated; comparing this value
with the previous one leads the algorithm to find a domain with a smaller
value. This procedure is repeating till the optimal domain is character-
ized.

In the next, two examples are given; one for the linear case and
the other for the nonlinear case of the elliptic equation. We chose the
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function f, as f, = (u — 0.1)%, this function, indeed, can be considered
as a distribution of heat in the surface for the system governed by an

elliptic equations.

6.3. Example 1

In the linear case defined by the partial differential equations (1) and
f(z,y,u) = 0, the function F; in (15)is F; = ulyy; ;1 = 1,2,...,10.
We used the initial values X,, = 1.0,m = 1,2,...,8, and the stopping
tolerance for the program (variable ftol in the Subroutine AMOFEBA)

has been chosen as 10~7. Here are the results:
e The optimal value of I = 0.70469099432415;
e The number of iterations = 827;

e The value of the variables in the final step:
X7 =1.033028, X5 = 1.390598, X3 = 1.422364, X, = 0.97706,
X5 =1.017410, X¢ = 0.958974, X» = 1.018387, Xg = 0.951333.

These values represent the optimal domain. The initial and the
final domain has been shown in the Figure 3, and also the alteration of
the objective function, according to the number of iterations, has been

plotted in the Figure 4.

6.4. Example 2

For the nonlinear case of the partial differential equations (1), we have
taken f(z,y,u)= 0.25u?, and used the same initial values and stopping

tolerance as Frxample 1. The obtained results are:
e The optimal value of I = 0.45467920356379;
e The number of iterations = 502;

e The value of the variables in the final step:
X, =1.050197, X, = 1.085212, X3 = 0.750001, X, = 0.768701,
X5 = 1.129861, Xs = 1.137751, X7 = 0.977838, Xg = 1.615668,
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which represent the optimal domain, shown in the Figure 5. Also the

change of the objective function, according to the number of iterations,

has been plotted in the Figure 6.
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7. Appendix
Why Dy, instead of D?

Based on the approximation of a closed and simple curve in R? by a
set of broken lines, we decided to consider Dj; as the underlying space
in which the minimization takes place. Indeed we approximated the
variable part of any domain D € Dy, ', by M number of segments
(in other words by M + 1 corners). As M — oo, if an appropriate
optimal shape design problem in Dy, has a minimizer, then this may
tend in some topology to the minimizer over D if such exists. However
things can go wrong; for instance: There may be no minimizer over Dy,
there may be no minimizer over D (or both D and Dy, ), the sequence of
minimizer over Dy, may not be convergent or may tend in some sense
towards a curve that does not define a shape.

On the other hand, let D}, € Dy be the optimal solution of the ap-
propriate problem over Dy, and 73, € M*(w) be the optimal measure
which represents the boundary of D%, (0D3,); then because M*(w) is
compact, the sequence {nj,}3,_, and hence {9D},}5,_,, have a conver-
gent subsequence even they are not convergent. Young in [13] has shown
that their related subsequences of broken lines, tends to an infinitesimal
zigzag (generalized curve). This is not (necessarily) an admissible curve
(see [13] Chapter VI). So the solution over Dy does not tend to the
solution over D, even in the weakly*-sense. Also, there is the important
point that too oscillatory boundaries (like the infinitesimal zigzag) some-
times cause problem; Pironneau in [6] shows some of these problems.

So, we prefer to fix the number of M in this paper, and search for
the optimal solution of the appropriate optimal shape design problems

over Dyy.
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8. Figures

Figure 1: D and 0D in the defined assumption.
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Figure 2: An admissible domain D under the assumptions of the

numerical work
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Figure 3: The initial and the optimal domain for the linear case of

elliptic equation.



Shape-measure method for solving.... 61

Figure 4: Changes of the objective function according to iterations

in the linear case.
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Figure 5: The initial and the optimal domain for nonlinear case of

elliptic equations.
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Figure 6: Changes of the objective function according to iterations

in the nonlinear case.
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