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I. MOTIVATION

Let us start with some examples, which will be studied as illustrations in
more detail in this text.
1) Population growth : Let IV, be the size of a population at time t. A
very simple model for the evolution of a population is given by the differential
equation %Nt = aN; (a € R). Now this evolution may be influenced by
factors which are not or not completely under control. The analytic form of
the function which describes these factors is therefore not known. In such
a case the evolution can be described by means of a stochastic process (or a

random function) which is the solution of a stochastic differential equation, i.e.



d
a differential equation (e.g. %Nt = aV;) where a random term (e.g. a white

noise b Bt) is added. Since these random functions often exist in the sense of
distributions only, the differential equation is usually written in integral form
as follows :

t t .
N, = Ny +/ alN,ds +/ bN, By ds, (1)
0 0

t
where the last integral is understood as the stochastic integral / bN,dB;. We

0
will see that the solution of (1) is a continuous, but not differentiable random
function. This is due to the fact that the trajectories of B are not of finite
variation on compact (time) intervals, and the integral can therefore not be

defined as a Stieltjes integral in general.

2) Portfolio management : Suppose that the capital at time ¢ of some
company is divided into a safe and a risky part, the latter being invested at
a higher interest rate than the former. Again the evolution of the capital in
time can be described by differential e quations, the equation for the risky
part containing a stochastic term. The company would like to maximize the
expected value of the capital (or some increasing functional of it) at some fixed
future time ¢;. The problem is now to optimize at each time ¢ the proportion
of the capital under risk. As in the deterministic case this kind of problem can
be solved by means of Hamilton-Jacobi equations which have been extended
to the stochastic case by R. Bellmann. The operators appearing in these
equations are now of second order since the quadratic variation associated to

the stochastic integrals which describe the randomness do not vanish.

3) Direct current engine : Consider an electric engine driven by a input
tension which can be modified at each time t. As a simple model let us consider
the case where the state of engine is described by the angle of a point on its
turning axis and by the velocity by which this angle changes. The state of the
engine is then described by means of a system of differential equations, as a
function of the input tension. Again a stochastic term can be added if there is
some perturbation from outside which influences the state of the engine. The
question is now how to choose, at each time ¢, the input tension for an optimal

working of the engine.



II. BROWNIAN MOTION

I1.1. Definition of Brownian motion

Let us first give two equivalent definitions of Brownian motion.

Definition 1. A Brownian motion (B;; ¢ > 0) with By = 0 P-a.s. is a
stochastic process such that, for all n € N and all ¢1,...,%, > 0 with 0 =t; <
ty < «-+ < tp, the increments B, — B;,_, (k=1,...,n) are independent and
normally distributed with EB;, = 0 and var(B;, — By, _,) =t — tx_1.

Definition 2. A Brownian motion (B;; ¢ > 0) with By = 0 P-a.s. is a
Gaussian process with EB; = 0 and EB;B; = min{s, t} for all s, > 0.

It is easily shown that a Brownian motion in the sense of Definition 2
has independent and normally distributed increments. It is sufficient to show
that the increments (being Gaussian) are uncorrelated and have the variance
required in Definition 1. In order to show the converse, let Z, = B;, — B, .,
k=1,...,n. Let B=(By,...,By,), Z=(Z1,...,Z,) and let

100 -+ 0
0 -« 0

A=
111 1

Then B = AZ. Let ¢p be the characteristic function of B. Then, with u =
(ur, .. )T € R, op(u) = Blexp(iu” B)] = Elexp(iu” AZ)] = o7 (u” A) =

t 0 0
1 . 0 to—1t --- 0
exp(— U C’u), where C = ADA and D = |
0 ln — tn—1

C' is symmetric and positive definite, and it is the covariance of B. Moreover

c;; (the (4, 7) th element of C) is given by

¢;j = E[B,By,,] =
! ! ' { EW[(BtZ - Btj)Btj] + EBtQJ = t]' lf t]' S tz

Therefore ¢;; = min{t;,t;} as is required in Definition 2.



Let us now give a construction of Brownian motion by means of the Haar

basis in L*([0, 1]). More precisely let us show

Theorem 1. Let {X,}

each normally distributed with mean 0 and variance 1. Then, with probability

>0 be a sequence of independent random variables

o0 ¢

1, the series ZX”/ H,(s)ds converges uniformly in ¢ € [0, 1] and defines a
n=0 0

Brownian motion (B;; 0 <t <1).

Remark : In order to define a Brownian motion on [0, oo, one can choose a

countable number of independent sequences {X™} _ (m € N) as in Theorem

n>0

1 and construct Brownian motions (Bj*; 0 < ¢t < 1) (m € N), which can be

pieced together as follows : if m — 1 <t < m, define B; inductively by

Bt — Btnl(m—l) + Bmfl.

Proof of Theorem 1. Let Hi(t) (k > 0,0 <t < 1) be the Haar functions,

1.e.

on/2 if k2" — 1<t < k2™ — 14 2-(n+D)
Hy(t)=< —27? if k27" — 142" < < 27" — 142" 5 and 2" < k < 2"
0 otherwise.

o0 ¢
a) Z ak/ Hy(s)ds converges uniformly in ¢ € [0, 1] provided that |ax| =
k=0 0

1
0(k?) for some ¢ € |0, 5[ as k — oc.
¢
In fact, the functions / Hy(s)ds are nonnegative and attain a maximum value
0

1
of 12_"/2 provided that 2" < k < 2"*!. Furthermore, as k varies, these
functions have disjoint support. Writing b, = max{|ag|; 2" < k < 27!},

we have |b,| < C2" for some constant C' > 0 as n — oo, and, therefore,

() t ()
Zak/ Hi(s)ds < anQ’”/Q < Q.
k=0 0 n=0
b) P(|X,| = O(vlogn)) = 1.
21 2
In fact, for x > 0, P(|z,| > z) ~ \/i— exp ( - %) as © — —+oo. Therefore,
T



ZP(|Xn| > cy/logn) < Kz:(logn)’lﬂn’g/2 for some constant K. The
n=2 n=2

assertion follows by choosing ¢ > v/2 and by the lemma of Borel-Cantelli.

¢) Let us now show that the series in Theorem 1 is a Brownian motion.
By a) and b) above it converges P-a.s. and uniformly in ¢ € [0,1]. The sum
is therefore a continuous function of ¢. In order to show that the increments

are normally distributed we calculate their characteristic function. Let X; =
00 t t

ZX”/ H(s)ds and let Sk(t) = / Hi(s)ds. Then, for 0 =ty < t; < ty
k=0 0 0

and A, Ay € R,

B [exp (1M X0, +ido (Xt~ X0,))] = E [ exp (30 X —2) Si(t)+ideSk(t2)} )|
k=0
Since the X are independent, this equals to

[Tesp (- %{()\1 — A)S() + AaSilt2) 7). (1)

k=0

Let now ¢,(t) = 1jo4(t). By Parseval’s equality (the Haar functions are a

complete orthonormal system in L]0, 1]), we get for s; < sg :

51 = (@5179032) = A @s1(t)¢s2(t)dt = Z(SlaHk)(SQ’Hk) = ZSk(Sl)Sk(SQ)'

Therefore (1) is equal to

1 1
exp <—5{()\1—)\2)2t1+2()\1—)\2))\2t1 +)\;t2}> = exXp (-5{)\%t1+)\g(t2—t1)}) .

This shows that (X, X;, — X;,) satisfies the Definition 1. The proof for
(Xt17Xt2 — th, e ,th - th—l) is similar. ]

Remark : The proof shows that the trajectories of Brownian motion are con-
tinuous P-a.s. They are, however, not differentiable at any point in R, P-a.s.
As we will see in the next chapter, the total variation of the trajectories on any
interval is infinite P-a.s. The variation of the trajectories can be characterized

by their modulus of continuity : P. Lvy showed that P-a.s.

