
ö�Âþ� ü®�þ¤ ßÞ¹÷�
�ø¢ ´�����÷ ö����õ¥� ¾¨���b Ö������Æ�õ ß�ÞÈª ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤91/2/27 �ø¢ �bÆÜ�ö�¹÷¥ �þ�� ��Üä üÜ�ÞØ� ���Ê½� ù�ÚÈ÷�¢�¤ X = [xij ℄n�n ÅþÂ��õ .À�ª�� ù��¿ó¢ üþ�û�ä�Þ¹õ An ø : : : ,A2 ,A1 ø üã�±Ï ý¢Àä n À��î ­Âê (7.Xn = 0 À�û¢ ö�È÷ :xij = 8<: 1 Ai $ Aj0 �¤�¬ ßþ� Â�è ¤¢ :Ý��îüõ ÓþÂã� ß���:ñø� ¾¨��:�� ´¨� Â��Â� Xk ÅþÂ��õ ¥� ��ij �b þ�¤¢ �î À��î ����Xi1;i2;���;ik�1 xii1xi1i2 : : : xik�1j�î Àµê�üõ ë�Ô�� ü÷�õ¥ ��� �¤�±ä ÂÔ¬�÷ ��Þ� �ú�� øAi $ Ai1 $ � � � $ Aik�1 $ Ajüþ�� ö� ¥� ñ�� .´¨� Aj ¤¢ ö�þ�� ø Ai ¥� áøÂª �� k +1 ñ�Ï �� ý�ûÂ�¹÷¥ ¢�Àã� �� Â��Â� ¢Àä ßþ� ßþ�Â����.À÷�ÂÔ¬ Xn ý�û�þ�¤¢ �bÞû Å� Àª�� �µª�¢ ¢��ø À÷���üõ n+ 1 ñ�Ï �� ýÂ�¹÷¥ �ä�Þ¹õ n ß�� ¤¢ �î:�ø¢ ¾¨��Âð� ü�ãþ À�ª�� ùÀª °�Âõ ù¥�À÷� °��Â� �� �ûAi Âð� �î À��î ���� ´Æ¿÷jA1j � jA2j � � � � � jAnjX üÜ¬� ÂÎì ¥� Â ��� � ý�û�þ�¤¢ �ú� � Å� ¢�¢ Àû��¿÷  ¤ Ai $ Aj �f ãÎì i � j Âû ý�Â� �¤�¬ ßþ� ¤¢.Xn = 0 �î ´¨� ßªø¤ ´ó�� ßþ� ¤¢ ø À�ª�� ÂÔ¬�÷ À�÷���üõ.À÷�ùÀª °�Âõ ù¥�À÷� °��Â� �� �î À�ª�� A1; � � � ; An ö�Þû A01; � � � ; A0n À��î ­Âê ,ù��¿ó¢ ´ó�� ý�Â� ñ���ûA0i �� �¤ �ûAi �î Àª�� üµÈÚþ�� � Âð� üêÂÏ ¥� X 0n = 0 Àª�� �ûA0i �� Â®��µõ ÅþÂ��õ X 0 Âð� ßþ�Â����ßþ�Â���� ø X = PX 0P�1 �î ´¨� ßªø¤ ,� Â�Ñ÷ üµÈÚþ�� ÅþÂ��õ P ø À�îüõ ÛþÀ±�Xn = (PX 0P�1)n = PX 0nP�1 = 0
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�ø¢ ´�����÷ ö����õ¥� ¾¨���b Ö������Æ�õ ß�ÞÈª ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤91/2/27 �ø¢ �bÆÜ�ö�¹÷¥ �þ�� ��Üä üÜ�ÞØ� ���Ê½� ù�ÚÈ÷�¢ À�û¢ ¤�Âì .Àª�� ñø� ý¢Àä p À��î ­Âê (8G = 8>>>>><>>>>>:0BBBBB� 1 a b 
0 1 0 d0 0 1 e0 0 0 1

1CCCCCA : a; b; 