1\ —1/2
limsup<2510g5> max{|B; — Bs|; 0<s<t<1,t—s<d}=1. (2
0—0



11.2. The Hausdorff dimension of the trajectories

The fact that the total variation of trajectories of Brownian motion is
infinite on any interval gives raise to the question of the dimension of its
graph. Let us consider its Hausdorff dimension more generally in R”.
Let A C R". The a-dimensional outer measure S,(A) is defined for any o > 0
as follows. Consider the coverings of A by means of open balls B; C R”
such that the diameter of the B;’s is not greater than . Let S,.(A) be
defined by S, .(A) = inf Z (diameter B;)®, where the infimum is taken over

all the coverings of A Wit1h the properties mentionel above. As e decreases,
the infimum will extend over smaller and smaller sets and is therefore not
decreasing. So there exists S,(A) := 1_1_1)% Sac(A) € [0,00]. Clearly, S, is
monotone in the sense that S,(A4) < S,(B) if A C B. Furthermore S, is

subadditive, i.e. for any sequence of sets A, Ag,..., A,,... in R" we have

Sa Un An) <3 SalA).

Lemma. For any set A C R" there exists a unique number «*, such that

a<a"=85,(A) =00, a>a" = S,(A)=0. (3)

Proof. Let us show that
Sa(A) <oo, f>a= Ss(A) =0.

In fact, let {B;} be a covering of A by balls with diameter not greater than &,
such that

Z(diameter B)* < Sa:(A)+1<S,(A)+1=K < 0.
Then
Spe(A) < Z(diameter B;)? < b Z(diameter B;)* <P °K.
Since > « we have, by letting ¢ — 0, Sz(A) = 0. Therefore, there exists a

transition point o which satisfies (2). O



Definition. The Hausdorff dimension of A C R" is the number o* such that

" =sup{a; Sa(4) = oo} = inf{a; S, (A) = 0}.

Let G(B;; 0 <t <1)={(t,B;(w)); 0 <t <1} be the graph of B;(w),0 <
t < 1. Then one can show that the Hausdorff dimension of G(B;; 0 < t <
3
1) = 5 (see R. Adler (1981)).

Theorem 2. The Hausdorff dimension of G(By;0 <t < 1) is equal to %

Proof. a) Let us first show that it is < 2. Split [0,1] into 2" intervals of

length 27™. By (2) the graph is contained in the rectangles with edge length
27" and 27 for all 8 > % These rectangles can also be covered by 27(1=#)
squares with edge length 27". By the definition of the Hausdorff dimension of
the graph, it is no more than the infinum of all A such that

ongn(1=Flo=An (g as n — co.

This means \ < % and the assertion follows.

b) It remains to show that dimG = dimG(B;0 <t <1) > % Let us first
show that

1l
/ / E[|Bi— B> + |t — s?] %dsdt < oo (@)
n Jn
for all >0 and all 1 < o < 3. In fact, E[---]7% transforms to

(2m)~1/2 ffooo [u2|t —s|+|t— s|2} a2 exp ( — %Z)du < 2(2m) V2|t — s|70/?
I (u? + ]t — 5|)7a/2du < c|t — s|7ot1/2,

Therefore the left side of (4) is finite whenever —a + 3 < —1ie. a < 3. Let
us deduce now the assertion from (4). Let u the image measure of Lebesgue
measure under the transformation t — = = (¢, B;), 0 <t < 1. Let 6 > 0 such
that v := % — 20 > 1. Then

//|x—y|_(7+5)dxdy< Q.
ala

Therefore there exists a closed set G; C G with positive p-measure such that
/ o —y| " dy < M
G1

7



for some M > 0 and all z € G1. Let {€,},en be a sequence decreasing to zero,
and, for each n, let Sy, -+, Sym, be open spheres with diameters at most €,

which cover GG;. Choose a point X,,; from each S,; N G;. Then

| diameter Sm-|’(7+5),u(5m-) < | Xni — y|’(7+5)dy < M.
Gt

Thus

My

0 < u(Gy) < Z,u(Sm) < MZ |diameter Sp;|"™,

i=1 =1

and therefore

Mn Mn 1
diameter S,;|” > €,° Y |diameterS,,;|"’ > —°u(G
Zz:;| iameter S,;|7 > €, z2:1:| iameterS,;|""° > A w(Gy)
which diverges as n — oc. Hence dim(G,) > v = % —26. Therefore dim(G) >
dim(G1) > %

III. MARTINGALES

II1.1. Conditional expectations

Let (Q,F, P) be a probability space. We first consider conditional expec-
tations with respect to a o-field B C F which is generated by a finite partition
of Q. Let By,..., B, € F such that U_ B, = Q and B;N B; = 0 if i # j and
let B=0(By,...,B,). Let X be a random variable on (2, F, P) taking the

values x1,29,...,2;,... Then
P(X = a;|B,) = P(B, N {X = 1,})/P(B)).

For z; # 0, BiN{X =z;} = {Ip,X = z;}, where Ip, is the indicator function
of B;. Therefore

E[X | B] = Zxﬁso z;P(X = z; | By)

Y PU X = 1)) = E[X14)/P(B). )

We define now the conditional expectation of X given B as the random variable
which takes the value E[X | B;] on B; i.e.



Since YIp, takes only the values 0 and 1, the latter with probability P(B;),
we have E[Y Ip]| = P(B;) E[X | B;]. By (1) and the linearity of the expected

value, we have, for any linear combination Z = Z Milp,, ElYZ] =E[XZ].

i=1
This leads us to the following general definition of conditional expectation :

Definition. Let (2, F, P) be a probability space and let B C F be a sub-
o-field of F. Let X be a random variable on (Q, F, P) with E|X| < co. A
random variable Y is called the conditional expectation of X given B if (i)

Y is B-measurable, (ii) E[ZY] = E[ZX] for all B-measurable and bounded

random variables Z.

Existence and uniqueness of E[X | B] follows by a measure-theoretic result

as follows: Let v(A) = / XdP. Then v is a measure on B, which is absolutely
A

continuous with respect to P. By the theorem of Radon-Nikodym there exists

a random variable Y which is B-measurable and determined uniquely up to
negligeable sets such that v(A) = / YdP for all A € B. Weset Y = E[X | B.

A
Let us mention now some important properties of conditional expectation

a) Linearity : E[MX; + AMXs | Bl = M E[X; | B] + M E[X, | B] for all
A € R

b) Projection property : Let C be a sub-o-field of B. Then E[X | C] =
E[E[X | B] | C].

¢) W is a B-measurable random variable = E[XW | B] = W E[X | B].

d) ¢ : R — R convex = E[p(X) | B] > ¢(E[X | B]) (Inequality of Jensen).

For the proofs of a)-c), it suffices to verify conditions (i) and (ii) of the definition

a) Y; = E[X; | B] (: = 1,2) is B-measurable by definition ; therefore
MY 4+ AY5 is B-measurable. Moreover, for all B-measurable and bounded

random variables 7,
E[(MY1+XY2)Z] = M E[YiZ]+ X E[Y2Z] = M E[X1 Z]+ A E[ X2 Z] = E[(MXi1+22X5) Z].

b) Let us give a geometrical argumentation. Let Y = E[X | B]. Then, by
(ii) in the definition above, E[(X —Y)Z] = 0 and therefore X —Y is orthogonal

9



to Z. Let U (resp. V') be the vector space of all B-(resp. C-)mesurable random
variables. Then U D V. Since X —Y is orthogonal to U, it is also orthogonal
to V. Therefore X —E[Y |C] = X —=Y +Y — E[Y | C] is orthogonal to V,
which shows that E [(X — E[Y | C])Z] = 0 for all bounded and C-measurable
random variables Z.

¢) W E[X | B] is B-measurable. For all bounded and B-measurable random

variables Z we have
E[WE[X |B|Z] =E[E[X | BWZ] = E[X.WZ] = E[WX.Z].
d) Since ¢ is convex
p(X) — e(E[X | B] > ¢'(X)(X - E[X | B]) > 0.

The assertion follows by taking conditional expectations with respect to B.

Example : Urn of Polya.

Suppose we have an urn with Ry red and B, black balls. One ball is chosen
at random, and a € {—1} UN, balls of the same colour as the chosen ball
are put back into the urn. Notice that a = —1 (resp. a = 0) corresponds to
choosing a ball without (resp. with) replacing it into the urn. After having
chosen n balls at random there are R, red and B, black balls in the urn,
where R, + B, = Ry + By + na. Let X,, = R,(R, + B,) ! be the proportion
of red balls and let F,, = o(Ry, By, Ry, ..., R,) be the o-field generated by
Ry, By, Ry,...,R,. Since B, = Ry + By + na — R,, X,, is F,-measurable.
Moreover, for rq + by + (n 4+ 1)a > 0,

E[Xn—l—l | Rn =T, RO = To, BO = bo]

— r r+a 4 ro+bo+na—r r
ro+bo+na’ ro+bo+(n+1)a ro+bo+na “ro+bo+(n+1)a

_ r _

" rotbo+na X

Therefore E[X,, 41 | Fn] = X,,. This is the so-called martingale property which

will be considered in more detail in the next paragraph.

10



I11.2. Maximal inequalities for martingales

Definition. Let (2, F, P) be a probability space and (F;; t > 0) an increas-
ing family of sub-o-fields of F. A stochastic process (X;; ¢t > 0) such that X

is Fi-measurable and E|X;| < oo for all ¢ > 0 is called a) a martingale, if
E[X; | Fs] = X; for all s < ¢, b) a submartingale, if E[X; | Fs] > X, for all

s <t, c¢) a supermartingale, if E[X; | F;] < X, for all s <.

Remarks : Let (X;; ¢ > 0) be a martingale, and let ¢ : R — R be convex
(for example : p(z) = |z|* (a > 1), p(z) = 2V 0, p(z) = —(z A0)) ; then
Y; = ¢(X;) is a submartingale. If (X;; ¢t > 0) is a submartingale, and if ¢ is

convex and non-decreasing, then ¢(X;) is a submartingale ; in fact :

Elo(X) | F] >  @E[X,|F]) = o(X,) for all s < t.
I11.1.d) (>)

Definition. A stopping time T is a mapping from Q to [0, oc] such that
T < oo P-as. and {w € Q;T(w) < t} € F, for all t > 0. The o-field
associated to T is defined by Fr = {A €eF; An{T <t} e F forallt> O}.

Let us now give a maximal inequality for martingales.

Theorem 1. Let (M;;t > 0) be a martingale. Let [r,s] be a compact
interval in Ry and let S be a countable dense subset of R;. Then, for any
A>0,

1
Plup{Mf; t € SO [ slh 2 ) < SEIM g epranon})
Remark : If (M;; ¢t > 0) is continuous (or right-continuous only), the above

1

inequality implies that P(sup | M| > )\) < 3 E |My|. The proof below shows
[r:s]

that (1) remains true for any positive submartingale.

Proof. Let us first show the inequality for a finite parameter set : Let

{Mk}lgkgn
time given by T'(w) = min{k > 1; My(w) > A}. Then T A n is a bounded

be a martingale with respect to {Fj and let T" be the stopping

}1gkgn

11



stopping time and therefore

EMran =Y oy EIMiliran—r}] = > 1 B [E[Mn | fk]I{T/\n:k}} = i1 BIMuIirpn—r]

Now
E[Mrp,) = E[MTI{Tgn} + MnI{T>n}]'

However
EMrIir<m] 2 AEllir<ny] = AP(T < n)

and therefore
E M, = E Myp, > AP(T < 1) + E[My o]
whence

P(T <n) < B[M,

n I{ sup{Mk;lgkgn}Z/\}]- (2)

> =

E[MnIir<ny] <

By the same development, applied to the martingale {— M} we get

1<k<n?

. 1 -
P(min{k >1; M, < —-\} <n) < 3 E[M, I{ inf{Mk;lngn}S_)\}]. (3)

These two inequalities imply

P(max{|M|; 1 <k <n} > A) < < B[ M| Tsup ar>2))-

>

The assertion follows by choosing an increasing sequence of finite subsets of

S N [r, s], the union of which is equal to S N [r, s]. O

Corollary. Suppose that there exists p > 1 such that E |M|? < oc. Then

E [sup{|M,|P; t € SN[r,s]}] < (]%)pEHMSVJ]' (4)

Remark : As for Theorem 1, (4) implies that
P o\?

E [ sup | M,|? g(—) B[|M,|?

[sup 3] < (25) " Ellanp)

if (M, ; t > 0) is right-continuous.

12



Proof. Let Y = sup{|M;|; t € SN[r,s]}. Then, by Theorem 1,

EY? =[PP >y)dy= [~ PY >y'?)dy= [ P(Y > z)pz''dz
< pfooo zp—Q f{Y>z} XsdP — pr Xs |:f0Y(w) zp—?dzi| dP
= p%lfﬂ X, YrldP.
. (5)
By Holder’s inequality (E | X Z| < | X||ol|Z]|5if —+= = 1, | X|la = {E|X]*}Y/),
Q

B
applied to X; and Y7 ! and
_ __ D vy, = fpy?ry"/”
a=p,f=—7,] s ={BEY"}
p—1
we get
B XY < XL I -1 = IXGHLIYIE (6)
From (5) and (6) we get [|Y]|? < Ll||Xs||p||Y||§’1. This implies (4). O
p J—
Let us now look at the variation of the trajectories of continuous martin-

gales. Let {m,,[0,]}
tm

n(m)

en b€ asequence of partitions of [0,],i.e. 0 =17 <--- <
= t such that max{|t]%, —¢"|; ¢ =0,1,...,n(m) — 1} — 0 as m — oo.
Let us denote this by mesh 7,,[0,¢] — 0.

m—o0

Proposition 1. Let (M;;t > 0) be a continuous martingale such that
EM? < oo for all t > 0. If

omi—1
lim sup Z | Mjt1y2-m — Mjp-m| < 00 P-as.,

then M; = M, P-a.s.

This means that the constant martingales are the only continuous martingales

whose trajectories are of finite variation.

Proof. Without restriction of generality let us suppose My = 0 (otherwise

consider the martingale M, = M; — M,). Let ¢t € N. Then, by the martingale

property,
2m¢—1 2mt—1
e D S R DI )
j=0 J=0

13



for all m € N. Therefore

E Mt2 = lim SUDP;;—s 00 E [Z?:(t)_l(M(j+1)2—m — MjQ—m)2

< limsup,, ,,, E {SUP{|M(J‘+1)2W — Mjp-m|; 0 <j <27t -1} Z?:é_l | M(j41y2-m — szm@

<E [lim SUD,y 00 SUP{ [ M(j11)2-m — Mjo-m|; 0 < j <27 — 1} Z?:éil | Mjy1)2-m — szfn|]

by the lemma of Fatou. Since M is continuous and [0, ¢] is compact, | M 1y-m —
Mjo-m| — 0 uniformly in j. If the variation of M on [0,¢] is finite, then
EM}? =0ie M, =0= M, P-as.

It is therefore necessary to look at higher order variation. Let (B;; ¢ > 0)
be a Brownian motion. Since it has independent increments it is a martingale
with respect to its natural filtration. In fact, E[B; — Bs | 0(B,; 0 <u < s)] =

E[B; — B;s] = 0 for all s < ¢. One can show that

2mt—1
lim sup Z (B(j+1)27m — B]'Qfm)Q = . (7)
n— o0 =0

The quadratic variation of Brownian motion is therefore finite and nonzero.
This is true for any continuous square integrable martingale (M;; ¢ > 0). In
fact, one can show that there exists a continuous increasing process, usually
denoted by (M);, which is F;-measurable for all ¢ and such that

2mt—1

Tim > (Msapn = Mypn)? = (M), (8)
§=0

((M);; t > 0) is called the quadratic variation process.

Let us finally show a generalization of (7).