; d; e 2 Zp9>>>>>=>>>>>;G0 ý�Ìä� .´¨� p5 �b ± �Âõ ¥� ùøÂð ×þ (p �b ÷�Þ� � � �) �ûÅþÂ��õ �Â® ÛÞä ù�ÂÞû �� G �î Ý�÷�¢üõ.À��î É¿Èõ �¤ (G ÕµÈõ ùøÂðÂþ¥):¾¨���bÎ��® �� ' : G! Zp� Zp� Zp� Zp â��� À��î ����'0BBBBB�0BBBBB� 1 a b 
0 1 0 d0 0 1 e0 0 0 1
1CCCCCA1CCCCCA = (a; b; d; e) ø ´¨� �ª�� üµ¿þÂÞû ×þker' = 8>>>>><>>>>>:0BBBBB� 1 0 0 x0 1 0 00 0 1 00 0 0 1

1CCCCCA : x 2 Zp9>>>>>=>>>>>;×þ ker' �õ� .G0 � ker' �¹�µ÷ ¤¢ ø ù¢�� üÜ�� Gker' Å� ´¨� ´¿þÂØþ Zp� Zp� Zp�Zp �� Gker' ö��Å� :G0 = ker' �þ ø (´¨� üÜ��Â�è G ö�� ¢¤�À÷ ö�Øõ� �î) G0 = feg �þ Å� ,´¨� ý�Ìä p ùøÂðÂþ¥¢�ªüõ �¹�µ÷ �fµþ�ú÷G0 = 8>>>>><>>>>>:0BBBBB� 1 0 0 x0 1 0 00 0 1 00 0 0 1
1CCCCCA : x 2 Zp9>>>>>=>>>>>;
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�ø¢ ´�����÷ ö����õ¥� ¾¨���b Ö������Æ�õ ß�ÞÈª ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤91/2/27 �ø¢ �bÆÜ�ö�¹÷¥ �þ�� ��Üä üÜ�ÞØ� ���Ê½� ù�ÚÈ÷�¢x 2 X �b ÎÖ ÷ ¤¢ f Ý� þ� ðüõ .Àª� � � µ¨� � � üã �� � f : X ! Rn ø ×þÂ µ õ ý�Ìê ×þ X À� � î ­Âê (9�µª�¢ ,´¨� f(x) ýø�Æõ �þ Â�ï¤�� �Ôó�b õ �� �Ôó�b õ f(y) �î y 2 X Âû ý�Â� Âð� ´¨� (maximal) ß�È��.f(x) = f(y) Ý�ª��.´¨� üú��÷ Mf = fx 2 Xj ´¨� ß�È�� x ¤¢ fg �bä�Þ¹õ Àª�� üú��÷ ø ù¢ÂÈê X Âð� À��î ´��� .Óó�.Àª�±÷ ù¢ÂÈê Mf �î À�÷�� ñ�·õ f : X ! R2 À�÷�õ �µ¨��� üã��� ø X À�÷�õ ý�ù¢ÂÈê ×þÂµõ ý�Ìê .���®ø �� g .Ý��îüõ ÓþÂã� g(x1; � � � ; xn) = x1 + � � � + xn ÛØª �� �¤ g : Rn ! R â��� .Óó� :¾¨��¤�ÀÖõ ßþÂ�Ç�� ´¨� ù¢ÂÈê X ö�� ø ´¨� �µ¨��� ��÷ R �� X ¥� üã��� ö���ä�� g Æ f Å� ´¨� �µ¨����î Ý�û¢üõ ö�È÷ .(g Æ f)(y) � (g Æ f)(x) ,y 2 X Âû ý�Â� �î x 2 X ¢¤�¢ ¢��ø ü�ãþ .¢Â�ðüõ �¤ ¢�¡�î ßþ� �� ���� �� Àª�� f(x) ýø�Æõ �þ Â�ï¤�� �Ôó�b õ �� �Ôó�b õ f(y) ,y 2 X ×þ ý�Â� Âð� .´¨� x 2 Mf,Àª�� Â�Ç�� f(x) ¤¢ ©ÂÒ��µõ �b Ôó�bõ ¥� �fÀ�î� f(y) ý�û�Ôó�bõ ¥� ��Àîº�û À÷���üÞ÷ Å� g(f(y)) � g(f(x)).f(y) = f(x) �Áó:´¨� ùÀª ÓþÂã� Âþ¥ ÛØª �� �î ÝþÂ�ðüõ R2 ¥� ý��ä�Þ¹õÂþ¥ �¤ X ý�Ìê .�X = f0g � [0;1℄ [ f(x1;�x)jx 2 [0;1℄g:Ý�û¢üõ ö�È÷ .f(x; y) = (x; y) ü�ãþ ,ÝþÂ�ðüõ üã�±Ï öÀ÷�È÷ Ýû �¤ f : X ! R2 â���Mf = f(0;1)g [ f(x;�x)jx 2 (0;1℄g