Proposition 2. Let {m,[0,]}
mesh 7,,[0,¢] — 0 as m — oo, and let (H;; ¢t > 0) be an Fi-adapted process

t n(m)
such that / EHSst < o0o. Then { Z Ht;n_l(Bt;n —Bt;n_l)Q} converges, as
0

7=0 mEN

nex be a sequence of partitions of [0,t] with

t
m — 00, to / E Hds in L*(P).
0

14



Proof. The write ¢; instead of ¢]* to simplify the notations. We have

E { S (B — By — () tj_n]} }
= B | X0 Hy  Hy [(By, — By, )? — (t; — t;-)l[(By, — By_,)? — (te — ti1)]
- { S 2 (B, — By ) (1 - tj_l)}Q]
= Z?g) EH;_{E[(By, — Bi,_)"] = 2(tj — t;-1) E[(By; — By;_,)’] + (t; — tj-1)°}

23 W EHE (t; — ;1) — 0.

m— 00

IV. STOCHASTIC INTEGRALS AND ITO’S FORMULA
IV.1. Stochastic integrals

We have seen in the last paragraph that the trajectories of Brownian motion

are P-a.s. not of finite variation on cor?pact intervals. Therefore, integrals with
respect to Brownian motion, e.g. / B,dB; can not be defined as Stieltjes-
integrals in general. t "

In this section we define / HdB, for a suitable class of processes (Hy; t > 0).
Let (2, F,P) be a probgbility space, and let (F;; ¢ > 0) be an increas-
ing and right;gontinuous filtration. Let Ly be the class of processes of the

type H, = Zhil}ti,ti+1](t) + hol{oy(t), where {t,},., is an increasing se-
i=0

quence such that t; = 0 and lim ¢, = oo and where h; is F;,-measurable
n—o0
and sup ||h;|| := supsup |h;(w)| < co. Let L, be the class of measurable and
) 2 w

t
Fi-adapted processes (Hy;; t > 0) such that E [/ Hf(w)ds] < oo forall ¢t > 0.
0

Lemma 1. L is dense in £y with respect to the metric d given by

d(H,K) =Y 27" inf{1, | H - K||,)), where |H|2 = E [/0 Hfds]
n=0

Proof. (L,,d) is in fact a complete metric space. Let H € L5 and let us show
that there exists a sequence {H, },>0 C Lo such that ||H,—H]|; = 0 asn — oo
for all ¢ > 0. First we notice that we may suppose H bounded, i.e. |H| < ¢
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for some constant ¢ > 0. In fact, let H,(t) = H,I{m,|<ny ;5 then H,, is bounded
by n and, by the dominated convergence theorem, lim,_,o ||H — H,l[; = 0
for all ¢ > 0. Second, let H.(t) = %ftt_e H,Ig (u)du for some fixed € > 0.
(H.(t);t > 0) is still Fi-adapted and is moreover continuous. By choosing H
bounded and noticing that H.(t) — H(t) as € — 0 a.e. on R,, we conclude
again by the dominated convergence theorem that lim,,_,. ||ﬁ1/n —H||;,=0
for all ¢ > 0. The may therefore choose H continuous and bounded. Let now
H,(t) = H(L) if t €]£, ] H, is F-adapted and converges uniformily on
[0,t] to H as n — oo P-a.s. Since H is bounded lim,_, ||H, — H||; = 0 for
all t > 0. U

Let us now define the stochastic integral (I(H )t > 0) for H € Ly as follows :

I(H)e =) hi(Bijine = Bund) (1)
i=0
We have
E[I(H)}] = E[YZhi(By,a — Bia)?] (since B has independant increments)

= > E[h2E[(By, nt — Bin)JFind]] (by property c) of
(conditional expectations)
= Y2 EN2(tisn — t;) = E[ [y H2ds)].
(2)
Notice that (I(H);;t > 0) is a continuous martingale such that E(I(H)?] < oo
for all t > 0. Let us denote by M? the space of these martingales. (2) shows
therefore that I : £y — M? is an isometry between L, (endowed with the norm
I.ll:) and M? (endowed with the norm ||I(H)|, = {E[I(H)?]}'/?). Since L
is dense in £y and L, is a complete metric space (endowed with d), I admits
a unique extension to Lo and (2) holds for all H € L£,. Let us denote this
extension by I(H); = fot H,dB,. This is the so-called It6-integral. Notice
that h; is supposed to be F; -measurable, i.e. H € L, must be evalued at
t;, the starting points of the subintervals ]¢;,¢;11]. As a consequence it will
be shown in theorem 2 below that the integral I(H) is a martingale. This is
no longer true if we replace H,, by $(H,, + H,,,), which gives the so-called
Stratonovich integral ; in fact, the Stratonovich integral, usually denoted
by fot H, o dB, is different from the It6 integral and is not a martingale in

general. Let us now summarize the result on the [to-integral.
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Theorem 2. Let (B;;t > 0) be a Brownian motion and let (Hyt > 0) €
Ly. Then the Ito integral (fot H,dB,,t > 0) is in M? and has the following

properties :

a) HKé€L,= [/(H,+K,)dB, = [, H,dB, + [, K,dB, (3)

b)  HKéeL,= E[[ HdB, [ K,dB,F,)=E[[ HK,du|lF,] (4)
in particular : E[([ H,dB,)*|F,] = E[ [ H2du|F,]

¢)  P(supypy| [y HidB,| > )\) < 35 [} EH2du for all A > 0. (5)

Proof. a) and b) are proved by means of approximations by elements of
Ly, where (3) and (4) hold trivially. The extension to L, follows from (2). To
prove c), we apply Theorem (3.1) to the positive submartingale I(H)? to get
the upper bound 57 E[I(H)?], which is equal to the right side of (5) by the
isometry (2). O

Remark. Part b) means in fact that the quadratic variation process of the

Ito integral is given by
. t
< / H,dB, >,= / HZdu forall t>0.
0 0

Let us finally consider as an example the It6 integral fot B,dB; and compare
it to the Stratonovich integral. Let 0 =t < t; < --- < t, =1t (n € N)
be partitions of [0,¢] with mesh converging to zero as n — oo. By a direct
computation or by means of the Ito6 formula which we are going to prove in
the next section it is easy to see that 37— By, (B;,,,
1(B? — t) which is therefore the It integral [, B;dB;. In order to determine

— By,) converges in M? to

the Stratonovich integral, notice that

n—1 n—1

1 1 1
Z§(Bt, +Bti+1)(Bti+1 _Bt,) - §Z(Bt2z+l _BZ) = §Bt2
i=0 i=0
Therefore :

! 1 ! 1
/ B,0dB, = ~B} = / BydBg + ~t.
0 2 0 2

Let us mention that the It6 integral defined in this section can be extended to
the class of measurable and adapted processes such that fot H?ds < oc P-a.s.

for all t > 0. In fact, there exists a sequence {7, },>1 of stopping times T,
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such that T,, — oc P-a.s. as n — oo and such that (Hap, 3t > 0) € Ly. Take
e.g. T, = inf{t > 0; fot Hfds > n}. The integral fot H,dB; is then defined by
AT,

HdB = lim H,(s)dB,(s),

n—oo

where H,(t) = HtATn and B, (t) = BtATn.

IV.2 The It6 formula.

In this section we look at processes (X;;t > 0) of the form

t t
X, =20+ / ugds + / v,d B, (6)
0 0

where (By;t > 0) is Brownian motion, (us;t > 0) and (vs; ¢t > 0) are measurable

and F;-adapted processes such that

t t
/ lus|ds < oo, / vids < oo forallt >0 P-as.
0 0

Theorem 3. Let g(¢,x) € C%([0, 00[xR) and let (X;;¢ > 0) be given by (6).
Then
82

> 2(3 X, )vids.

ot X,) = g(0, Xo) / 295, x,) ds+/ 20 (5, X, sdsHosd Bl
Proof. The follow Oksendal (1992). First we notice that we may assume
that ¢ and its partial derivatives appearing in (7) are bounded. In fact if the
theorem is proved under this condition, we approximate g by C?-functions g,
such that g, and its partial derivatives are bounded for each m and converge
uniformly on compact subsets of [0, oc[xR to g and the corresponding partial
derivatives.

By Taylor’s formula

g(t, Xe) = g(0,Xo) + >, Ag(t, Xy;)
= (0, X0) + 32, G115, X0 )AL + 55, G115, X)AX; +3 5, Gt X0 ) (A,
+> Btam( , Xi ) ALAX 453 amQ( i Xy )(AXG)? + 3, Ry,

(8)
where At; = t;11 —t;, AX; = Xy, — Xy, Ag(ty, Xy;) = g(tj, Xoyy,) —
g(tj,Xy;) and 0 =t < t; < -+- < 1, = t is a partition of [0,7]. Moreover
Rj = o(|At;[* + |AX;|?) for all j as n — oc.