Õ�ì¢ ö��� ;´¨� ßªø¤ X ÛØª �� ���� �� Â�¡� ý�ä¢� ��±�� .´Æ�÷ ù¢ÂÈê ,´Æ�÷ �µÆ� ö�� �¹�µ÷ ¤¢ �îø¢ Âû ¤¢ �î Àª�� ¢���õ f(X) ¤¢ ý��ÎÖ÷ Àþ�±÷ Àª��Mf �Ìä Àû��¿� (0; y) 2 X Âð� :´¨� ß��� ö�.y = 1 �î Àû¢üõ  ¤ üµó�� ¤¢ �fÖ�ì¢ ßþ� .Àª�� (0; y) ¥� Â�ï¤�� �Ôó�b õ ×þ ¤¢ ø ýø�Æõ �þ Â�ï¤�� �Ôó�b õßþ� üÔ�õ °�ª �� ���� �� �î Àª�� �µª�¢ Àþ�� �¤ ´�ã®ø ö�Þû ��÷ Àª�� Mf �Ìä Àû��¿� .(x;�x) 2 X Âð�.´Æ�÷ Mf �Ìä ,X ¤¢ (0;1) ¢��ø Û�ó¢ �� �î (0;0) ÂÚõ À�µÆû Mf �Ìä ¯�Ö÷ ßþ� �bÞû ,üÎ¡ù¤��
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�ø¢ ´�����÷ ö����õ¥� ¾¨���b Ö������Æ�õ ß�ÞÈª ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤91/2/27 �ø¢ �bÆÜ�ö�¹÷¥ �þ�� ��Üä üÜ�ÞØ� ���Ê½� ù�ÚÈ÷�¢À��î ´��� .´¨� ´��� jf j+ jgj �î À�ª�� üÜ�Ü½� üã���� f; g : U ! C ø À�±Þû ø ¥�� U � C À��î ­Âê (10.À�µÆû ´��� üã���� g ø f:¾¨���î À�ª�� C �� V ¥� üÜ�Ü½� üã���� fn; : : : ; f2; f1 À��î ­Âê .Ý��îüõ ´��� ýÂ�üÜî ´ó�� ¤¢ �¤ �ó�bÆõ.À�µÆû ´��� �û fk �bÞû Ý�û¢üõ ö�È÷ .Àª�� ´��� jf1j+ jf2j+ � � � + jfnj�î Ý��îüõ ��¿µ÷� ý¤�Ï �¤ �k ÍÜµ¿õ ¢Àä ,k Âû ý�¥� �� .Àª�� ù��¿ó¢ ý��ÎÖ÷ z0 2 U À��î ­Âê¤¢ ø Ý��î ��¿µ÷� 1 Â��Â� �¤ �k Ý�÷���üõ fk(z0) = 0 Âð� ;j�kj = 1 ø Àª�� üÔ�õ�÷ üÖ�Ö� ¢Àä �kfk(z0). �k = jfk(z0)jfk(z0) �¤�¬ ßþ� Â�è�� ø ´¨� ¤�ÂìÂ� Ýû gn ø � � � ,g2 ,g1 ý�Â� �ó�bÆõ Íþ�Âª �î ´¨� ¼®�ø .gk(z) = �kfk(z) Ý��îüõ ÓþÂã��Áó .À�µÆû üÔ�õ�÷ üÖ�Ö� ¢�Àä� �ûgk(z0) ùø�äjg1(z) + � � �+ gn(z)j � jg1(z)j + � � �+ gn(z)j = jg1(z0)j+ � � �+ jgn(z0)j= g1(z0) + � � �+ gn(z0) = jg1(z0) + � � �+ gn(z0)j:ø ¢Â�ðüõ z0 �bÎÖ÷ ¤¢ �¤ ¢�¡ �Â÷ ÝÞ�Æî�õ ,´¨� üÜ�Ü½� U Â� �î ,G(z) = g1(z) + � � � + gn(z) â��� Å�ö��î� .