18



We look now at the asymptotic behaviour of each term on the right hand side
of (8) as the mesh of the partitions converges to zero. The 4 th. and 5 th.
term are easily seen to converge to zero since At; is upper bounded by the
mesh, which can be taken in front of the sums while the remainder of the sums

stay bounded in L'(P) or L?(P). Moreover, as n — oo,

> ?)? (tj, Xi) Aty — fo ag (s, Xs) (Lebesgue integral)
Y, %t Xy AN, = [y %(s, X )dX (by Theorem 2)

Now (AX;)? = ui (Atj)? + 2uyvy (Atj)(AB;) + vi (AB;)?. By similar ar-
guments as above, the sums with respect to the first and second term will
converge to zero, while in the last term we have the quadratic variation of the

integral fot vsd By, i.e. the sum with respect to this term converges to

b 9%g b o%g 9

82( s, Xg)d <X >,= 82(s X;)vids.
This follows from Proposition 3.2. By the same arguments one shows that
>.iRj—0asn— occ. O

Example. Let u, = 0 and vy = 1 and g(¢t,7) = 2%. Then X; = B; and
g(t,B;) = B = B2 + 2f0t B,dB, + %fot 2ds. Therefore we get fot B,dB, =
5(B —1).

We generalize now the Ito formula to the multidimensional case.

Theorem 4. Let B = (B!,---, B™) be an m-dimensional Brownian motion

(i.e. B',--- , B™ are independant Brownian motions in R), let v = (u', -+, u")

and v = (v¥;i=1,--- ,n;j =1,---,m), where the u* and v"/ satisfy the same

assumptions as u and v in Theorem 3. Let X = (X!,---, X™) be given by

t t
X =X, +/ ugds +/ v,dBy.
0 0

Let g(t,z) € C*([0, 00[xR"). Then

g(t. X)) = g(0,X0) + [y %(s, X,)ds + Y1y [y 2 (s, X,)dX]
t ]
+3 Y00 fy g (s, X, )dX XY,

where dX!dX7 =37 (v¥)?%ds.
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The proof is similar to Theorem 3 and is therefore omitted.

I1V.3. Applications of the It6 formula.
a) Integration by parts. Let X} = fo usds and X} = By and let g(t, 1, 29) =
x1x9. Then, by (9),

g(t, X}, X?) = X!'B, = [ BydX! + [} X}dB, + [} dX!dB,
= [, Bsuyds + [, X!dB,

The stochastic integral of a process of finite variation can therefore be calcu-
lated as a Lebesgue integral.
b) Exponential. Let X! = B;, X} =t =< B >; and let g(¢,71,22) =
exp(z1 — $25). Then, by (9),

exp(B, — %t) — 14 /t exp(B; — %s)st. (10)

0

This process is called the stochastic exponential ; it satisfies the stochastic
differential equation X; = 1 + fot X,dBg. Furthermore, for A > 0, exp(AX —
INu) = 3200 M H,(u,z), where H,(u,z) = L(—u)"exp(Z)2 exp(—2)
are the Hermite polynomials. It is well known that {H,(u,z)},>¢ froms an
orthogonal basis of LQ(exp(—%)). Now,one can show that exp(B; — 3t) =
S o Hyo(t, By), where, by iterating (10), we get H,(t, B,) = [, dBy, [," dBy, -+ [,"" dB,,.
One can show that {H,(., B.) },>0 is orthogonal in L?(P). H,, is therefore called
the nth stochastic Hermite polynomial, and the series expansion is called the

chaos expansion of the stochastic exponential.

¢) Harmonic functions. Let B = (B',---, B") be a Brownian motion in
R”, i.e. B',.--, B™ are independent Brownian motions in R. Suppose that
B(] =T 7£ 0, let

f(a) = log(Jaf?) if n 2,
flz) = |x|’nT71 it n > 3.
By (9) we get
for n=2 :log|B,| =logl|z|+ fot %dBl + ft \gs\deQ
for n=3 :|B|™" = |z|7! 23 Ot |J!j'§’3f|"cle
We see that f(B;) is a martingale. This us due to the fact that the second

order term in the It6 formula vanishes ; in fact, f is harmonic and therefore
32
Z?:l d2? (X ) = 0.
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V. Stochastic differential equations

V.1. Existence and uniqueness of strong solutions.

Having defined integrals with respect to Brownian motion we are now in po-
sition to consider stochastic differential equations. In the introduction we men-
tioned several problems, including population growth, which lead to stochastic
differential equations. As in the classical theory we start with an existence and

uniqueness theorem for solutions under Lipschitz conditions.

Theorem 1. Let T > 0. Let b: [0,7]xR" — R™ and o : [0, 7] x R* x R**™

be measurable functions satisfying
b(t,z)| + |o(t,z)| < C(1+|z|]) xeR",tel0,T] (6)
for some constant C', where |o(z)[> = 3 7, 37 [0%(2)[* and
|b(t,x) — b(t,y)| + |o(t,x) —o(t,y)| < Djx —y| =z,yeR",te[0,T] (L)

for some constant D. Let (2, F, P) be a complete probability space, let (Fy;t >
0) be an increasing and rightcontinuous filtration and let B = (B',--- , B™) be
an F;-Brownian motion in R™. Moreover let Z be an Fy-measurable random
variable in R" with E|Z|*> < oo. Then the system of stochastic differential

equations
t t
X, =7 +/ b(s, Xs)ds +/ o(s, X,)dBs t€[0,7T], (1)
0 0
has a unique (up to indistinguishability) F;-adapted, continuous solution (X;;t €

[0,T7).

Remark. The solution (X;;¢ > 0) of (1) is called a strong solution since it is

defined on the given probability space (Q, F, P).

Proof. The follow Oksendal (1992). Let us first show uniqueness. It will follow
from the isometry (4.2) and the Lipschitz property (L). Let (Xt € [0, T]) and
(Xy;t € [0,T]) be solutions of (1) satisfying the conditions of (X;;¢ € [0,T7])
stated in the theorem and with initial conditions Xy = Z and XO = 7.
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Put a(s,w) = b(s, X,) — b(s, X,) and v(s,w) = o(s, X,) — (s, X,). Then

BlX, - X)) = E(Z - Z + [, ads + [, vdB,)?]
< 3B(|Z — Z|?] + 3E[( [, ads)?] + 3E[(f, 7dB,)?]
< 3B(|Z — Z|?] + 3tEB[[, a’ds| + 3E[[, v2ds]

<3E[Z - ZP|+ 31+ 1) D? [ B[|X, — X,|*|ds

So the function
o(t) = B[ X, — X,/:0<t<T

satisifies

¢
v(t) < F+ A/ v(s)ds, where F =3FE[|Z — Z|*] and A =3(1 +T)D? (2)
0

Let w(t) = fotv(s)ds. Then w'(t) < F + Aw(t). Hence, since w(0) = 0,
w(t) < L(exp(At) —1). (Consider f(t) = w(t) exp(—At).) Therefore

v(t) < Fexp(At).
N ow assume that Z = Z. Then F =0 and so v(t) = 0 for all # > 0. Hence
P|X,— X;|=0 forallteQnI0,T] =1,

where Q denotes the rational numbers.

By continuity of t — | X; — Xt| it follows that
P[IX(t,w) — X(t,w)| =0 for all t € [0,T]] = 1,

and the uniqueness is proved.

The proof of the existence is similar to the familiar existence proof for ordinary
differential equations:

Define ¥;” = X, and Y,;*) = Y;(k)(w) inductively as follows

t t
v = X +/ b(s, Y.9)ds +/ o(s,YM)dB,. (5)
0 0
Then, similar computation as for the uniqueness above gives

t
E“Y;(k—i—l) _ Y;(k)|2} < (1 + T)3D2/ E[D/s(k) _ }fs(k—l)|2} dS,
0
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for k> 1,t <7T and
BV —v92] <20 (1 + B[ Xo?]) + 2C% (1 + E[|Xo|?)) < Ayt

where the constant A; only depends on C, T and E[|Xy]?]. So by induction
on k we obtain
A§+1tk+1

E[y* —y®pPl < 22— k>0, te0,T 6
[| t t | ] = (k—|—]_)‘ ) — Y 6[ ) ] ( )
for some suitable constant A, depending only on C, D, T and E[|X;|*]. Now

SuPo<i<r |Y (k1) | < fg - b(s Y(k 1))“15
fo( s, Yy — (s, Yk 1))st.

+ SUPg<i<r

By the martingale inequality (4.5) we obtain

p [Supogth |Y;(k+1) - Y;(k)| >27F < P[(fUT |b(s, Ys(’“)) — b(s, Ys(kfl))|ds)2 > 9-2-2]
+P[supocier | fy (0(5, YY) — o(s, ¥ 7V))dB| > 27+1]
< 227 [ E(|b(s, YY) = b(s, i) ) di
4 ok+2 fTEHU (s Yk)) — o(s, Y(kf1 )| }ds

< 222D (T 4 1) [T Al gy < 4f‘£f1 ,if Ay > 4D(T +1).

Therefore, by the Borel-Cantelli lemma,

P[ sup |Y (b +1) t(k)| > 27F for infinitely many k] = 0.
0<t<T

Thus, for a.a. w there exists kg = ko(w) such that

sup |Y (k+1) t(k)| < 27F for k > k.
0<t<T

Therefore the sequence

is uniformly convergent in [0, T, for a.a. w.
Denote the limit by X; = X;(w). Then X, is ¢-continuous for a.a. w since
Yt(n) is ¢-continuous for all n. Moreover, X,(.) is F;-measurable for all ¢, since

Kt(n)(.) has this property for all n.

23



Next, note that for m > n > 0 we have by (6)

m n 1/2 m n m— k k
E[IY™ = Y12 = 1Y = Y|y = [ 5 =B

< IV = Yy < 00 [T 5 0 as > oo
(7)
So {¥;"™} converges in L2(P) to a limit Y}, say. A subsequence of Y, (w) will
then converge w-pointwise to Y;(w) and therefore we must have Y; = X; a.s.
In particular, F[|X;]?] < oo.

It remains to shows that X, satisfies (1). For all n we have
t t
v, = X, + / b(s, Y™)ds + / o(s, Y)dB,. (8)
0 0

Now Yt("H) — X; as n — oo, uniformly in ¢ € [0,7] for a.a. w. By (7) and

the Fatou lemma we have

T T
E[/O X, — V" )2at] < hmsupE[/O v — v 2ag] =0

m— o0

as n — oo. It follows be the It6 isometry that

t t
/U(S,Y;("))st%/ o(s, X,)dB,
0 0

and by the Holder inequality that

t t
/ b(s, Y™)ds — / b(s, Xs)ds
0 0

in L*(Q). Therefore, taking the limit of (8) as n — oo we obtain (1) for X;. O

The importance of the above theorem lies in the fact that it holds for more
general driving processes than Brownian motion and Lebesgue measure in (1).
Uniqueness of strong solutions of (1) for m = n = 1 can be proven under more

general conditions on o, as the following theorem shows.

Theorem 2. Let h : Ry — R, be non-decreasing with h(0) = 0 and

Jos h(dTuP = oo for some ¢ > 0. Suppose m =n =1 in (1) and

lo(t,x) —o(t,y)| < h(Jz—yl|) for allt > 0 and all z,y € R,
|b(t,z) — b(t,y)| < L|x — y| for some constant D > 0 and all z,y € R.
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Then there is uniqueness of solutions of (1).
Remark. The proof of existence of a solution requires other results and is
too long to include into this text. The refer to the book of N. IKEDA and S.
WATANABE. Let us notice that Theorem 2 is applicable to the case where o
is Holder continuous with exponent 3, i.e. |o(t,z) — o(t,y)| < Clz — y|z for
all t > 0 and z,y € R (Choose h(u) = Cu3.)

Proof. Let {a,}nen be defined by 1 >a; >as > -+ >a, >---> 0 and

1 al an—1
/ h(u) *du = 1,/ h(u) ?du =2, - ,/ h(u) *du =mn,- -

Then a, — 0 as n — oo. Let ¥ be a continuous function with support
in Jan, a, 1| and such that 0 < ¢(u) < 2h7>(u) and [;"""9(u)du = 1 for
all n € N. Let p,(z) = 0le dy [} ¥ (u)du. Then, by continuity of v, ¢, is
contimously differentiable and |¢! (z)| < 1, ¢, (z) — |z| as n — oo.

Let now X and X be two solutions of (1) with X, = X, P-a.s. Then

¢ ¢
X, - X, = / [b(s, X,) — b(s,f(s)}ds +/ [o(s, Xs) — o(s, XS)}dBS.
0 0
By It6’s formula (4.7)

on(Xi — Xi) = on(Xo — Xo)
+ Jy (X5 = X){ [bs, X 5>}ds+[<s,xs> o(s,X,)]dB,}
+L [ oK, — X)) [o(s, > <X>} ds.

A~

(9)
Let us denote by I; and I, the expectations of the integrals on the right side
of (9).

L] <Ly B[l@(X, = X)X, — X,|]ds < L [] E|X, — X,|ds
L] <[] 2h(|Xs — X4])2h(| X, — X{])2ds = 2 — 0 as n — oo,

Since Elpn(X; — Xt)] — E[X; — Xt| as n — oo, it follows that
A~ t ~
E|X, - X,| < K/ E|X, — X,|ds.
0

By the lemma of Growall (see below) we conclude that F|X, — X;| = 0 and
therefore X; = Xt P-a.s. for all ¢t > 0. ]
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Lemma of Growall. Let ¢ : [0,f] — R and 1 : [0,{] — R be bounded

functions. Then the following implication holds

awsww+y[w@w=:wms¢m+AAEWﬂ¢@w.

o(t) < (t) + )\fot( (s)+ A J5 o du)ds
=(t —I—)\fo ds+)\2f0f0 u)du ds
< () A fy o ZJ%M—@WWM“%NW~H®mﬂ%J

The first integral converges to Af(f@b(s)e’\(tfs)ds, while the second converges

to zero since it is upper bounded by supy 4 |g0(s)|(n}r1)! . O

V.2 Solution of some explicit stochastic differential equations.

a) Linear differential equations. Suppose n = 1 and consider
X, = X, +/ (A X, + By)ds + / Y (CiX, + Di)dBi,. (10)
0 0 =1

We suppose that X is Fyp-measurable and (At > 0), (Bt > 0), (Cht >
0), (D}t > 0) are bounded, measurable and F;-adapted functions. B =

(B,---, B™) is an m-dimensional Brownian motion.

Proposition 3. The solution of (10) is given by

t m m t
X, = & X, +/ d, (B, — Z(J;'Dg)ds + Z/ ®,'D.dB!}, (11)
0 i=1 i=1 70
where
o, = exp{/ > (€ ds + Z/ CidBi} (12)

is the solution of the associated homogenous equation

<I>t_1+/A<I>ds+/Zd>C’dB’
0

Proof. Let (U;t > 0) resp. (Vi;t > 0) be the quantities in {.} in (11) resp
(12). Then X; = U,expV;. An application of 1td’s formula (Theorem 4.4)
shows that (Xy;¢ > 0) satisfies (10).
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b) Next let us consider the following stochastic differential equation :
t 1 t
X, =X, + / [ab(X,)h(X,) + ib(Xs)b'(Xs)}ds + / b(Xs)dB; (13)
0 0
where « is a constant and h(z) = b‘(j—g).
Proposition 4. (13) has the solution X; = h~!(Y};), where

Y, = exp(at)h(Xy) + exp(at) /Ot exp(—as)dB;. (14)

Proof. By It6’s formula (Theorem 4.3)

Y = AN (V) + / (b (Y)Y, + / () (v,)ds.
Moreover,
(WY(Y,) = [K( (V)] = [K(X)] T = b(X,)
(h")"(Y,) = (~D)[R ()] [ ()]
= (—1)b(X, 2R (X ) [h 1 (1,)] = B (X,)b(X,)