´¨� jg1(z)j + � � � + jgn(z)j Â��Â� ´��� ¤�ÀÖõ ßþ� ø Àª�� ´��� Àþ�� G ÝÞ�Æî�õ Û¬� Õ±Ï �¹�µ÷ ¤¢¤¢ ¤�¢Â� ö���ä �� �î ´¨� Â��Â� �ûö� âÞ� �Â÷ �� ÍÜµ¿õ ¢Àä n �Â÷ âÞ� ü�¤�¬ ¤¢ �ú�� �î À��î ���� ßþ� ���� ø ´¨� üÔ�õ�÷ üÖ�Ö� ¢Àä ×þ (´¨� ÂÔ¬�÷ g1 �î üÏ�Ö÷ ¤¢) gkg1 Å� .À�ª�� �µ¨�¤ Ýû ø ´ú�Ýû �½Ô¬�î ßþ� �� ���� �� .�k 2 R+ �î gk = �kg1 :�¹�µ÷ ¤¢ Àª�� ´��� ö� ¤�ÀÖõ Àþ�� gkg1 ö¢�� üÜ�Ü½� �� ����ø ´¨� ´��� â��� g1 Å� .1+ �2 + � � � + �n � 1 ø ´¨� ´��� â��� G(z) = g1(z)(1 + �2 + � � � + �n.À�µÆû ´��� â���� �ûfk �¹�µ÷ ¤¢ ø �ûgk �î Àû¢üõ �¹�µ÷ ßþ�
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�ø¢ ´�����÷ ö����õ¥� ¾¨���b Ö������Æ�õ ß�ÞÈª ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤91/2/27 �ø¢ �bÆÜ�ö�¹÷¥ �þ�� ��Üä üÜ�ÞØ� ���Ê½� ù�ÚÈ÷�¢,Àª�� ùÀª Ù÷¤ ùÂî ¼Î¨ ¥� 34 ¥� Ç�� Âð� À�û¢ ö�È÷ .À÷��µêÂð ¤�Âì ùÂî ¼Î¨ ýø¤ P üú�ø¤�ú� ý�û§�b¤ (11.À÷Â�Ú� ¤�Âì ùÀª Ù÷¤ ´ÞÆì ¤¢ ö� ý�û§�b¤ �bÞû �î ¢¤�¢ ¢��ø P ¥� ü÷�¤ø¢:¾¨��Q ý�û§�b¤ .Àª�� ùÀõ� ´¨¢ �� P üú�ø ¤�ú� üê¢�Ê� ö�¤ø¢ ×þ ¥� �î Àª�� üú�ø ¤�ú� Q À��î ­Âê.Ý��îüõ ÓþÂã� ÛØª ßþ� �� �¤ i = 1; : : : ;4 ,Ai ý�ûÀõ�È�� ø ý¤�Áðù¤�Þª 4 �� 1 ¢�Àä� �� �¤Ai : ¢Â�Ú� ¤�Âì ùÀª Ù÷¤ ´ÞÆì ¤¢ Q ��i§�b¤,´¨� �µêÂð ¤�Âì ùÂî ¼Î¨ ýø¤ ´¡���Øþ âþ¥�� �� ø üê¢�Ê� ÛØª �� Q ý�û§�b¤ ¥� ��Àî Âû �î üþ�¹÷� ¥�.P(Ai) > 34 ßþ�Â����:�î À��î ���� ñ��P( 4\i=1Ai) = 1� P( 4[i=1A
i )� 1� ( 4Xi=1P(A
i))� 1� 4Xi=1(1� P(Ai)) > 0¢��ø üµó�� ß��� Å� ´¨� ´±·õ �fÀ�î� À÷Â�Ú� ¤�Âì üÚ÷¤ ´ÞÆì ¤¢ §�b¤ ¤�ú� Âû �î ßþ� ñ�Þµ�� ßþ�Â����!¢¤�¢