Therefore

t 1 t
hU(Y;) = Xo + / b(X,)[ah(X,)ds +dB,] + 5 / V(X,)b(X,)ds. O
0 0
Example.
t 1 t
X=X, — / (sin(?Xs) + 1 Sin(4XS))ds + \/5/ cos? X,dB;.
0 0

Choose b(x) = v/2cos? z (and therefore h(z) = %tg x) to get the solution

t
X; = arctg (e "tg X + \/§et/ e*dBy).
0

Let us finally mention two examples of stochastic differential equations, where

the hypotheses of Theorem 1 and 2 are not satisfied.

c) X, = [, sign (X,)dB,. If (X;;t > 0) is a solution, (—X;;¢ > 0) is

a solution too. Notice that X is a continuous martingale with < X >,=
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[ (sign X,)?ds = t. One can show that this implies that (X;;¢ > 0) is a

Brownian motion (different from (By;t > 0) in general).

d)
1 t t
X;=c— 5/ exp(—2X,)ds +/ exp(—X)dBs. (15)
to to
By means of Itd’s formula (Theorem 4.3) one can show that X; = log(e® + By)
is a solution of (15). But it only exists up to 7' := inf{t > t¢; B, = —e°}.
In fact limy 7 | X;| = oo and X; is only defined on the interval [to, T[. 1t6’s

formula must therefore be applied to X' := log(e“+ Biar, ), where T,, = inf{t >
to;e® + B, < +}. This gives the solution of (15) on [tg, T),] which converges

P-a.s. to [tg, T[ as n — oc.

Appendix : The Fisk-Stratonovich integral.

In defining the stochastic integral in chapter IV, we mentioned that a
change of the evaluation point of the subinterval |¢;, ;1] in a partition of
[0, %] changes the value of the integral in general. In order to have an integral
which contains both, the It0 -and the Stratonovich- integral, we consider the
case where the evaluation point is chosen following a distribution function F'

with support in [0, 1]. We set

SE0 =3 [ £, + A = X DA (B - Bi). (9

If F'=1jg,0 (vesp. F = 1[%700[), then, under appropriate condtions on F and

X, S will converge to the Ito -(resp. Stratonovich)- integral.

Proposition 5. Let f : R — R be continuously differentiable, let F' be
a distribution function on [0,1] and let F = fol MF(XN). Let (Xy;t > 0)
be the stochastic process given by (4.6). Then the Fisk-Stratonovich-integral
F— fot f(Xs)dBs, defined as the limit in probability of (16) as n — oo, is equal
to

F—/Utf(Xs)st _ /Otf(Xs)st—FF/Ut F(X,)vsds, (17)

where the first integral on the right side of (17) is the Ito-integral.
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Remark. From (17) we deduce the following relation between the It6 and the

Stratonovich integral :

/f odB_/f dB+/f 3)vsds.

In particular, the stochastic differential equation Y; = fo ) o dBgy is equiv-

¥, = /Otf(Ys)st +%/0tf’(Y

Proof of Proposition 5. SI'(t) = I, + I, where

alent to

=S f(Xi,)(By, — Bi,_,) converges to the Ito integral n — oo,
I2 = Z?;OI f()l {f th 1 + )‘(Xt - Xti—l)) - f(thfl)}dF()\)(Btz - Bti—l)
= f(]1 )\dF )Z f (Xt )(Xt Xti—l)(Bti - Bti—l)

+Z f(] f(] )‘{f Xt i )‘S(Xt Xtt—l)) o fl(thl)}deF()‘)(th o Xti—l)(Bti

(18)
by the mean value theorem. The first sum on the right side of (18) converges
to the second integral on the right side of (17), white the second sum converges

to zero by continuity of f’ and X. O

Example. Population growth. Let (N;;¢ > 0) the size of a population al time
t. Consider

N; = Ny + [, 7Nyds + [, aN,dBy (It6),
N, = Ny + fo rN,ds + fo aN, o dB, (Stratonovich).

The solutions of these equations are
1
N; = Ny exp ((r — 5042)75 + aBt) . N, = Nyexp(rt + aB).
The asymptotic behaviour of the solutions is totally different :

_ oo if r > 2o R oo ifr >0
lim N, = ; lim N, = P-as.
froe Oifr<%a2 froe 0ifr <0

This follows by the law of the iterated logarithm for Brownian motions.

VI STOCHASTIC DYNAMICAL SYSTEMS
VI.1 The Markov property and the infinitesimal generator.
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Definition. Let (Q, F, P) be a complete probability space and let (Fy; ¢ >
0) be an increasing filtration. An Fi-adapted process (Xy;¢ > 0) is _markovian
if E[f(X.)|F) = E[f(X.)|o(Xy)] for all t,u > 0 with ¢ < u and all bounded

and measurable functions f: R — R.
Remark. Let (X;;t > 0) be a process with independent increments such that
Xo =0 P-a.s. Then it is markovian with respect to its own filtration. In fact,

E[f(X)|o(X:0<s<t)] =E[g(Xy — Xp, Xo)|o(X;0< s <t)] (1)

where g(z, X;) = f(z 4+ X}). Since 0(X;0< s <t) =0(X; — X;0<r <s<
t), the right side of (1) equals to

Elg(Xy, — X1, Xy)|o(Xy)] = E[f(Xy)|o(Xy)] for all £,u > 0 with ¢ < u.

Here we have used the following lemma on conditional expectations :

Lemma 5.1. Let A, B,C be o-fields on €2 such that A C C and B and C are
independent. Let Z be an AV B-measurable and bounded random variable.
Then E[Z|C] = E[Z]A].

Proof. We have to show that [, ZdP = [, E[Z|A]dP for all C € C. Let first
Z =105 where A € A, B € B. Then

fc LanpdP fcm lpdP = fCﬂA E[1|CldP = fCﬁA E[lpldP = fCﬁA [15|AJdP
— [, B[1anp|AldP.

Since AV B=0(ANB;A € A, B € B) the above equation holds for Z = 1)
for all D € AV B, and, by monotone limits, far all Z satisfying the conditions
of Lemma 1. O

Next, we show that the solutions of the stochastic differential equations con-

sidered so for are markovian.

Theorem 1. Under the conditions of Theorem 5.1. the solutions of (5.1) is

markovian.

Proof. The proof of Theorem 5.1 shows that the sequence {( )it e [s,T]) }ren
defined by (5.5) with [0, ¢] replaced by [s,t] for some fixed s > 0 converges
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to the solution of (5.1) in L?(P). By construction V¥ is measurable with
respect to o(X,) V o(Bstn;h > 0,5 + h < t). By choosing a subsequence
{Y k)Y cn of {Y®)),cn which converges P-a.s. to X, we see that X, is
measurable with respect to o(X;) V o(Bsip, — Bs;h > 0,s +h < t). The
Markov property of (X;;¢ > 0) follows now from Lemma 1 with A = o(Xj),
B=0(Byn— By h>0,54+h<t)and C = F, 0

Let us now consider the case m = n =1 in equation (5.1), and let £ : R — R

be twice continuously differentiable. By It6’s formula (Theorem 4.3) we get

k(X)) = k(X / (K (X.)b(s, X,)+= k"(Xs)a(s,)(5)2}czs+/1 K (X,)o(s, X,)dB,.

Therefore, for s < t,

E[k(Y,)|F,] = k(X,) +/tE[Auk(Xu)|}"s] du

where A,k(X,) = k' (Xu)b(u, X,)+3k"(Xy)o(u, X,)?. By the Markov property
of X we have

E[k(X)|F.] = E[k(X))]o(X,)]

and therefore,

lim
tost — 8

(B[R(X)|X, = 2] —k(x)) = Aok(z) = K (2)b(s. x)+%k"(z)a(s,x)2, reR

(2)
(As;s > 0) is a real functional on the set of twice continuously differentiable
functions and is called the infinitesimal generator of (Xy;¢ > 0). If we choose
k(x) = P(X, < z|X; = ) for some fixed u > t and z € R and write F(t, z; u, 2)
instead of k(z), we get from (2)

0 0 19
— 5 Fls,3u,2) = 2 F(s,2;u,2)b(s,2) + 555

F(s,z;u,2)o(s,2)%  (3)
This is a partial differential equation for the transition probabilities of (Xy;¢ >
0). Together with the initial value i.e. the law of Xy, (7) determines the law
of the process (X;;t > 0). Equation (3) is called the backward equation of

Kolmogorov.