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�ø¢ ´�����÷ ö����õ¥� ¾¨���b Ö������Æ�õ ß�ÞÈª ø ü���¨¤�Èî üþ�¹����È÷�¢ ü®�þ¤91/2/27 �ø¢ �bÆÜ�ö�¹÷¥ �þ�� ��Üä üÜ�ÞØ� ���Ê½� ù�ÚÈ÷�¢ý�Â� �î ý��÷�ð�� ¢¤�¢ ¢��ø H : G! G â��� ß���Ýû .´¨� ùÀª ÓþÂã� G �b ä�Þ¹õ ýø¤ � üþ��ø¢ ÛÞä (12×þ (G; �) À��î ´��� ,b = d � (f �H(
)) ¢�ªüõ �¹�µ÷ (a � b) � 
 = (a � d) � f ýø�Æ� ¥� a; b; 
; d; f 2 G Âû.´¨� ùøÂð:¾¨��Ýþ¤�¢ (1) Õ±Ï ñ�� .(1) b = b(
H(
) Å� ,(ab)
 = (ab)
 �î �¹÷� ¥�(a(bH(b)))
 = (a(dH(d)))
 :�¹�µ÷ ¤¢ øbH(b) = (dH(d))(
H(
)) (1)= dH(d) (2)�Ìä ×þ e ù�Ú÷� ,e = 
H(
) Ý�û¢ ¤�Âì Âð� (1) Õ±Ï ø ´¨� 
 ��¿µ÷� ¥� ÛÖµÆõ 
H(
) �¤�±ä Å�ù�Ú÷� ab = ad Âð� :´¨� ¤�ÂìÂ� G ¤¢ ²� éÁ� ö�÷�ì Ý�û¢üõ ö�È÷ ñ�� .´¨� G ý�Â� ´¨�¤ ü÷�Þû.b = d(
H(
)) = d �¹�µ÷ ¤¢ ø ,(ab)
 = (ab)
e éÁ� ¥� Å� �î eH(e) = e(eH(e)) �¹�µ÷ ¤¢ ø e = e(eH(e)) Å� ,(ae)e = (ae)e �î �¹÷� ¥� ö��î��b Î��¤ �î Ý��î ���� ñ�� .(3) H(e) = e ßþ�Â �� � � .H(e) = eH(e) = e Àþ�üõ ´¨¢ �� ²� ´Þ¨ ¥�:Àû¢üõ �¹�µ÷ (ab)e = (ab)bb = e(bH(e)) (3)= e(be) = eb .´¨� G �êÂÏ ø¢ ü÷�Þû �Ìä e Å�À û¢ü õ � ¹ � µ ÷ � î (ed)H(d) = (e
)H(
) Ý þ¤�¢ d ø 
 Â û ý�Â � Å � ,´ ¨� � êÂ Ï ø¢ ü ÷� Þ û e ö� �Å� .(4) H(H(
)) = 
 À þ�üõ ´¨¢ � � Û ± ì �b Î ��¤ ¤¢ d = e ý¤�ÁÚ þ�� � � ø 
 = d(H(d)H(H(
))).´¨� x = H(b)a ���� ý�¤�¢ G ¤¢ a = bx �b ó¢�ãõ b ø a Âû ý�Â� �î Ýþ¢Âî ´��� ü�ãþ .
 = d(H(d)
)ý�û�Ìä 
 ø b ,a Ý��îüõ ­Âê ¤�î ßþ� ý�Â� :Ý��î ´��� �¤ G ö¢�� ÂþÁ� ´îÂª �î Ý�µÆû ù¢�õ� ö��î��î ÝþÂ�ðüõ ö��� �¤ x Àª �µÔð �»÷� Õ±Ï ø À�ª�� G ¥� üû��¿ó¢(a(b
))x = (ab)
´¨¢ �� �fµþ�ú÷ (4) Â���� ø H(x) = e Àþ�üõ ´¨¢ �� ²� éÁ� ö�÷�ì ¥� ù¢�Ôµ¨� �� ø b
 = b(
H(x)) Å�.a(b
) = (ab)
 �¹�µ÷ ¤¢ ø x = eÅ� .x = H(H(x)) = H(e) = e Àþ�üõö���üõ ���Èõ ¤�Ï �� ø ¢¤�¢ ´¨�¤ §�Øãõ G �Ìä Âû Å� .aH(a) = e Ýþ¤�¢ a Âû ý�Â� ÂÚþ¢ éÂÏ ¥�.´¨� ùøÂð ×þ (G; �) �¹�µ÷ ¤¢ ø ´¨� �êÂÏ ø¢ §�Øãõ ý�¤�¢ G �Ìä Âû ßþ�Â���� .H(a)a = e ¢�¢ ö�È÷