Examples :

. . 2
a) Brownian motion : A = -4

1
2 dx?
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b) Ornstein-Uhlenbeck process : A = —ax% %2%. The Ornstein-

Uhlenbeck process satisfies the stochastic differential equation X; = X, —
a [y X,ds + 0B,

c) Bessel process : A = i% + %d‘f;). The Bessel process is the radial

component of a Brownian motion in the plane B = (B!, B?) : X, = ((B})? +
(B2)?)'/2, Tt satisifies the stochastic differential equation X; = X0+f0t g—istqu
s FAB g [

Remark. The infinitesimal generator associated to (5.1) (without the assump-

tion m = n = 1 made above) reads as follows :

= %) 1 0? .
Ak(X) = Zbi(s,z)%k(x) +35 Z(UJT)ij(s,m)mk(z), z e R,
i=1 ! i,j=1 !

where o7 is the transposed of o.

VI.2 Dynamic system’s equations.

Let us now consider the system of stochastic differential equations

X! = xi+/tbi(s,Xs,Us)ds+ tZUij(S,XS,US)de to<t<tyi=1---,n,
to to 51

where (Us; s > tg) is the socalled control process, i.e. an F-adapted process
with values in R¥, by means of which the process X = (X!, .-, X") can
be influenced. Again, B = (B',---, B") is an JF;-Brownian motion and b =
(by,--,by) and 0 = (04534, = 1,---,n) are supposed to satisfy conditions
which imply existence and uniqueness of the solution X = (X --- X™) for
a given initial condition = = (xq,---,z,) (e.g. assume that b(s,z,u) and
o(s,x,u) satisfy the assumptions of Theorem 5.1, uniformly in u).

Moreover, we assume that a cost function .J is given by
t1
J(t, 2, u) = Em,[/ F(s, X, u)ds + K (1, X0,)].
t

where E,, means the expectation with respect to the probability measure of
the solution X which starts at time ¢ in the point  and where #; is some fixed
or random time (e.g. the first time (s, X,) leaves some domain G C R**!,

supposing (¢,z) € GG). F and K are supposed to be bounded, F' in addition
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continuous. (The meaning of F', K and t; will become clear in the examples
below).

The problem is now to find a control process (U;s > ty) which minimizes
the cost function. We restrict ourselves to the socalled Markov controls, i.e.
the control process for which there exists a function ug(s, z), such that Uy, =
ug(s, Xs) (s > o). This means that the value of U at time s depends only on
the (present) value X and not on the past values (X,;r < s).

In the deterministic case, i.e. with 0 = 0, the optimization problem is usually
solved by means of the Hamilton-Jacobi equations. This method has been
extended by R. BELLMANN to the case of stochastic diffential equations and
tells us that

inf { F(s,z,v)+A"h*(s,2)} = F(s,z,uy(s,2))+A"h*(s,2) = 0 and h*(t1, Xy,) = K(t1, Xy,),

where uj is the function which determines the control process minimizing the
cost function and h*(s,z) = inf{.J(s, z, uy) ; up defines a Markov control }. A”

is the infinitesimal generator of Y, := (s, X;), parameterized by v € R¥, i.e

n 2
Ak(s,x) = —k (s, —I—Zb S, T,0) (s x v)+; Z(UJT)ij(s,z,v)ﬁk(s,m).
ij=1 e

VI1.3. Examples of control problems.
a) A portfolio management problem (B. OKSENDAL (1992)). Let (X;;t >
0) be the capital at time ¢, let X} (resp. X?) the safe resp. the risky part of

X, and assume that
dX} = aX/}dt, dX}=bX}dt+ BXdB; a,b>0,a<bpER,

where (By,t > 0) is a Brownian motion. let U; = ))((—tz Then X; satisfies the

stochastic differential equation
t t
X, = x¢ +/ (aUsXs +b(1 — US)XS)ds + [ B(1 —Us)X,dB;,
0 0

where x4 is the capital at ¢ = 0. We assume zy > 0. The problem is now
to choose (Uit > 0) is such a way that E|X;,|" is maximal for some fixed
ty > 0 and r €]0,1[. Therefore J(s,z,u) = Ej |” (i.e. F = 0 and
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K(t1,Xy,) = |X4,|"). Notice that, here, we have to maximize J ; in order
to get the minimization problem of 6.2 we replace J by —J and look for a
Markov control which minimizes —.J (resp. maximizes .J). The infinitesimal
generator of (¢, X;) is given by
Ak(t,x) = 2k(t, x)+(av+b(1—v))xik(t,x)+162(1—v)2x28—2k(t,x), veR
ot oz 2 0x?

(4)
We consider now A”h*(t, z) as a function of v. The value T for which A"h*(¢, x)
is maximal is given by
(a — b)0/0xh* (5)
[(2x0?%0x?h*.
We see that T € [0, 1] is satisfied if 8‘9—;h* > 0 and Zh* < 0. If we substitute
(5) into (4') we get

v=1-

v a— 2 zh* T 2
h*(t,z) ="

Solving this partial differential equation for h* (by means of separation of
variables : h*(t,x) = hy(t)z") gives

1(a—b)?
h*(t,z) = 2"e*" ), where A = ar — §(a 7 ) . i T

Therefore U =1— W’_”l) Notice, that U is in fact constant. Let us therefore
write u* instead of U;. The solution of the stochastic differential equation we

started with is given by

X, =zexp{B(1—u")B, - 352(1 —u*)’t + (au* — b(1 — u*)t}.

b) Direct current engine (H-W KNOBLOCH, H. KWAKERNAAK (1985)).
Let us consider a simplified model where the engine is driven by the input
vollage (Uy;t > 0) and where the state of the engine at time ¢ is described by the
angle 6, of a point on the axis of the engine and by the velocity 0, = w,. Then
Jw; = —Buw; + kU, where J, B and k are positive constants (J is the moment
of inertia, B is the coefficient of friction, k is a coefficient of proportionality).

The system’s equation then reads

0 0 1 0
dX; = LX;+MU,dt, where X, = ( gt) L= (0 B) , M = (K> St <t < 1.
t T T



Let us assume that the state of the axis is disturbed by an Ornstein-Uhlenbeck
process given by dZ; = —vZ,dt + odB;. Then we have

0 0
Xt L J Xt M = Xt — _
d = dt+ Udt+o | 0| dB; = L dt+MU,dt+odB;.
Zy 0 0 0% Zy 0 Zy

1

Moreover, let the cost function be given by
t1
J(t,z,U) = By, [ X/ RXy, +/ 07 + pU7)dt], to <t,
t

where R € R®3, p > 0, i.e. the costs are proportional to the mean square
deviation of the angle and the voltage during the interval [¢,¢;] and to the
square of the angle at the end of the interval. Again, the problem is to find
(U} tg < t < ty) such that J(ty,z,U*) is minimal.

We proceed as in example a) and find 9(t, z) = —%MTVQJL* (t,x). In order to
determine h*(t,z) we set h*(t,z) = 7 S,z + f(t), where S, € R**? is supposed
to be symmetric nonnegative definite, and both, (Sy; ¢ > o) and (f;t > 1) are
supposed to be coninously differentiable with respect to ¢t. We set S;, = R and
f(ty) = 0. Then @(t,z) = —%MTStx, where S; satisifies the matrix Riccati
differential equation

d — —
%St = —2LTSt + —StM MTSt - 13, to <t< tl, Stl = R,
pP

where I3 is the identity in R3*3.

Moreover, f(t) is given by £ f(t) = — trace (c0”S,), f(t1) = 0. Notice that
the first term in A*(¢,z), namely z” Sz, is the solution for the derterminis-
tic problem, whereas the second term, namely f(¢), is due to the stochastic

component.
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